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Foreword 

It  was  an  honor  that  HSTAM  (Hellenic  Society  of  Theoretical  and  Applied  Mechanics) 
assigned  to  the  Laboratory  of  Mechanics  of  the  General  Department  ofAUTthe  responsi¬ 
bility  of  organizing  the  6th  National  Congress  of  Mechanics  in  cooperation  with  the 
Department  of  Civil  Engineering  of  AUT 

Special  thanks  to  A,  Kounadis  and  Z).  Beskos,  president  and  secretary  of  HSTAM  respec¬ 
tively,  as  well  as  to  G.  Manolis  and  D.  Talaslidis  who  served  as  vice-chairmen  of  the  organ¬ 
izing  committee. 

The  Congress  is  dedicated  to  the  memory  ofP.  Theocaris  whose  influence  on  the  Mechanics 
Community  of  Greece  will  remain  for  many  years.  My  predecessor  G.  Lianis  and  A. 
Armenakas  served  as  honorary  chairmen  of  the  Congress.  My  thanks  go  to  them,  as  well  as 
to  the  rest  of  the  members  of  the  organizing  committees. 

The  Congress  was  organized  during  a  very  interesting  period  of  substantial  activity  in  the 
educational  and  scientific  community  in  Greece.  More  than  two  months  before  the  Congress, 
the  University  administration,  at  first,  and  the  undergraduate  student  body  as  a  whole,  later, 
opposed  certain  educational  proposals  passed  by  the  State,  and  daily  university  activities 
came  to  a  standstill.  This  had  a  serious  impact  on  the  conference  organization  including  the 
disruption  of  usual  e-mail  correspondence. 

It  was  the  determination  of  my  graduate  students  G.  Ef remidis  and  R  Sapalidis,  the  help  of 
F.  Akintayo,  K.  Kosmidis,  K.  Kalaitzidou/S.  Marras  (currently  at  MTU/USA),  the  assistance 
of  undergraduate  students  Th.  Atmakidis  and  D.  Dodou,  as  well  as  the  encouragement  of  A. 
Kounadis,  which  helped  me  decide  not  to  postpone  the  meeting.  Special  thanks  go  to  George 
Ef  remidis  who  took  upon  himself  the  responsibility  of  completing  the  process  of  collecting 
the  manuscripts,  coordinating  the  e-mail  correspondence,  and  other  organizational  details. 
My  colleagues  D.  Beskos  and  G.  Manolis  were  always  available  for  consultation  and 
advice.  Many  faculty  of  the  General  Department  including  its  past  and  newly  elected 
Chairman,  as  well  as  the  Dean  of  Engineering  were  very  supportive  of  this  event. 

The  active  participation  of  the  travel  agency  Aethra,  the  publisher  Giahoudi-Giapouli  and 
the  personal  involvement  of  the  owner  of  Philippion  Hotel  Helena  Thoidou,  who  took  the 
initiative  to  help  with  respective  arrangements  without  requiring  pre-payment,  is  worth 
mentioning.  The  financial  support  of  the  General  Department,  the  College  of  Engineering, 
and  the  Research  Committee  of  AUT,  as  well  as  of  Democritus  University  of  Thrace  is 


acknowledged.  Also  we  acknowledge  with  thanks  the  financial  support  of  the  Ministry  of 
Education,  the  Ministry  of  Culture  and  the  Municipality  of  Thessaloniki.  We  also  hope  to 
have  some  financial  support  from  the  Ministry  of  Macedonia-Thrace  and  the  Academy  of 
Athens;  but,  at  the  time  this  foreword  was  composed,  we  had  not  yet  received  a  definite  deci¬ 
sion  from  these  governmental  agencies,  mainly  due  to  difficulties  in  communication  or  deci¬ 
sion-making  during  this  unusual  period  of  academic  life. 

Finally,  sincere  thanks  go  to  all  participants,  especially  those  from  abroad  invited  by 
HSTAM  and  myself  or  personally  encouraged  by  me  to  attend.  They  all  honored  their  com¬ 
mitment  to  participate  despite  the  minimal  information  that  could  be  distributed  due  to  the 
aforementioned  unforeseen  circumstances.  Many  of  the  participants  facilitated  us  greatly  by 
pre-registering,  thus  enabling  us  to  respond  to  initial  financial  obligations  related  to  the 
Congress  organization.  It  should  be  noted  that  as  a  result  of  the  unusual  circumstances  men¬ 
tioned  above,  it  was  not  possible  to  activate  a  panel  for  a  thorough  review  of  the  papers, 
which  were  accepted  on  the  basis  of  their  abstracts  only. 

Last,  but  not  least,  1  would  like  to  personally  acknowledge  the  support  and  encouragement 
of  the  Minister  of  Yugoslavia,  Professor  Dragoslav  Sumarac,  for  developing  in  Thessaloniki 
a  Balkan  Center  of  Mechanics  with  support  from  ERO  and  MTU  with  the  participation  of 
leading  researchers  of  Mechanics  and  Materials  of  an  international  stature.  In  this  respect, 
the  sincere  interest  of  Sam  Sampath  and  the  continuous  help  of  my  students  I.  Mastorakos, 
Avraam  and  Dimitris  Konstantinidis  in  the  organization  of  related  research  activities  at 
AUT,  as  well  as  the  scientific  support  of  my  student  I.  Tsagrakis,  the  research  associate  Mike 
Zaiser,  and  my  physics  colleague  S.  Logothetidis  at  AUT,  are  gratefully  acknowledged. 


Elias  C.  Aif antis 
Chairman 
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1.  SUMMARY 

We  have  studied  microscopic  and  macroscopic  properties  of  self-healing  cracks  moving  along 
interfaces.  Here  we  obtain  the  properties  of  such  cracks  in  a  continuum  context  employing 
conformal  mapping. 

2.  INTRODUCTION 

The  first  dynamic  fracture  calculation  was  performed  by  Yoffe[22].  She  considered  a  crack  of 
finite  length  moving  in  steady  state,  opening  at  one  end  and  closing  at  the  other.  This  self- 
healing  crack  was  a  mathematical  artifact  designed  to  make  calculations  for  the  moving  crack 
resemble  those  for  static  cracks  of  finite  length. 

Cracks  that  open  at  one  end  and  close  at  the  other  appeared  again  years  later  in  studies  of 
separation  along  an  interface[20, 7,  8, 12, 21].  The  cracks  in  these  solutions  were  controversial 
for  two  reasons.  First,  sufficiently  near  the  crack  tips,  the  crack  surfaces  intersect  each  other 
infinitely  often.  This  difficulty  is  a  generic  feature  of  interface  cracks.  Second,  in  some  of  the 
solutions,  energy  flowed  out  of  the  crack  tip  that  was  opening  and  into  the  crack  tip  that  was 
closing.  This  behavior  seemed  unphysical.  As  a  result,  it  was  not  clear  whether  cracks  of  this 
sort  were  physically  acceptable.  ^  i  ^ 

Solutions  of  this  type  have  also  appeared  in  a  geophysical  context,  where  they  may  explain 
the  anomalously  small  amounts  of  heat  generated  during  earthquakes [14, 5, 1, 2, 15, 17, 6, 18]. 
They  have  been  observed  explicitly  in  model  laboratory  studies [3, 4].  Recently,  we  have  shown 
that  solutions  of  this  sort  arise  in  atomic  models  on  a  lattice,  where  there  is  no  doubt  over 
whether  they  are  physical. 

In  order  to  connect  our  atomic-scale  solutions  to  macroscopic  behavior,  it  is  necessary  to  have 
a  complete  catalog  of  self-healing  cracks  from  the  continuum  point  of  view.  Analyses  of  this 
sort  have  recently  been  performed[ll,  9],  but  they  are  quite  lengthy,  and  treat  more  general 
orthotropic  elastic  properties  than  we  need.  We  have  therefore  derived  the  properties  of  self- 
healing  cracks  using  the  familiar  techniques  of  conformal  mapping[16]  extended  to  the  case  of 
steadily  propagating  solutions[13],  and  our  goal  here  is  to  present  this  analysis.  We  also  found 
[19]  quite  helpful. 
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3.  FIELPS  APPROACHING  ONE  CRACK  TIP 

We  consider  a  two-dimensional  isotropic  elastic  solid  in  contact  with  a  rigid  substrate  along  a 
flat  interface.  Consider  solutions  of  the  equations  of  elasticity  that  are  stationary  in  a  moving 
frame  traveling  to  the  right  along  direction  x  at  velocity  v.  With  c/  and  c,  longitudinal  and 
transverse  wave  speeds,  define 


q;2  _  1  _  v^/cfy  ~\—  V^/c^. 

(1) 

Also  define  the  complex  spatial  variables 

Za  =  x-\-  iay,  Z0=x-^  ifiy. 

(2) 

Then  solutions  to  moving  elastic  problems  can  be  obtained  from  two  complex  potential  func¬ 
tions  <l>{za)  and  'tp{z^).  In  terms  of  these  functions,  displacements  are  given  by[13] 

Ux=<l>iZa)  +  <P(Za)  +  [V"  (z/j)  "  'P  (z/s) 

(3a) 

Uy  =  ia  [</i  (Za)  -  (za)]  -  [v’  {zfi)  +  ’/'  (z^a] 

(3b) 

Define  also  $  =  d<l){z)ldz  and  =  d'4){z)ldz.  Then,  with  ji  a  Lame  constant,  the  stress  tensor 
is  given  by 

CTyy  =  -At  (l  +  0^)  [$  (Za)  +  #  (Za)]  -  2(V3m  (z^)  “  (z,^)] 

(4a) 

£T„  =  /i  (l  +  2oP-  -  0^)  [$  (Za)  +  <&  (Za)]  + 

®  (z/j)  -  4-  (z;j)  . 

(4b) 

laxy  =  2^  ^2ia  (za)  -  ^  (za)]  -  +  l)  ^  ^  }  • 

(4c) 

Let  R  denote  the  region  along  the  x  axis  where  the  crack  faces  are  separated.  For  an  interface 
crack  running  over  a  rigid  substrate,  the  boundary  conditions  are 


ejcx(^5  0)=0  and  C;ty(x,0)  =  0  for  jc  outside /?  (5a) 

cryj(A:,0)  ==  0  and  ajc^(.x,0)  =0  for  .r  inside  R  (5b) 

Now  define  the  analytic  continuations  of  the  functions  $  and  Actually,  what  we  need  is  the 
continuation  of  their  complex  conjugates  along  the  x  axis.  Define 

(x)  =  lirn  $(jc  -f-  (v)  for  x  outside  R  (6a) 

$"(jc)  =  lim  ^{x-\-iy)  for  a:  inside  R,  (6b) 

>’->0 

with  a  similar  definition  for  These  four  new  functions  have  analytic  continuations  into  the 
upper  half  plane.  The  plus  and  minus  functions  will  turn  out  to  differ  only  by  a  phase  factor. 

Making  use  of  these  functions,  the  boundary  conditions  (5)  become 


($  + +  1^(4' -«'•*•)  =  0  (7) 

ia($-$+)-(^  +  t+)  =  0  (8) 

/x2ia($-$-)-Ml  +  l9^)(^  +  '^")=0  CO) 


3 


Solving  these  four  equations,  one  can  express  $  in  terms  of  and  $  as  follows: 

[2oip  -  2)  (1  +  +  ((1  +  ^2)2  _ 

(^2_i)((i  +  /j2)_2a/3)  ■ 

In  addition,  one  can  similarly  find  ^  in  terms  of  and 

Equation  11  can  be  employed  to  determine  all  the  fields  outside  the  interface  crack.  As  a  first 
example,  find  the  asymptotic  form  of  fields  approaching  the  crack  tip. 


Suppose 

$(z)=Cz-'  +  £>A 

(12a) 

Then 

$+(z)=Cz^+Dz^ 

(12b) 

(z)  = 

(12c) 

The  reason  for  the  factors  of  exp[— 27riA]  in  Eq.  (12)  is  that  approaching  the  negative  x  axis 
from  above  logz  has  imaginary  part  -/tt,  while  \ogz  has  in. 


Inserting  Eq.  (12)  into  Eq.  (1 1)  and  isolating  coefficients  of  produces  a  homogeneous  system 
of  two  equations  for  the  two  unknowns  C  and  D.  The  condition  that  the  determinant  of  the 
system  vanish  is 


q^  +  2pq  +1  =  0,  where  q  =  and 

(13) 

2((1+;82)_2q,^)^ 

(14) 

Also 

q  =  -p±^p'^-\. 

(15) 

There  is  a  fixed  ratio  between  D  and  C  which  is 

_  D  (^2  - 1)  ({ 1  +  0^)  -  2a0) 

“  C  “  (1  +  ^2)2  +  (2a0  _  2) e2i’rA(i  +  ^2)  _ 4ocP 

(16) 

One  has  /?  >  1  which  implies  that  A  =  — 1/2  +  /e  with  e  real,  which  implies  that  q  is  real  and  r 
is  real.  This  result  has  previously  been  derived  by  Deng[10]. 

4.  FIELDS  AROUND  SELF-HEALING  CRACK 


One  can  proceed  similarly  to  find  the  fields  produced  by  a  self-healing  crack.  Now  take  $  to 
have  the  form  _  _ 

Ai(z-0^(z  +  0^  +Air(z-^)^(z  +  0^ 

^{z)  =  -\-A2{z-t)^{z  +  t)^‘^l  -\-A2r{z-t)\z  +  t)^^^  (17) 

+  As  (z  -  +  0^ 

These  are  the  only  functions  that  exhibit  the  necessary  singularity  at  the  crack  tips,  increase  no 
faster  than  a  constant  far  away  from  the  crack,  and  have  no  branch  cuts  or  other  singularities 
in  the  region  outside  the  crack.  It  appears  at  first  that  Aa  and  As  can  be  treated  independently. 
However,  they  cannot,  since 

(z  -  (z-b  0^  =  (z  -  r)^(z+ -  0 
=  z{z  -t)\z+t)^-t{z-  t)\z + 
while  (z  -  -  t)\z  +  t)^  +  t{z-  t)\z+t)^ 


(18) 

(19) 

(20) 
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One  could  just  take  =  0,  but  it  is  more  symmetrical  to  take  ^3  =  A2. 

Thus,  the  solutions  are  governed  by  four  real  constants,  which  are  the  real  and  imaginary  parts 
of  Ai  and  A2-  What  do  they  correspond  to?  Two  of  them  correspond  to  the  two  components 
of  the  complex  stress  intensity  factor  near  one  of  the  crack  tips,  or  equivalently  to  the  far-field 
stresses.  The  other  two  correspond  to  the  slip  produced  by  the  moving  crack.  To  see  that  one 
has  to  consider  the  slip,  note  that  if  the  crack  is  stationary,  it  is  clearly  possible  to  glue  an  upper 
an  lower  surface  together  in  such  a  way  as  to  have  a  puckered  region  of  separation,  like  a  bump 
in  a  rug,  but  with  no  stresses  at  infinity.  The  boundary  condition  outside  the  crack  was  given 
in  terms  of  strains,  not  displacements,  which  also  leaves  the  freedom  for  one  side  of  the  crack 
to  be  higher  than  the  other.  However,  there  is  no  physical  reason  to  employ  that  freedom,  and 
the  slip  in  the  y  direction  will  always  be  zero.  However,  the  slip  in  the  x  direction  is  generally 
nonzero,  and  has  to  be  specified  independently  of  the  external  stresses. 

The  other  fields  that  enter  into  Eq.  (1 1)  are 

+Air(z-r)^(z-f  r)^ 

+  A2(z  --  0^"^*  (z  +  f  )^  +  A2r{z 

and  _  - 

qAi{z~t)^{z  +  t)^  +^"Uir(z-r)^(z  +  r)^ 

#“(z)  =  +qA2{z-t)\z  +  t)^‘^^ -\-q~^A2r{z-t)^{z  +  t)^'^\  (22) 

+  qA2{z - {z  + 1)^  +  q~ U2r(z -  (z  +  0^ 

To  find  the  stress  intensity  factor,  simply  insert  Eqs,  (17)-(21)  into  Eqs.  (3)  and  (4),  to  obtain 
stresses  and  strains  in  terms  of  Ai  and  A2.  One  has  to  employ  the  expression  for  in  terms  of 
and  which  is  not  written  out  here.  Then  one  just  picks  out  the  dominant  coefficient  of 
Oyy  approaching  the  right  hand  crack  tip.  Define  the  stress  intensity  factor  to  be  the  complex 
coefficient  of  approaching  the  right-hand  crack  tip. 

To  calculate  the  slip,  one  has  to  perform  two  integrals.  These  are 


h=  f\dx{\-x)\l+x)’'  =  —A^  (23) 

■  J-]  ^  /  sinirA 

and 

l2  =  (24) 

=  h-  /)^(1  +  if  =  2/1  (1  +  A)  (25) 

All  the  integrals  needed  to  calculate  the  slips  Sx,Sy 

Sx  =  jdxcxx  Sy  =  jdxexy  (26) 

can  be  obtained  from  these  two.  For  example,  understanding  x  to  be  approaching  the  y  axis 

from  above, 

J'  dx[x-tf(^z  +  tf  =  t^+'^l^^dx{x/t-\f{x/t+lf  (27) 

=  r'  J^^tdl{l-\f{l+lf  =  J\dl{\  -  0^(/+  1)^  = 


(28) 


Figure  1 :  Picture  of  self-healing  crack  obtained  frpm  the  methods  outlined  in  this  paper.  For 
this  solution,  u/q  =  .866,  —  3,  the  horizontal  slip  Sx  divided  by  the  crack  length  is  —0.05, 

and  tlie  stresses  far  from  the  crack  are  (JxytP'  —  0.0056  and  Oyyjii  =  —0.00188,  with  /i  a  Lame 
constant.  The  stress  in  the  y  direction  is  indeed  compressive.  The  scale  in  the  vertical  direction 
is  arbitrary. 

All  the  other  integrals  inyolved  in  computing  the  slip  can  be  worked  out  similarly.  Upon  setting 
Sy  =  0,  the  constants  A 1  and  A2  are  finally  determined  by  specifying  the  two  components  of  the 

stress  intensity  factor,  and  the  slip  '  < 

5.  SOLtJTIONS 

Figure  1  shows  a  solution  determined  with  these  tecHniques.  Upon  inspection,  it  seems  physi¬ 
cally  reasonable,  as  the  upper  crack  surface  does  not  appear  to  cross  the  rigid  substrate.  In  fact, 
like  all  crack  solutions  at  the  interface  between  dissimilar  materials,  the  crack  surface  crosses 
the  substrate  infinitely  often.  However,  the  crossings  occur  so  close  to  the  tips  of  the  crack  that 
they  are  invisible  at  this  scale. 

Based  upon  such  arguments,  it  would  be  hard  to  determine  whether  this  solution  is  physically 
allowed  or  not.  We  have  carried  out  additional  analyses  that  involve  the  solution  of  atomic-scale 
models  for  semi-infinite  interface  fractures.  These  atomic  solutions  are  based  upon  solving 
Newton’s  laws  for  atoms,  and  cannot  involve  crack-interface  crossings  or  other  unphysical 
effects.  The  solution  depicted  in  Figure  1  happens  to  be  one  such  that  the  asymptotic  crack  tip 
fields,  approaching  the  tip,  match  smoothly  with  known  solutions  of  the  atomic  model,  going 
away  from  the  tip.  Therefore,  we  believe  that  this  solution  is  physically  realizable. 

We  do  not  believe  that  this  conclusion  could  be  reached  through  ^guntepts  couched  purely  at 
the  continuum  level.  At  the  same  time,  the  atomic  calculations  are  not  powerful  enough  to  treat 
structures  with  two  crack  tips.  They  can  only  handle  one  semi-infinite  crack  and  its  tip  at  a 
time.  The  atomic  and  continuum  descriptions  of  self-healing  cracks  are  complementary.  Both 
must  be  combined  in  order  to  reach  physical  conclusions. 

This  research  was  supported  by  the  National  Science  Foundation  (DMR-9531187),  the  U.  S.- 
Israel  Binational  Foundation  (920-00148),  and  a  fellowship  from  the  Computational  and  Ap_- 
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1.  SUMMARY 

The  degradation  of  metals,  caused  by  the  formation  of  brittle  hydrides,  is  simulated.  The 
coupling  of  hydrogen  diffusion,  hydride  precipitation,  non-mechanical  energy  flow  and 
hydride/solid-solution  deformation  is  considered.  Crack  growth  is  simulated  by  using  de¬ 
cohesion  model  with  time-dependent  de-cohesion  energy,  due  to  gradual  hydride 
precipitation.  The  hydrogen  embrittlement  model  has  been  tested  successfully  against 
experimental  data  and  analytical  solutions  on  hydrogen  thermal  transport.  The  simulation  of 
Zircaloy-2  hydrogen  embrittlement  and  delayed  hydride  cracking  initiation  has  also  been 
performed,  under  K-field  dominance  as  well  as  under  conditions  leading  to  loss  of  K-field 
dominance.  The  effects  of  near-tip  stress  intensification  and  temperature  gradient  on  hydride 
precipitation  have  been  studied.  TTie  numerical  simulation  predicts  hydride  precipitation  at  a 
small  distance  from  the  crack  tip.  When  the  remote  loading  is  sufficient,  the  near  tip  hydrides 
fracture.  Thus  a  micro-crack  is  generated,  which  is  separated  from  the  main  crack  by  a  ductile 
ligament,  in  agreement  with  experimental  observations. 

2.  INTRODUCTION 

Hydride-induced  embrittlement,  in  metals  such  as  zirconium,  results  from  the  simultaneous 
operation  of  several  coupled  processes  (i.e.  hydrogen  diffusion,  hydride  precipitation,  non¬ 
mechanical  energy  flow  and  hydride/solid-solution  deformation).  The  heat  transfer  process, 
which  is  associated  with  temperature  gradient,  is  important,  due  to  hydrogen  thermal 
transport,  e.g.  within  zirconium-base  nuclear  fuel  cladding.  Varias  and  Massih  [1],[2] 
developed  a  model,  where  the  coupling  of  all  processes,  including  heat  transfer  and  hydride 
fracture,  is  considered.  The  model  is  based  on  the  thermodynamic  theory  of  irreversible 
processes  and  takes  into  account  hydrogen  thermal  transport.  The  time-dependent  fracture 
toughness  of  the  material  ahead  of  a  crack  tip,  due  to  gradual  hydride  precipitation,  is  also 
taken  into  account  in  a  new  version  of  the  de-cohesion  model  for  crack  growth.  A  brief 
discussion  of  the  embrittlement/fracture  model  follows.  Details  of  the  model  and  relevant 
references  are  given  in  [1]. 
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3.  MATHEMATICAL  MODEL  FOR  HYDRIDE  INDUCED  EMBRITTLEMENT 


The  governing  equations  of  all  processes  are  presented.  Hydrogen  diffusion  is  simulated  by 
enforcing  the  conservation  of  hydrogen  mass: 


dc^^'  _a/f 

dt 


(1) 


is  the  total  hydrogen  concentration  and  are  the  components  of  hydrogen  flux. 
is  related  to  the  concentration  of  hydrogen  in  the  solid  solution,  ,  and  the  hydride,  : 

CHT  ^  (2) 

/is  the  hydride  volume  fraction.  is  equal  to  the  hydrogen  terminal  solid  solubility, 
when  /  7^  0,  and  can  be  considered  constant,  independent  of  temperature.  Hydrogen 

diffusion  in  the  hydride  is  also  significantly  slower  than  in  the  metal  and  therefore  it  can  be 
neglected.  Then,  the  total  hydrogen  flux  in  a  hydride/solid-solution  composite  is  given  by  the 
following  relation: 


=-(!-/) 


ET 


dx. 


Q'^  ffr) 

+— T— 

T  dx,  j 


(3) 


R  is  the  gas  constant  and  T  is  the  absolute  temperature.  Also  D'^  and  Q"  ate  the  diffusion 
coefficient  and  the  heat  of  transport  of  hydrogen  in  the  solid  solution,  respectively.  Hydrogen 
thermal  transport  is  taken  into  account  by  the  temperature  gradient  term.  The  effects  of  stress 
and  hydrogen  concentration  on  diffusion  are  both  included  in  the  gradient  of  the  chemical 
potential  of  hydrogen  in  the  solid  solution,  fi^  : 


At"  (4) 

is  the  stress  free  hydrogen  chemical  potential,  which  depends  on  hydrogen 
concentration.  In  the  present  study  the  law  for  ideal  solutions  is  adopted.  K  ^  is  hydrogen 
molal  volume.  Also  and  are  metal’s  elastic  compliance  and  stress  tensor, 

respectively. 

The  precipitation  of  the  hydride  (MHx)  occurs  under  chemical  equilibrium  conditions,  when 
the  terminal  solid  solubility  of  hydrogen  in  the  metal,  ,  is  reached: 


exp 


XCT  J”" 

rt[ 

mm 

3 


2 


(5) 


is  the  terminal  solid  solubility  of  hydrogen,  under  stress-free  conditions.  Hydrides 
expand  during  precipitation.  Consequently,  hydrogen  solubility  is  affected  by  the  strain 
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energy  of  hydride  accommodation,  ,  as  well  as  by  the  interaction  energy  of  the  applied 
stress  field  with  the  expanding  hydride,  ,  both  defined  per  mole  of  hydride. 


The  non-mechanical  energy  flow  is  governed  by  the  following  differential  equation,  which  is 
derived  by  enforcing  conservation  of  energy: 


£T  df 

dt 


dxX''dx,) 


(6) 


p,  Cp  and  k  are  the  density,  the  specific  heat  at  constant  pressure  and  the  thermal 

conductivity  of  the  metal,  respectively.  Also  and  are  the  enthalpy  associated  with 
the  formation  of  a  mole  of  hydride  and  the  hydride  molal  volume,  respectively.  Therefore  the 
variation  of  the  heat  content  in  the  metal-hydride  composite  depends  on  conducted  heat,  heat 
generated  during  hydrogen  diffusion  and  heat  released  during  hydride  formation. 


The  deformation  of  the  hydride/solid-solution  composite  is  coupled  with  hydrogen  diffusion 
and  energy  flow  due  to  the  strains,  which  are  caused  by  hydrogen  dissolution,  hydride 
formation  and  thermal  expansion: 


da 


dt 


‘^  =  Ml 


ijkl 


d£^ 


dt 


dt 


dt 


df  s  ^  -  ■ 


(7) 

(8) 


(9) 


e*".  is  the  trace  of  hydride  expansion  strain  and  0^  =  is  the  expansion  of  the  metal 


lattice  due  to  hydrogen  dissolution.  and  a  are  the  molal  volume  and  the  thermal 
expansion  coefficient  of  the  metal.  It  is  assumed  that  the  elastic  and  thermal  properties  of  the 
hydride  and  the  solid  solution  are  identical. 


Hydride  fracture  and  therefore  crack  growth  is  simulated  by  considering  cohesive  tractions 
along  the  crack  path.  At  a  material  particle  along  the  crack  path,  cohesive  traction  is  related  to 
the  respective  normal  displacement  through  a  simple  trapezoid  variation.  The  energy  of  de¬ 
cohesion,  i.e,  the  energy  required  per  unit  crack  advance,  and  the  maximum  cohesive  traction 
are  given  by  the  following  relations: 


(10) 


(11) 
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(j)^  and  00*''  are  the  de-cohesion  energies,  when  there  is  no  hydride  and  when  there  is  only 
hydride,  along  the  crack  plane,  respectively.  is  derived  from  the  threshold  stress  intensity 
factor  for  delayed  hydride  cracking  [1].  Also  (7;,,  is  hydride  fracture  strength  and  is  equal 
to  three  times  the  yield  stress  of  the  metal  [1].  In  the  following  the  hydrogen  embrittlement 
and  fracture  model  is  applied  to  Zircaloy-2  and  5-hydride  (ZrHi.ee)- 

4.  SIMULATION  OF  SAWATZKY  EXPERIMENT 


cm- 

^pm) 


Jt,  (m) 

Figure  1:  Hydrogen  distribution  in  a  Zircaloy-2  cylinder,  after  a  34-day  anneal  under  a 
temperature  difference  130°C  -  4lTC;  experimental  [3]  and  finite  element  results  [1]. 

A  Zircaloy-2  cylinder  of  1.2  cm  in  diameter  and  2.5  cm  in  length,  with  initial  uniform 
hydrogen  concentration  130  ppm  by  weight  (=837  mole/m^)  was  subjected  to  a  temperature 
difference  of  347°C  for  34-days  [3].  Hot  and  cold  end  temperatures  of  477°C  and  130®C, 
respectively,  were  imposed,  by  placing  the  specimen  between  a  heated  stainless  steel  cylinder 
and  a  water-cooled  brass  plate.  Glass  wool  was  wrapped  around  the  specimen  to  reduce  heat 
losses  through  the  cylindrical  surface  of  the  specimen.  Also  any  hydrogen  losses  were 
minimized,  by  developing,  before  the  experiment,  an  oxide  surface  layer,  which  is 
impermeable  to  hydrogen.  The  measured  hydrogen  concentration  is  compared  with  the 
respective  FEM  prediction  in  Figure  1 . 

5.  HYDRIDE  PRECIPITATION  AND  FRACTURE  UNDER  K-FIELD  DOMINANCE 

A  semi-infinite  crack  is  considered  in  a  homogeneous  material  under  mode-I  loading  and 
plane  strain  conditions  [2].  K-field  traction  is  applied  on  a  semi-circular  boundary  of  radius 
equal  to  0.1  m;  only  half  of  the  space  is  analyzed,  due  to  symmetry  with  respect  to  the  crack 
line.  The  stress  intensity  factor  initially  increases  at  a  rate  equal  to  0.2  MPaVm  s’*  for  100  s 
and  subsequently  remains  constant  at  the  maximum  value  of  20  MPaVm.  The  temperature  of 
the  material  is  equal  to  300°  C.  Initial  total  hydrogen  concentration  is  equal  to  1000  ppm. 
Zero  hydrogen  flux  is  prescribed  along  the  crack  face  and  the  remote  semi-circular  boundary. 
Due  to  symmetry  conditions,  hydrogen  flux  is  also  taken  equal  to  zero  along  the  crack  line.  A 
Cartesian  coordinate  system  is  considered  with  origin  at  the  crack  tip  and  jci-axis  parallel  to 
the  crack  plane.  The  progress  of  hydride  precipitation  and  the  development  of  a-  microcrack 
along  the  crack  plane,  ahead  of  the  main  crack,  is  shown  in  Figure  2. 
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t  (days) 
—  1/864 

4.36 


Figure  2:  (a)  Hydride  volume  fraction  distribution  along  the  crack  line  and  (b)  microcrack 
propagation,  under  K-field  dominance  [2];  /.^=4.36  days. 

6.  HYDROGEN  EMBRITTLEMENT  IN  A  CRACKED  PLATE  UNDER  TENSION 

Hydrogen  embrittlement  in  the  cladding  of  light  >vater  reactor  fuel  rods  has  been  investigated 
[1],  [2].  The  most  critical  case  corresponds  to  a  crack  along  the  rod  axis,  due  to  fuel  pellet¬ 
cladding  mechanical  interaction  and  associated  tensile  hoop  stresses.  The  geometry  has  been 
approximated  by  a  cracked  plate.  The  plate  thickness,  vw,  is  equal  to  the  cladding  wall 
thickness  (w=0.8  mm).  A  long  planar  surface  crack  of  depth  a  (=  O.lw)  has  been  considered 
on  one  side.  A  remote  tensile  stress,  is  applied  normal  to  the  crack  faces  and  builds  up 

gradually,  at  a  rate  of  10  MPa/s,  up  to  the  maximum  value  of  500  MPa.  Zirconium  oxidation 
is  assumed  to  produce  a  cohstant  inflow  of  hydrogen  on  the  crack-side  surface  of  the  plate 
and  the  crack  faces,  which  is  equal  to  0.122x10''^  mole/(m^'S).  A  zero  hydrogen  flux  is 
considered  on  the  other  side  of  the  plate.  The  surface  temperature  is  constant,  being  equal  to 
567  K,  on  the  crack  side,  and  607  K,  on  the  other  side.  The  initial  temperature  distribution  is 
assumed  to  be  linear  across  the  thickness  of  the  plate.  The  initial  hydrogen  concentration  is 
equal  to  2500  mole/m^  («388  ppm).  Symmetry  conditions  require  that  the  heat  and  hydrogen 
fluxes  on  the  crack  plane  as  well  as  on  the  remote  plane,  where  is  applied,  are  zero.  Plane 

strain  conditions  prevail.  A  Cartesian  coordinate  system  is  considered  with  origin  at  the  crack 
tip  and  xi-axis  parallel  to  the  crack  plane.  Figures  3a  and  3b  show  the  distribution  of  hydride 
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volume  fraction  and  normalized  stress  trace  along  the  crack  plane,  respectively.  After  5  days, 
steady-state  conditions  are  approached.  According  to  Fig.  3b,  there  is  no  region  of  K-field 
dominance,  due  to  hydrogen  thermal  transport.  Also  according  to  Fig.  3a,  severe  material 
embrittlement  is  limited  only  to  a  very  small  area  near  the  crack  tip. 


a) 


t  (days) 

-  5 


x^  (pm) 


Figure  3:  (a)  Hydride  volume  fraction  and  (b)  stress  trace  distributions  along  the  crack  plane 
in  a  plate  under  tensile  loading  and  temperature  gradient  [2]. 
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1.  SUMMARY 

Methods  of  fracture  mechanics  are  applied  in  analysis  of  electrical  breakdown  of  dielectrics 
and  electromechanical  fracture  of  piezoelectrics.  Griffith’s  energy  balance  method  as  well  as 
the  intensity  factor  approach  and  invariant  integral  theory  are  used  when  formulating  criteria 
of  electrical  breakdown  and  electromechanical  fracture.  The  controlling  factors  for  these 
phenomena  proved  to  be  the  stress  intensity  factors  and  the  charge  density  intensity  factor  at 
the  crack  tip  or  at  the  edge  of  electrode.  Several  problems  of  electrical  breakdown  of 
dielectrics  are '  considered  and  .the  results  are  correlated  with  experimental  data.  The 
piezoelectric  theory  of  Mindlin  is  used  in  analysis  of  the  effect  of  non-uniform  electric  field 
on  the  crack  instability.  The  obtained  solution  of  aiitiplane  crack  problem  shows  that  the 
stress  state  of  dielectrics  and  its  strength  appreciably  affected  by  the  non  uniform  electric 
field. 

2.  INTRODUCTION 

The  analysis  of  solid  state  devices  of  piezoelectronics  shows  that  mechanical  or  electrical 
loading  causes  stress  and  electrical  field  intensification  at  crack  tips  as  well  as  at  sharp  edges 
of  surface  or  embedded  electrodes.  Therefore  discontinuity  surfaces  present  always  in  real 
materials  may  become  unstable  under  certain  conditions  and  rapidly  propagate  causing 
eventual  fracture  of  a  body  as  a  whole.  Griffith’s  energy  balance  method  has  provided  a 
powerful  tool  both  for  the  theoretical  study  of  fracture  processes  and  for  practical  calculations 
for  structural  members.  It  is  of  interest  that  as  early  as  1927,  as  the  dawn  of  fracture 
mechanics,  Griffith’s  approach  was  used  first  by  Goto  wits  in  analysis  of  fracture  of 
dielectrics  subjected  to  strong  electric  field  (see  Skanavi,  [21]).  A  generalization  to 
piezoelectric  media  of  the  energy  balance  conditions  was  made  only  half  a  century  later  in 
papers  of  Parton  [14]  and  Kudryavtsev  et  al  [8,9].  Griffith’s  energy  accounting  was  applied 
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by  Suo  et  al  [23]  to  study  crack  growth  for  ferroelectric  ceramics  under  small-scale 
hysteresis. 

The  general  theory  of  the  motion  of  singularities  developed  by  Cherepanov  [5]  for  an 
electromagnetic  continuum  is  based  on  the  invariance  of  certain  T  -integrals  with  respect  to 
their  integration  path  around  a  singular  point. 

There  is  a  characteristic  feature  which  is  common  to  linear  problems  of  electroelasticity 
dealing  with  unbounded  crack-containing  piezoelectric  media.  It  is  that  the  mechanical 
stresses,  strains,  and  electric  field  components  go  to  infinity  at  the  tip  of  a  crack,  the  order  of 

singularity,  ^ ,  being  independent  of  the  length  of  the  crack  (Parton  and  Kudryavtsev,  [15]). 

For  a  crack  lying  in  the  interface  between  two  unlike  materials,  the  near-tip  electroelastic 
fields  are  of  a  more  complex  oscillating  nature  (Kudryavtsev  et  ai,  [8,9];  Suo  et  al.,  [23]). 
The  oscillating  singularity  is  rather  limited  in  space,  however,  Kudryavtsev  et  al.  [8]  estimate 
its  size  at  about  2.5x10"'’  of  the  crack  length.  In  bounded  piezoelectric  bodies  all  the 
microscopic  processes  in  the  vicinity  of  the  crack  tip  must  be  controlled  by  the  coefficients  of 
singularities  (intensity  factors)  when  an  annulus  exists  around  the  crack  in  which  the  field  is 
described  by  the  above-mentioned  singular  solutions.  When  the  charge  density  intensity 
factor  is  introduced,  it  proves  possible  (Senik,  [19];  Parton  et  ai,  [15])  to  define  a  certain 

critical  value  of  this  quantity,  ,  and  to  write 

K,=K;  (1) 

as  the  condition  for  the  electrical  breakdown  of  a  dielectric  medium.  An  alternative  but  totally 
equivalent  expression  may  be  written  in  terms  of  T -integrals.  The  well-known  crack 
extension  criteria  are  adaptable  to  the  electromechanical  fracture  of  dielectrics  and 
piezoelectrics  as  was  discussed  by  Parton  et  al.  [16,17]  and  by  Bardzokas  et  al.  [3]. 

If  there  are  cracks  or  inclusions  in  the  piezoelectric  medium  under  study,  special  attention 
should  be  given  to  the  electroelastic  conditions  associated  with  these  imperfections.  Parton 
[14]  and  Polovinkina  and  Ulitko  [18]  took  the  conditions  of  ideal  contact  between  two  sides 
of  a  crack 

cp^  =  (p-  (2) 

being  the  normal  component  of  the  induction  and  <p  the  electric  potential.  Deeg  [6],  Pak 
[13],  Sosa  [21]  and  Suo  et  al.  [23]  adopted  another  set  of  boundary  conditions  on  a  perfectly 
insulating  crack 

D:  =  D-=0  ■  (3) 

In  air-filled  cracks,  however,  this  condition  should  not  be  fulfilled  due  to  possible  ionization 
and  breakdown  of  air  gap  as  stated  by  Balygin  [2]  and  Koikov  and  Izykin  [7].  McMeeking 
[10]  modeled  cracks  containing  a  conducting  fluid  with  the  use  of  following  boundary 
conditions 

<p-*-  =  (p"  .  (4) 

Senik  [19]  investigated  general  electrical  boundary  conditions  to  be  satisfied  in  the  case  of  a 
long  dielectric  inclusion.  The  special  cases  considered  in  the  study  are  the  ideal  contact 
conditions,  a  perfectly  insulating  inclusion,  and  inclusions  with  a  high  or  low  permittivity  (2- 

4). 
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3.  ELECTRICAL  FRACTURE  OF  DIELECTRICS 

a)  Energy  Balance  Approach 

As  it  was  proposed  by  Senik  and  Parton,  the  phenomenon  of  electrical  fracture  (or 
breakdown)  of  linear  dielectrics  can  be  considered  as  the  extending  of  some  perfectly 
conducting  surfaces  between  electrodes  exposed  to  a  sufficiently  high  difference  in  electrical 
potential.  Such  perfectly  conducting  surfaces  may  be  initiated  by  a  crack  tip  as  well  as  by  a 
sharp  edge  of  electrode  or  inclusion  due  to  considerable  concentration  of  electroelastic  fields. 
Without  discussing  the  possible  mechanism  of  its  formation  and  propagation  it  can  be  said 
with  confidence  that  a  fixed  part  of  power  delivered  to  dielectrics  must  be  consumed  to  create 
unit  area  of  new  conducting  surface.  The  extending  of  conducting  surfaces  and  hence  the 
breakdown  of  dielectrics  depends  on  the  relative  values  of  energy  release  rate  in  the  vicinity 
of  crack  tip  or  electrode  edge  and  the  energy  required  to  create  unit  area  of  the  mentioned 
surface. 

One  way  of  formulating  a  local  breakdown  condition  is  by  calculating  the  flow  of  energy  to 
the  new  formed  conducting  surface.  Consider  two  states  a  of  linear  dielectric  body  which 
contains  a  perfectly  conducting  embedded  electrode  2  of  arbitrary  shape  and  has  the 
electroded  outer  surface  being  at  zero  potential.  Let  be  the  potential  of  2  in  a  certain 
initial  state  «0»  of  the  body  and  is  the  same  value  in  a  state  «1»,  in  which  the  electrode 
surface  2  has  received  an  increment  in  the  form  of  a  conducting  surface  A2 .  According  to 
Parton  et  al  [16,17]  the  macroscopic  energy  flow  AA^  due  to  the  formation  of  A2  is  given 
by 

+  (5) 

where 

The  breakdown  condition  can  be  written  as  yA2  =  -AA^  and  hence  with  regard  to  (5)  as 

(6) 

According  to  (6)  the  dielectric  strength  is  determined  by  breakdown  parameter  y  which  is  to 
be  estimated  from  experiment.  The  quantity  y  is  expected  to  be  the  macroscopic  parameter 
depending  on  the  material  properties  of  both  dielectrics  and  electrode. 

The  electric  fields  in  the  vicinity  of  the  edge  of  electrode  in  linear  dielectrics  display  the 
singularity  as  follows 

where  r,Q  are  the  polar  coordinate  tied  with  the  edge  of  the  electrode  and  is  the  charge 

density  intensity  factor  depending  on  the  properties  of  dielectrics  and  on  the  applied  electric 
loads.  The  use  of  asymptotic  formulae  like  (7)  in  (6)  makes  it  possible  to  relate  this  criterion 
to  the  breakdown  condition  (1). 

b)  Electrical  Breakdown  between  Two  Axial  Circular  Electrodes 

By  way  of  illustration  let  us  study  some  simple  problems  of  breakdown  of  dielectrics  by 
applying  the  foregoing  principles.  Consider  an  unbounded  homogeneous  dielectric  layer 
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-h<z<h  having  dielectric  permittivity  e  and  placed  between  two  homogeneous  half 
spaces  z>h  and  z<-h  with  equal  dielectric  permittivities,  ,  Two  axial  circular 
electrodes  of  radius  a  disposed  on  the  interfaces  (z  =  ±h)  are  supposed  to  be  at  equal  in 
magnitude  but  opposite  in  sign  potentials,  ±  Vq  .  This  problem  of  electrostatics  is  reduced  to 
that  of  solving  of  a  system  of  dual  integral  equations  involving  the  Bessel  function  (Parton  et 
al,  [11]).  Upon  expanding  the  unknown  function  in  a  Legendre  series,  the  system  of  dual 
integral  equations  yields  an  infinite  system  of  linear  algebraic  equations  in  unknown 
coefficients  d„,  (w  =0,1,2,...).  It  should  be  emphasized  that  d„,  depend  only  on  two 
dimensionless  parameters  s^-ele^  and  d  =  2hla.  Having  obtained  the  coefficient  d„,  one 


can  define  the  density  distribution  function  for  electrical  charges  on  the  electrode 

,,  2Ko(l+£i,)£^,  , .  ^ 


(8) 


displaying  singularities  o[\/^Ja  +  r) 


in  the  vicinity  of  the  edge  of  electrode  when  r  — >  ±<ar . 


The  charge  density  intensity  factors  can  be  obtained  then  from  (8)  in  the  form 


=  iim[q{r)^j2K(a  -  r) )  =  — ~j^^'^(-]y{4n+\)d„ 
From  Eq.  (9)  and  (1)  there  follows  the  formula  for  breakdown  voltage 

- 

2e{\+  (“ir(4«  +lK 


(9) 

(10) 


The  validity  of  criterion  (1)  has  been  demonstrated  by  comparing  the  breakdown  voltage  from 
(10)  with  known  vacuum  breakdown  data  obtained  by  Slivkov  [20]  using  two  unlikely 
charged  axial  circular  electrodes. 


4.  CRITERIA  FOR  ELECTROMECHANICAL  FRACTURE  OF  PIEZOELECTRICS 
CONTAINING  ELECTRODES  AND  CRACKS 

a)  Fracture  of  Piezoelectrics  Initiated  by  Edges  of  Electrodes 

Because  of  the  coupling  of  electric  and  elastic  fields  in  piezoelectrics  the  considerable 
concentration  of  such  fields  in  the  vicinity  of  electrode  edge  may  result  sometimes  in  the 
fracture  of  a  piezoelement,  both  electrically  and  mechanically.  The  electrical  breakdown  of 
piezoelectrics  can  be  considered  in  the  same  way  as  the  breakdown  of  dielectrics  or  as  the 
extending  of  some  perfectly  conducting  surface  between  two  charged  electrodes.  From  the 
viewpoint  of  continuum  mechanics  this  surface  is  considered  to  be  a  mathematical  surface 
which  has  no  mechanical  loads  on  its  faces.  The  real  electrode  is  assumed  to  be  perfectly 
conducting  and  flexible,  all  the  components  of  mechanical  fields  are  continuous  on  its 
surface. 

Consider  a  piezoelectric  body  with  an  embedded  electrode  Z  which  receives  an  increment 
AZ .  The  outer  boundary  is  entirely  electroded  and  supposed  to  be  at  zero  potential  and  free 
of  mechanical  loads.  Assume  that  the  body  has  no  body  forces  or  free  charges  present. 
According  to  Bardzokas  et  al  [3]  the  expression  for  the  energy  flow  due  to  the  formation  of 
the  additional  perfectly  conducting  surface  AZ  is  found  to  be 
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^  AI 

The  electrode  «extension»  condition  may  then  be  written  as 

27A2  =  -AA^  (12) 

where  y  is  the  energy  density  consumed  to  create  the  new  conducting  surface.  Upon 
integration  in  (1 1)  over  the  two-side  surface  AE  the  breakdown  condition  (12)  takes  the  form 

y  =  +  (13) 


where 

Ji”*’ + '''"K”  -crK* 


(14) . 

(15) 


It  should  be  emphasized  that  (14)  is  equivalent  to  the  local  fracture  condition  for  an  elastic 
body  while  (15)  can  be  transformed  into  (6).  It  follows  thus  from  (13)  that  the  total  fracture 
energy  density  y  can  be  broken  in  the  case  of  the  electromechanical  fracture  of  piezoelectrics 

into  two  parts:  the  mechanical  component  y^^^  is  consumed  to  create  the  additional  free 
mechanical  surface  AE  and  the  electrical  component  y^^^  is  associated  with  the  advent  of  the 
new  perfectly  conducting  surface  AE . 


For  a  piezoelectric  medium  the  crack  contour  or  the  edge  of  an  electrode  may  be  considered 
as  a  distributed  sink  for  the  released  energy.  The  most  important  way  in  the  study  of 
electromechanical  fracture  of  piezoelectrics  is  examination  of  the  flow  of  energy  to  the 
fracture  domain  in  the  vicinity  of  above-mentioned  singular  line.  The  path  independent 
integral  developed  by  Cherepanov  [5]  and  by  Parton  and  Kudryavtsev  [15]  provides  the 
effective  tool  for  such  an  analysis  which  results  in  derivation  of  local  fracture  and  breakdown 
criteria  of  piezoelectrics.  Parton  and  Kudryavtsev  [15]  introduced  for  a  piezoelectric  medium 
under  plane  strain  conditions  the  energy-sink  vector  ^  (k  =1,2)  where  the 

electrical  part,  ,  and  the  mechanical  part,  F^^®^ ,  are  given  by 

L  is  an  arbitrary  closed  contour  enclosing  the  edge  of  electrode  and  are  the  components  of 
the  unit  vector  normal  to  Z, .  It  was  shown  that  F^  is  path-independent  if  the  deformation  of 
L  does  not  involve  the  appearance  of  new  singularities  of  electric  field  inside  of  Z, .  In  the 
plane  problem  for  curvilinear  electrode  it  can  be  found  that  only  the  normal  components  of 
the  sink  vector,  say  F„^^^  and  are  different  from  zero.  Hence  in  accordance  with  the 
general  theory  of  the  motion  of  singularities  the  simplest  condition  for  the  electromechanical 
fracture  of  piezoelectrics  can  be  presented  as  F„  =  F„^^^  +  <  F^  where  F^  is  a  certain 

macroscopic  quantity  defining  a  given  piezoelectrics-electrode  system 
b)  Fracture  of  Piezoelectrics  Initiated  by  Crack  Tip 

Both  electrode  edge  and  crack  tip  act  as  seats  of  electromechanical  fracture  of  piezoelectrics. 
Fracture  conditions  can  be  derived  on  the  basis  of  classical  fracture  mechanics.  Consider  a 
piezoelectric  body  which  contains  a  crack  of  arbitrary  shape  and  has  no  body  forces  or  free 
charges  present.  Let  the  two-side  surface  of  the  crack  receive  an  increment  AE .  Parton  and 
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Kudryavtsev  [15]  showed  that  the  energy  flow  due  to  formation  of  the  discontinuity  AS  is 
given  by 

+  DfY%ds-^\Df{(p^'U(p^°\ds  (16) 

Note  that  the  integration  in  (16)  is  performed  over  the  two  surfaces  AI,  and  AE2  of  the 
additional  discontinuity,  the  normals  to  these  surfaces  being  directed  inward  the  crack.  The 
crack  propagation  condition  may  then  be  written  as 

y(AZ,+AE,)  =  -AA^  (17) 

where  y  is  the  surface  energy  density. 


In  piezoelectric  medium,  the  crack  propagation  criterion  depends,  of  course,  on  the  electric 
boundary  conditions  assumed  at  the  surfaces  of  the  crack.  If  the  crack  is  considered  to  be  a 
mathematical  surface  the  conditions  which  are  natural  to  be  assumed  are  (2).  In  such  a 
situation  the  energy  flow  due  to  the  formation  of  the  discontinuity  and  the  local  fracture 
condition  for  piezoelectrics  are  equivalent  to  that  for  elastic  body.  In  reality,  however,  a 
mechanical  loading  causes  a  finite  opening  of  the  crack,  so  the  electric  potential  may  suffer 
discontinuity  on  the  crack  surface  (Suo  et  al,  [23]).  The  normal  component  of  the  electrical 
displacement  must  be  continued  at  the  surface  of  an  opened  crack  in  a  piezoelectric  medium 
(Senik,  [19])  and  with  regard  to  that  the  fracture  condition  (17)  takes  the  form 


7  = 


1  1 

-T  ^im  — 
4  AZi-^o  al, 


,(0) 


(18) 


where  e*  specifies  the  reduced  dielectric  permitivity  of  the  crack. 


5.  ANALYSIS  OF  EFFECT  OF  NON-UNIFORM  FIELD  ON  THE  CRACK 
INSTABILITY  -  ANTIPLANE  SHEAR  OF  THE  CRACKED  BODY  IN  NON- 
UNIFORM  ELECTRIC  FIELD 


Consider  the  effect  of  non-uniform  electric  field,  ( E^^  =  const ),  on  an  unbounded 

continuum  having  the  plane  tunnel  crack  (|x,|<  =0,|a:3|<<»)  with  the  faces  exerted  by 

uniformly  distributed  stresses,  =  A  =  const .  Taking  into  account  the  following 
relationship 

o-j/  +  Pj.) 


E!=-aP, 

and  substituting  them  in  Eq.  (19) 


E,j  +  E!-<p,  +  E°=(i  (19) 

-eo<Pj,  +  Pu  =9 

Efj,El\E^  and  are  the  non-symmetrical  electrical  tensor,  local  electrical  force,  external 
electric  field  and  polarization  vector,  respectively,  we  obtain: 
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-  (a/’ -£“)=<> 

ai\V\+^{aP,-El)=Q 


(20) 


"44 


where  is  two-dimensional  Laplace  operator  and  ai\=^b^^+bTj-dl^lc^ .  Because  of 
symmetry  of  the  problem  (20);  must  be  solved  in  the  half-plane  >0  with  regard  to  the 
following  boundary  conditions  on  JCj  =0 

0'23=iP3.  ■£^23=0(|^i|<^) 


U,  =  /’j  =0 


XA> 


4 


The  solution  of  the  stated  problem  can  be  expressed  in  an  integral  form 

^  "  rf  '^2 )“ ^ ^(l)exp(- ATj +  (■'2  )  cos(^A:,)rf,* 


V 

-  -..IQ,  2. 


"44 


r  ^(l)exp(-  ->^2  V'?'  +  )cos(|ji:,)rf| 
f^23  =  —•  ^30  -  C44  r  exp(-  ^x^)co^^x,  )d^ 


(21) 


with  the  unknown  functions  ^((^)  and  5(|)  satisfying  the  following  dual  integral  equations 


I  ^44^ 


2  ^30 


r^(l)e’‘p(-^2-\/^'  +^2')cos(|xiVl  =  “ 

1"  ‘=os('5x,  )d^  =0 ,  {e<x^<  00) 

J„'?s(l)cos(|x,)rf|  =  -^|^-P3+^£:joj,  (0<x,  <^) 


(0<x,  <f) 


(22) 


Jo  =>  (^  <  •*1  <  °°) 

The  approximate  solution  of  (22)  can  be  obtained  in  the  form  of  Bessel  series  expansion 
while  according  to  Bateman  and  Erdelyi  [4]  the  exact  solution  of  (23);  has  the  form 

u  d.._  ^jMt) 

I 


^AA  \  *-*  / 


(23) 


(24) 


The  main  result  of  the  performed  calculations  is  the  following  expression  for  the  shear 
stresses  on  the  crack  line 


^23  -  Pi  1  A  ^  ^30 


,  (hl>^) 


(25) 


It  is  seen  from  (25);  that  CT23  displays  singularities  ±  i  at  the  crack  tips.  The  same 
results  was  obtained  by  Askar  et  al  [1]  but  the  singular  part  of  the  stress  field  is  not  of  prime 
importance  because  the  problem  involves  parameter  having  the  dimension  of  length, 
values  are  very  small  for  many  known  materials.  It  is  more  essential  that  (25);  gives  the  exact 
expression  for  the  stress  distribution  along  the  crack  line. 
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1.  SUMMARY 

Several  inverse  problems  of  somewhat  optimal  control  of  failure  parameters  and  also  of 
stresses  in  typical  points  of  a  body  are  stated  and  solved  in  the  monographs  [1,2].  The 
approach  to  the  solution  of  the  problem  of  optimal  control  of  parameters,  regulating  the 
fracture  of  a  piezoelectric  body  with  cracks  and  a  piezoelectric  bimorph  with  an  interphase 
crack  is  proposed  here  as  well. 

2.  INTRODUCTION 

Rapid  development  of  production  technologies  and  also  significant  progress  of  the 
investigation  of  the  fracture  mechanics  stimulates  consideration  of  new  problems  of  fracture 
control  of  piezoceramic  bodies.  Fracture  control  is  necessary  in  different  fields  of  industry, 
e.g.  during  cutting  of  metals,  cracking  of  marble  plates,  drilling  of  boreholes,  mining  of 
deposits,  etc. 

In  a  piezoelectric  body  the  interaction  of  elastic  waves  with  failures  like  cracks  in  their 
vicinities  there  appear  singular  conjugate  mechanical  and  electrical  fields  which  may  bring  to 
mechanical  and  electrical  fracture  of  the  body.  The  analysis  of  probability  of  the  fracture  is 
based  on  the  results  of  solving  of  the  dynamic  boundary  problem  of  electroelasticity.  The 
speed  of  energy  release  in  the  process  of  the  crack  propagation  is  expressed  by  the  stress 
intensity  factor  (SIF),  which  are  the  functionals  determined  from  solutions  of  integral 
equations  of  the  electroelasticity  boundary  problem. 
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The  methods  of  the  optimal  control  theory  for  systems  with  concentrated  and  distributed 
parameters  have  been  studied  for  instance  by  Lee  and  Markus  [3],  Krasovski  [4]  and 
Butkovski  [5].  Certain  questions  related  to  be  control  of  fracture  in  the  body  with  cracks  as 
well  as  the  dynamic  elastic  plates  are  discussed  by  M,L,  Filshtinsky  [6,7]. 

3.  CONTROL  OF  THE  DYNAMIC  STRENGTH  OF  A  BODY  ON  THE  BASES  OF 
SPATIAL  DISTRIBUTION  OF  THE  OUTER  LOAD 

Direct  problems  of  electroelasticity  determining  such  a  failure  parameter  as  a  stress  intensity 
factor  were  studied  in  the  monografs  [1,2].  Solutions  of  the  extremal  (reverse)  problems  of 
electroelasticity  may  be  simplified  due  to  the  fact  that  the  failure  parameters  are  represented 
in  the  form  of  functionals  determined  by  solutions  of  integral  equations  of  the  corresponding 
boundary  problem. 

Problem  1.  Let  in  a  piezoelectric  space  occur  a  crack  and  in  some  portion  A  of  the  semi¬ 
space  boundary  act  the  distributed  shear  load  T(xp/)  =  Re{/?(A:j)e~'“'}.  Using  the  results  of 
the  [2]  we  can  present  the  stress  intensity  factor  in  the  form 

^fii  —  ~  5  )  >  (1) 

ao(±l)  =  j/7(xj)Q,(±l,x,)^3&Ci ,  5^  =  ag[-i:2o(±l)]. 

A 

Here  is  the  solution  of  the  integral  equation  [2] 

j  /(Ck  (f  .Co  + 1  /?(Ck2(C.Co  V-y  =  ^^(Co) . 

L  L 

gA^Xo)  =  , 

?2(f.Co)  =  ^(l+  4)['^^''(r^io)cos(v^  +  ¥o)- 

-  Hl'Kyro)cos{\i/  -  \i/o)+  ff2{rro)cos{\if  +  -2a„)- 

-  AHi'\yr,^)cos{\i/  -  y/,  +2a,(,)] , 

)  =  ^  + ®Ty(l+ cos(v^o  - 

^44 

'■o=|C-4|.  'io=l?-Co|. 

7t  K  f 

«o  =  argfe-C).  aio=arg(Co-f).  Co=4  +  4o. 
v  =  '/'o  =  rfc); 

with  the  side 
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K  =  \Co  -  ^io| .  Ofl  =  argfc  -  x,„) . 

at  Pq  =1  (i.e.  a  “standard”  solution  corresponding  to  the  concentrated  force  of  a  single 
amplitude). 

We  must  formulate  the  following  problem:  let  us  find  such  “control”  limited  by 

Chebyshev  metrics  [/?(:ri|  <  ^(xi)  where  the  quantity  would  assume  maximum  value  in 
some  of  the  cut  tips  (e.g.  in  the  tip  b).  Formalized  statement  has  the  form 

|f^o(l)|  ->  max ,  |/7(*,)|<5(jc,),  £(x,)>0.  (2) 

Solution  of  this  simple  problem  at  the  mentioned  symmetric  limitations  of  the  control  norm  is 
as  follows 

Here 

max|£2o(l)|  =  jB(x,|Q,(l,X|)|a&c, .  (4) 

A 

Above  we  assumed  as  a  control  the  function  characterizing  a  spatial  distribution  of  the  load 
on  the  boundary  X2  =0 .  It  is  necessary  now  to  consider  the  dynamic  loading,  and  in  this  case 
as  a  control  we  must  assume  the  function  characterizing  the  load  change  with  time 
(evolutionary  control). 

Problem  2.  Let  on  the  boundary  of  a  free  from  semi-space  pizoelectric  force  with  an  inner 
crack  act  the  concentrated  load  of  /?(xp/)=  P(/)5(x,  “X,o)  type.  Let  us  assume  the  time 
moment  t  =  T  and  the  function  c(/)  >0 .  It  is  necessary  to  maximize  in  one  of  the  crack 
tips  at  r  =  r  on  the  bases  of  the  function  P(f)  at  limiting  |p(r)|  <  c(f) . 


According  to  the  [2]  a  formalized  statement  of  the  problem  has  the  following  form. 
1 


max 


(5) 


|/’(;)|  <  c(?) ,  c(/)>0. 

To  solve  the  problem  let  us  use  the  representation  P(co)  as  an  illustration  of  the  control  P(/) 
by  Fourie  and  substitute  it  into  the  formula  (5).  We  will  obtain 
1 


©o 

Mr- ()=  f  . 

On  the  basis  of  considerations  in  the  [2]  we  conclude  that  Im^T- /)  =0 .  Therefore  the 
expression  (6)  has  the  maximum  value  on  the  element 

P(0  =  cU)sgnMT-/).  (7) 

In  this  case 

max|/!:„,(7’)|  =  ] c(/)lMr-/pt . 


(8) 
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The  mentioned  problem  of  optimization  of  the  intensity  stress  factor  was  considered  at 
symmetric  limitations  of  control  load.  The  given  statement  may  be  somewhat  generalized 
removing  the  requirement  of  the  limitation  symmetry. 

Problem  3. 

\k,„(T)\  max .  A{t)  <  P{t)  <  B{t) ,  (9) 

Here  A{t),  B{t)  are  assumed  piecewise-infinite,  limited  functions,  the  meaning  of  K,„{T) 
and  P{t)  follows  from  the  previous  problem. 

Introducing  the  substitution  P*{t)  =  P{t)-[A{t)  + B(t)]/2  we  arrive  at  the  problem  with 
symmetric  limitations 

Therefore  the  final  solution  has  the  form 

Pit)  =  ^{'iit)  +  ^(t)  -  [^(^)  -  B(t)]signy(T)signP(r- 1)}  ; 

r(T)  =  jj[A(t)  +  B(t)]R(J'-t)dt,  (10) 

—  do 

Hence 

max|A:„,(r)| = +1 J  [Bit)  -  ^(f)]|/?(r-  t)|rfr| ,  (i  i) 

For  checking  the  initial  conditions  under  the  functions  A{t)^  in  reality  it  is  necessary  to 
assume  A(t)ri{t)  and  B{t)i]it)  where  7}{t)  is  a  single  function  of  Heavyside. 

Up  to  now  there  was  stated  a  problem  of  maximization  of  the  stress  intensity  factor  in  any  tip 
of  the  crack.  And  here  the  quantity  K^jj  in  the  other  tips  was  not  controlled.  In  this 
connection  let  us  state  the  following  problem  of  optimal  control. 

Problem  4.  In  a  piezoelectric  semi-space  let  there  be  k  crack,  it  is  bounded  with  vacuum  and 
is  free  of  forces  everywhere  except  some  portions  on  the  boundary  A .  On  the  portion  A 

there  acts  a  distributed  load  T(xp/)  =  Re|p(xj)ex  p(- /«/)}. 

Let  us  demand  that  the  intensity  factor  Kjjj  in  the  tips  of  all  the  cracks  and  stress  amplitudes 
at  some  specific  points  of  the  body  acquire  the  given  values  at  minimal  “energetic”  expenses 
for  control  ^  complex  Hilbert  space  on  the  set  A ). 

The  expression  Kjj^  for  j  crack  due  to  (6.1)  has  the  form 
=  4^|^^K^’(±l)|cos(a)<  -  5f) , 
nj,^'(+l)  =  ,  5f=arg[- £2^(11)]  (y  =  !,*)■ 


(12) 
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The  stress  amplitudes  at  specific  points  Zj  [j  =  2K+\,n)  are  calculated  with  using  the 
formulas  a,,=c'^{\+k^,)d,u,-e^,B^(t> ,  £»,  =3f,  ^^0,  a^,=ci{\+k^,)d^ti,+e,,d,<t>, 

A=-3m^i<>.  A=0, 


C  =  4  ”  ^4  niay  be  represented  as  follows 

^4^^)  =  I  ('  =1-2)  - 

A 

where  G(x,,z^.j  are  known  functions  determined  from  the  solution  of  the  direct  problem. 


«,  =  u™ + 

and 

-AUl'K 

(13) 

The  formalized  statement  of  the  problem  is  the  following 

r  '1 1/2 

12 


IK^'IUa)= 


mm 


at  limitations  of  the  equalities  types 

\p{^)’^M)dx,=aj  (y  =  !,«). 


Here 


y  =  l,A: 

g[x,,Zj),  j  =  2k+\,n 
The  quantities  aj  are  defined. 


Hj{x)  = 


(14) 

(15) 


To  solve  the  stated  problem  let  us  introduce  the  sub-space  M  with  the  basis  |//^(xj)}  ^  into 
1} .  Any  element  pel}  let  us  represent  in  the  form  [8] 

n 

P  =  Z^.A,  +  *''. 

/H=l 

where  belongs  to  an  orthogonal  compliment  M  up  to  iJ .  The  constants  c„,  uniquely 
determined  from  the  constraint  equation  (15),  We  have 

X(A-A.,K-  =  A  (y  =  !-")• 


(16) 


m=\ 


The  determinant  of  the  system  (16)  (Gramm’s  determinant)  is  different  from  zero  therefore 
the  system  is  uniquely  solvable. 


In  vertue  of  the  equality 


2 

P  = 


J=l 


27 


and  the  arbitrariness  of  the  element  we  obtain  =0  from  the  condition  (14). 


n 

So  the  extreme  element  p  =  ^CjHj ,  where  Cj  is  determined  from  the  (16). 

7=1 
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1.  SUMMARY 

A  quite  general  approach  for  the  formulation  of  inverse  problems  in  engineering  goes  through 
some  error  minimization.  In  fact,  the  predictions  of  some  suitably  parametrized  mathematical 
model  is  adjusted,  in  the  least  square  sence,  to  some  available  measurements.  For  the 
effective  use  of  this  approach  in  engineering  several  problems  must  be  solved.  Crack 
identification  problems  in  statics  and  dynamics  are  used  as  model  problems  for  the 
presentation  of  our  numerical  experience  in  this  presentation.  The  mechanical  problems  are 
automatically  solved  by  boundary  element  methods.  The  arising  optimization  problems  are 
solved  by  using  numerical  optimization  or  soft  computing  tools  (namely,  neural  networks, 
filter  algorithms  and  genetic  optimization). 

2.  PROBLEM  FORMULATION 
General  thoughts 

Inverse  problems  arise  during  structural  health  monitoring  in  engineering  mechanics.  The 
attempt  to  determine  cracks  and  other  flaws  from  vibrational  dynamical  data  (eigenmodes, 
eigenvalues)  is  mainly  restricted  to  slender  structures  [1].  Even  in  this  case  unilateral  effects 
(e.g.,  the  partial  or  total  closing  of  a  crack  and  possible  frictional  stick-slip  effects)  pose 
challenging  questions,  which  have  not  been  solved  till  now  in  a  satisfactorily.  For  structures 
of  more  complicated  form  and/or  loading,  like  the  ones  used  in  civil  engineering,  the 
sensitivity  of  the  eigenmodal  information  with  respect  to  small  local  is  low.  Consequently, 
other  methods  have  to  be  examined  for  the  study  of  health  monitoring  problems.  Our  recent 
experience  with  a  general  approach  to  study  inverse  problems  and  applications  on  crack 
identification  are  outlined  in  the  sequel. 

Least  square  error  minimization 

A  general  formulation  of  an  inverse  problem  is  a  least  square  error  minimization,  where  some 
deviation  between  measurements  and  the  predictions  of  an  appropriate  model  is  minimized. 
Usually  the  output  of  the  mechanical  system  (for  instance,  displacements,  stresses  etc.)  is 
minimized,  although  other  measures  (like  the  satisfaction  of  the  system’s  governing 
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equations)  have  also  been  proposed  [2].  In  crack  identification  appropriate  variables  for  the 
abovementioned  problem  are  the  position,  length,  orientation  etc.  of  the  crack. 

In  general  the  above  described  error  optimization  problem  is  ill-posed.  In  the  language  of 
numerical  optimization  this  is,  roughly  speaking,  explained  by  a  bad  numerical  scaling  of  the 
error  function.  Moreover,  if  an  insufficient  number  of  measurements  are  taken  into  account, 
the  previous  optimization  problem  may  have  multiple  solutions. 

As  it  has  been  pointed  out  by  the  present  authors  in  previous  contributions  (see,  e.g.,  [4],  [7], 
[8])  the  error  measure  is  a  nonlinear,  nonquadratic  and  in  general  nonconvex  function  of  the 
unknown  variables.  As  a  consequence  local  minima  may  arise  which  are  of  completely 
useless  as  solutions  of  the  inverse  problem.  This  problem,  which  practically  makes  the 
solution  of  an  inverse  problem  in  engineering  mechanics  not  possible  if  no  suitable  initial 
estimate  of  the  solution  is  available,  has  not  been  discussed  in  details  in  the  literature. 

Finally,  taking  into  account  unilateral  effects  introduces  nondifferentiability  of  the  error 
measure  and  poses  the  question  if  closed  cracks  can  be  identified. 

Numerical  algorithms  and  difficulties 

Classical,  local  numerical  optimization  algorithms  usually  does  not  work.  Either  the  bad 
scaling  of  the  problem  causes  premature  stopping  of  the  algorithm,  or,  due  to  nonconvexity, 
lack  of  a  suitable  starting  point  leads  to  a  useless  local  minimum.  In  static  inverse  problems 
logarithmic  scaling  of  the  error  least  square  may  help  in  some  cases.  In  general, 
regularization  procedures  (like  the  Tikhonov  regularization)  must  be  used  to  help  the 
numerical  optimization.  Nevertheless,  they  do  not  resolve  the  problems  with  local  minima. 
Moreover,  they  are  not  usually  available  in  general  purpose  numerical  optimization  libraries, 
so  that  their  use  by  engineers  requires  a  considerable  investment  for  the  preparation  of  the 
computer  programs. 

Filter-driven  optimization  algorithms  (e.g.,  the  Kalman-Bucy  filter)  and  neural  networks  (for 
example,  of  the  backpropagation  type)  have  some  potential  to  avoid  local  minima  and  lead, 
generally,  to  efficient  solution  methods.  The  filter  algorithms  lead  to  more  effective  solution 
methods  than  classical  numerical  optimization.  In  backpropagation  neural  networks  most  of 
the  work  is  given  for  the  training  of  the  network.  The  use  of  the  trained  network  has, 
practically,  zero  cost  and  makes  even  online  applications  feasible.  Both  filter  and  neural 
network  approaches  have  their  limits  to  tackle  nonconvex  problems.  In  fact,  they  may  avoid 
some  local  minima,  but  no  guarantee  is  given,  in  general,  that  a  global  minimum  can  be 
computed.  This  can  be  easily  explained  from  the  fact  that  both  algorithms  are  nothing  more 
than  variants  of  iterative  (also  distributed,  in  the  case  of  neural  networks)  algorithms  for  the 
solution  of  the  initial  error  minimization  problems.  The  addition  of  some  momentum  helps 
them  avoid  some  ‘mild’  local  minima,  but  may  be  insufficient  if  more  wild  nonconvexity 
appears. 

Robust  methods  of  global  optimization  (like  genetic  algorithms  or  simulated  annealing)  are 
most  suitable  for  the  guaranteed  solution  of  the  inverse  problem.  Unfortunatelly  their 
computer  implementation  is  quite  expensive  and  they  are  less  suitable  for  online  applications. 
Especially  their  use  in  the  area  of  time-domain  dynamical  problems  seems,  for  the  time 
being,  to  be  prohibitive. 

Another  classification  of  the  above  mentioned  algorithms  is  of  some  importance.  Algorithms 
of  the  direct  optimization  type  require  that  an  automatic,  parametrized  model  (i.e.  a  computer 
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program)  of  the  mechanical  problem  is  available.  This  model  is  coupled  with  the  optimization 
routine  for  the  solution  of  the  inverse  problem.  The  boundary  element  methods  used  in  our 
investigations  have  the  advantage  that  they  require  a  minimum  of  effort  for  the  computer 
implementation  of  this  parametrized  model.  On  the  other  hand,  methods  of  the  neural 
network  type,  work  in  a  batch-type  way  and  require  that  a  certain  number  of  ‘training 
examples’  are  available.  These  examples,  for  instance  the  solution  of  several  mechanical 
problems  where  the  position  of  the  crack  changes  etc.,  may  be  completed  in  a  semi-automatic 
way,  by  using  available  software.  This  point  may  be  of  interest  within  some  mixed 
numerical-experimental  study. 

3.  NUMERICAL  EXPERIENCE 

For  static  crack  identification  problems,  with  or  without  unilateral  contact  effects  along  the 
crack  sides,  filter-driven  numerical  optimization  algorithms  are  quite  efficient  and  robust,  at 
least  for  the  studied  academic  small-scale  problems.  Our  investigations  in  this  area  have  been 
documented  in  [7].  Neural  networks  and  genetic  algorithms  have  been  used  by  the  authors  for 
the  solution  of  static  and  harmonic  dynamic  crack  and  of  flaw  identification  problems. 
Harmonic  dynamic  problems  are,  of  course,  less  suitable  for  the  correct  description  of 
unilateral  contact  effects.  The  results  of  [4]  show  that  the  nonconvexity  of  the  output  error 
function  is  enhanced  for  harmonic  dynamic  loadings,  therefore  the  use  of  genetic 
optimization  is  required.  General  dynamic  analysis  loadings  are  used  in  several 
nondestructive  testing  methods  and  seems  to  be  more  suitable  for  the  detection  of,  even 
partially  closed,  cracks.  One  application  of  this  type  is  outlined  here. 

Let  us  consider  an  elastic  layer  with  a  hidden  crack  or  delamination.  Impact-echo  is  a  well- 
known  NDE  method  for  the  detection  of  the  crack  [3].  A  detailed  numerical  modeling  of  this 
method,  extended  such  as  to  cover  unilateral  contact,  frictional  and  adhesive  effects,  is 
presented  in  [5],  [9].  Figure  1  shows  the  impact-echo  waveforms  for  different  plate  depths 
and  the  corresponding  for  the  case  with  a  classical  crack  and  a  crack  with  frictionless 
unilateral  contact  effects.  For  the  inverse  problem  the  case  with  frictional  contact  (with  a 
friction  coefficient  equal  to  0.30)  has  been  considered.  The  results  are  not  depicted  in  Figure 
1.  On  the  assumption  that  the  measured  waveform  corresponds  to  a  unilateral  crack  without 
friction  behind  a  layer  of  depth  equal  to  d=1.75,  the  output  error  minimization  problem  is 
used  for  the  solution  of  the  inverse  analysis.  For  clarity  of  the  presentation,  but  also  for  better 
numerical  performance  the  logarithm  of  this  function  is  used  in  the  minimization  procedure. 
For  this  case  the  error  function  is  plotted  in  Figure  2.  Here  the  following  code  is  used:  crack 
type  1  corresponds  to  the  classical  crack  case,  crack  type  2  is  the  unilateral  crack  case  and 
crack  type  3  is  the  frictional  crack  case.  The  seven  different  layer  depths  are  used  in  the  other 
direction  of  this  plot.  Although  the  problem  is  of  a  mixed  continuous-discrete  type,  and 
genetic  algorithms  are  able  to  solve  it  directly,  we  solved  it  using  only  continuous  variables. 

In  a  preliminary  investigation  the  problem  has  been  solved  by  a  genetic  optimization 
algorithm.  In  order  to  reduce  the  time  used  in  the  computer  implementation  the  results  of  the 
parametric  investigation  (cf.,  Fig.  1)  are  first  produced  and  stored  off-line.  All  other  results 
for  the  intermediate  crack  thicknesses  are  produced  by  interpolation  between  the  tabulated, 
stored  waveforms  (a  strategy  which  is  analogous  to  the  response  function  approximation 
which  is  widely  used  in  complicated  structural  optimization  tasks).  The  genetic  optimization 
method  is  the  same  with  the  one  used  in  [4]  with  respect  to  flaw  identification  problems  using 
frequency  domain  data.  It  should  be  mentioned  here  that  a  back-propagation  neural  network 
approach  has  been  able  to  solve  this  problem  partially.  In  fact,  for  a  given  crack  type  the 
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question  of  determining  the  depth  of  the  layer  is  a  trivial  task  for  the  neural  network.  The 
problem  is  due  to  overtraining  of  the  neural  network  (see  [6],  [8]). 


Figure  1:  Impact-echo  waveforms  for  classical  and  unilateral  cracks  and  for  several  layer 
thicknesses. 


logarHhmic  error  furxrfron 


Figure  2:  Plot  of  the  logarithm  of  the  error  function. 

4.  DISCUSSION 

A  general  approach  for  the  formulation  and  for  the  solution  of  inverse  problems  in  mechanics 
has  been  outlined,  with  some  references  on  crack  identification  problems.  For  the  effective 
solution  of  the  arising  numerical  optimization  problems  several  tools  from  optimization  and 
soft  computing  can  be  used.  The  most  effective  one  depends  on  the  concrete  application. 

It  should  be  emphasized  that  in  industrial  health  monitoring,  the  comparison  between 
measurements  and  some  parametrized  model  is  usually  done  by  some  experienced  users. 
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Their  experience  may,  in  some  cases,  be  summarized  within  some  rules.  The  here  proposed 
approach  makes  this  procedure  automatic.  If  the  human  experience,  which  is  accumulated  for 
one  specific  application  can  be  quntified,  one  may  integrate  this  experience  in  the  solution 
procedure  of  the  error  minimization  problem.  The  link  is  provided  by  the  fuzzy  inference 
theory.  Details  of  this  on-going  research  will  appear  soon. 

Acknowledgements:  Partial  support  from  the  German  Research  Foundation  (DFG)  is 
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1.  SUMMARY 

Nanoscale  composites  consisting  of  alternating  layers  of  metallic  and  ceramic  phases  may 
offer  novel  mechanical  properties  and  considerable  potential  as  high  strength,  high  toughness 
and  high  wear  resistance  surface  coating  materials.  In  the  present  work,  the  mechanical  and 
tribological  properties  of  a  nanolayered  Cr/DLC  (diamondlike  carbon)  composite  model 
system  was  investigated.  Nanolaminate  Cr/DLC  composites  were  synthesized  using  a  hybrid 
chemical  vapor  deposition/physical  vapor  deposition  system  that  combines  intensified  plasma 
and  sputter  deposition.  High-resolution  transmission  electron  microscopy  was  used  to 
analyze  the  structure,  metal/ceramic  interface  and  characteristics  of  the  multilayers. 
Microhardness  and  nanoindentation  experiments  were  conducted  to  determine  elastic  moduli 
and  hardness  as  a  function  of  interlamellar  spacing.  Friction  and  wear  behavior  of 
nanolaminates  was  studied  by  conducting  pin-on-disc  experiments.  It  was  observed  that  the 
layer  thickness  of  the  multiplayer  composites  has  a  systematic  effect  in  the  mechanical 
properties. 

2.  INTRODUCTION 

Diamond-like  carbon  (DLC)  films  are  known  for  their  unique  combination  of  properties,  but 
they  suffer  from  low  thermal  stability  (above  400°C)  and  low  toughness.  Due  to  the  inherent 
residual  stresses  present,  DLC  films  have  a  tendency  to  peel  off  thereby  limiting  their 
applications  (involving  high  contact  stresses)  and  deposition  thickness.  Chromium  coatings 
are  well  known  for  their  high  hardness,  good  corrosion  and  wear  resistance. 

Multilayer  metal  or  ceramic  (oxide,  nitride)/DLC  nanocomposites  are  presently  attracting 
significant  interest  for  improving  surface-sensitive  properties  [1-8].  Similarly,  studies  have 
also  been  conducted  on  multilayer  DLC  coatings  involving  different  types  of  DLC  (e.g. 
amorphous  diamond  and  hydrogenated  DLC)  in  an  effort  to  improve  wear  resistance, 
adhesion  and  toughness  [8,9].  Very  little  attention  has  been  paid-  to  multilayer  Cr/DLC  or 
Cr/C  nanocomposites.  The  present  study  is  concerned  with  the  synthesis  and  mechanical 
properties  of  the  former  type  of  coatings. 
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3.  EXPERIMENTAL 

3.1  Processing 

Silicon  (100)  wafers  were  used  as  the  substrate  material.  The  samples  were  cleaned 
ultrasonically  in  acetone,  dried  in  air  prior  to  processing  utilizing  an  IPAP  (Intensified 
Plasma-assisted  Processing)  system  [10].  The  chamber  was  first  evacuated  down  to  10'^  Torr 
and  purged  with  Ar  several  times.  Then,  samples  were  sputter-cleaned  for  20  min.  using  Ar"^ 
at  a  pressure  of  25  mTorr  and  -1500  V  bias  voltage.  Chromium  layers  were  deposited  by 
sputtering  of  a  Cr  target  (99.5%),  10  cm  from  substrate,  using  100  W  magnetron  power,  10 
mTorr  pressure,  20  seem  Ar  flow  rate  and  ^00  V  substrate  bias.  Two  N  doped  Cr  layers, 
Cr(N)-l  and  Cr(N)-2,  were  also  synthesized  under  the  same  conditions  and  by  adding  N2  at  2 
and  6  seem  flow  rate,  respectively.  DLC  deposition  was  performed  in  a  CH4/Ar  discharge  of 
1/3.57  ratio  (total  flow  rate  38.4  seem)  at  100  mTorr  pressure,  -1000  V  substrate  bias  and 
<80®  C  temperature.  After  processing,  the  specimen  was  cooled  inside  the  chamber  in  argon. 
A  small  area  on  each  sample  surface  was  covered,  preventing  deposition  and  allowing  to 
measure  coating  thickness  by  profilometry.  Multilayers  synthesized  were  Cr/DLC  (nm/nm): 
200/20,  200/200,  100/200,  60/200  and  Cr(N)/DLC  60/200.  All  multilayers  were  >1  pm  in 
thickness. 

3.2  Structural  Characterization 

X-ray  diffraction  (XRD)  experiments  were  performed  using  a  Rigaku  Miniflex  20 
diffractometer  with  a  Cu-Ka  source  over  the  30®  to  85®  range  at  0.5®/min  scanning  rate.  XRD 
patterns  were  obtained  for  bulk  Cr,  PVD  Cr  and  Cr(N)  (nitrogen-doped  Cr). 

High-resolution  transmission  electron  microscopy  (TEM)  of  Cr/DLC  multilayer  samples  was 
performed  on  a  JEOL  JEM  2010  electron  microscope  operated  at  200  keV  with  a  point-to- 
point  resolution  of  2.3  A.  Cross  sectional  slices  were  obtained  by  cutting  the  samples  along  a 
direction  normal  to  the  coating  surface.  Cross-sectional  specimens  for  TEM  observation 
were  prepared  by  mechanical  grinding,  polishing,  and  dimpling  followed  by  Ar-ion  milling 
using  a  Gatan  Precision  Ion  Polishing  System  (PIPS™,  Model  691)  at  4.5  keV  at  an  angle  of 
5®. 

3.3  Indentation  Experiments 

Surface  hardness  of  multilayers  was  measured  by  Knoop  microhardness  (0.1  N).  The  reported 
values  are  the  average  of  at  least  three  measurements.  Nanoindentation  measurements  were 
taken  using  a  Hysitron  Triboscope  ®  instrumented  nanoindentation/nanoscratch  device 
incorporated  on  a  Digital  Instrument  Dimension  3100  atomic  force  microscope.  The 
Triboscope®  allows  AFM  imaging  of  surfaces  prior  and  after  indentation.  A  three-sided, 
Berkovich-type  pyramidal  indenter  was  employed  to  carry  out  nanoindentation 
measurements.  The  indenter  shape  function  was  calibrated  using  fused  silica.  The  hardness, 
//,  and  indentation  modulus,  £/(/-v^),  (v  is  the  Poisson’s  ratio)  stabilized  at  a  contact  depth 
between  70  and  100  nm.  These  values  were  below  10%  of  the  coating  thickness  and  were 
taken  as  representative  of  the  coating. 

3.4  Tribological  Experiments 

Pin-on-disc  experiments  (ISC-200  tribometer)  were  conducted  on  Cr/DLC  and  Cr(N)/DLC 
multilayers  along  with  DLC,  Cr  and  Cr(N)  films  to  characterize  their  tribological  behavior. 
The  pin  material  was  AI2O3  ball  of  9.5  mm  diameter.  The  wear  experiments  were  performed 
in  laboratory  air  having  a  relative  humidity  of  48  ±7%,  at  a  sliding  velocity  of  0.1  m.s  ^  for  a 
distance  of  1  km  under  a  load  of  2.5  N.  The  coefficient  of  friction  (f)  was  monitored 
continuously  during  the  experiments  with  the  aid  of  a  linear  variable-displacement  transducer 
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and  recorded  on  a  dedicated,  data  acquisition  computer  attached  to  the  tribometer.  The  wear 
rate  of  DLC  and  Cr/DLC  multilayer  films  was  calculated  from  the  trace  of  surface  profile 
(average  of  four  traces)  taken  across  the  wear  track  by  using  profilometry. 

4.  RESULTS  AND  DISCUSSION 

4.1  Microstructural  Characterization 

The  structure  of  Cr  and  Cr(N)  films  was  studied  by  XRD.  Figure  1  shows  XRD  patterns 
obtained  from  bulk  Cr,  PVD  Cr,  and  two  Cr(N)  films.  The  PVD  Cr  showed  evidence  of 
<21 1>  texture.  Doping  of  Cr  film  with  N  was  found  to  reduce  intensity,  broaden  and  shift  the 
Cr  peaks  to  lower  20  values.  These  observations  suggest  that  N  remains  in  the  Cr  lattice 
producing  an  ultrafine  (amorphous),  expanded  structure.  Such  effects  have  been  previously 
reported  [11].  The  microstructure  of  the  films  was  characterized  by  TEM.  Figures  2(a)  and 
(b)  are  cross  sectional  TEM  of  the  200/20  Cr/DLC  multilayer.  The  DLC  layers  were  found  to 
be  amorphous  and  Cr  possessed  a  columnar  structure,  especially  in  thick  layer  (200  nm).  It  is 
evident  that  the  DLC  penetrates  into  the  valleys  of  Cr  columns  resulting  in  an  interface  with 
no  defects,  thereby  providing  good  adhesion.  The  columnar  structure  of  Cr  however  produces 
a  variation  in  the  DLC  thickness.  Fig.  2(b).  The  XRD  patterns  suggest  that  the  columnar 
structure  is  suppressed  in  the  Cr(N)  layers  and  more  than  likely  a  nanosize  grain  structure 
develops. 


Figure  1 :  XRD  pattern  of  (a)  bulk  and  PVD  Cr,  and  (b)  PVD  Cr  and  Cr(N) 


Figure  2:  XTEM  micrograph  of  Cr/DLC  (200/20)  (a)  overview  and  (b)  high-resolution  image 
of  the  Cr/DLC  interface 
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4.2  Mechanical  Properties 

Figures  3(a)  and  (b)  present  the  nanoindentation  results  of  multilayers  with  Cr/DLC  thickness 
ratio  1,  0.5  and  0.3.  With  respect  to  microstructural  effects,  it  is  known  from  deformation 
theory  that  the  relationship  between  strength  and  grain  size  of  polycrystalline  materials  can 
be  described  by  the  Hall-Petch  equation.  By  using  H  instead  of  a  this  relation  gives: 

H  =  H„  + (1) 
where,  d  is  the  given  grain  size,  Ho  is  an  intrinsic  materials  parameter  (internal  friction)  and 
k}  is  a  constant,  which  is  related  to  hardening  contribution  of  grain  boundaries.  If  represents 
thickness  of  Cr  single  layer  in  the  multilayers,  then  the  above  relationship  gives: 

H=  10.9  +  33.3£f'®  GPa  (2) 


1/d'''  1/d’'' 

Figure  3:  Nanoindentation  results  of  Cr/DLC  multilayers  (a)  hardness  and  (b)  reduced  elastic 
modulus,  E/(l-v^) 

The  results  show  that  as  the  layer  thickness  of  Cr,  ^/,  reduces  the  Cr  layer  hardness  increases, 
which  leads  to  an  increase  in  multilayer  hardness  inversely  proportional  to  square  root  of 
metallic  layer  thickness.  Similar  observations  were  made  previously  by  Ding  et.  al.  [4].  The 
reduced  elastic  modulus,  E/(l-v^),  is  also  plotted  in  Figure  3(b).  E/(l-v^)  shows  a  slight 
upward  trend  with  increasing  l/d‘^  but  the  change  is  not  clear  and  may  lie  within  the 
experimental  scatter.  Previous  studies  on  AI/AI2O3  and  Ti/TiN  multilayers  have  also  reported 
minor  changes  in  elastic  modulus  of  the  multilayers  with  changing  the  volume  fraction  of  the 
components  [4].  Such  effects  need  to  be  further  investigated  by  systematically  varying  layer 
thickness. 

Figure  4(a)  presents  Knoop  microhardness  (0.1  N)  values  for  all  layers  tested  in  the  present 
study.  A  similar  trend  to  that  shown  in  Fig.  3(a)  of  increasing  hardness  with  decreasing  Cr 
layer  thickness  is  also  observed  here.  The  DLC  hardness  is  significantly  higher  than  those  of 
the  Cr  layers.  Multilayers  possess  an  intermediate  hardness  of  their  two  components.  In  Fig. 
4(b)  the  microhardness  values  of  the  multilayers  are  plotted  as  a  function  of  where  d  is 
either  the  single  layer  thickness  of  Cr  in  multilayers  or  the  average  grain  size  in  pure  Cr  [12]. 
A  clear  upward  trend  in  hardness  with  decreasing  Cr  thickness  (either  as  layer  in  multilayers 
or  grain  size  in  pure  Cr)  is  shown  in  the  graph.  Two  sources  seem  to  contribute  toward  the 
hardness  of  the  multilayers,  i.e.  the  decreasing  thickness  of  the  Cr  layer  and  the  increasing 
volume  fraction  of  the  harder  DLC  layer.  Indirect  support  for  the  former  contribution  is 
provided  by  the  fact  that  the  Cr(N)/DLC  layer  exhibited  higher  hardness  than  that  of  the 
Cr/DLC  with  the  same  layer  thickness  (60/200),  Fig.  4(a).  Similarly,  comparing  the  pure  Cr 
curve  with  that  shown  by  the  multilayers  is  clear  that  a  contribution  of  at  least  20  GPa  is 
provided  by  the  DLC  layer.  It  is  interesting  to  note  that  the  results  may  also  suggest  a  higher 
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slope  in  the  multilayer  curve  which  may  be  attributed  to  higher  volume  fraction  of  DLC  with 
decreasing  Cr  layer  thickness. 


20/200  200/200  200/100  200/60  200/60  0.00  0.04  0.08  0.12  0.16 
DLC/Cr  (nm/nm)  .^^^1/2 

Figure  4:  (a)  Microhardness  of  various  coatings  and  multilayers  and  (b)  hardness  vs  grain  size 

4.3  Tribological  Behavior 

Figure  5  presents  the  steady-state  coefficient  of  friction  (fss)  and  wear  rate  of  multilayers, 
DLC  and  Cr  films.  The  results  show  that  films  with  low  volume  fraction  of  DLC 
(Cr/DLC=200/20),  which  is  the  lubricating  phase,  show  higher  fss  and  wear  rate.  Similarly 
high  wear  rate  and  friction  is  shown  by  the  Cr  films.  In  all  multilayers  with  higher  volume 


20/200  200/200200/100200/60  200/60  DLC  Cr  Cr(N)'1  Cr{N)-2  - 

DLC/Cr  (nm/nm) 

Figure  5:  Wear  behavior  of  multilayers,  DLC,  Cr  and  Cr(N) 


fraction  of  DLC  (200  nm  layers)  the  results  showed  that  wear  rate  remains  low.  Also, 
decreasing  Cr  layer  thickness  (increasing  hardness)  decreases  fss.  Further  more,  the  behavior 
of  the  Cr(N)/DLC  multilayer  that  exhibited  higher  hardness  than  its  Cr/DLC  counterpart, 
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seems  to  be  consistent  with  this  trend.  Stockemer  et.  al.  has  also  reported  enhanced 
tribological  behavior  due  to  presence  of  N  in  Cr  layers  [13].  Thus,  the  present  results  indicate 
a  correlation  between  hardness  and  friction  and  suggest  that  reducing  the  Cr  layer  thickness 
below  60  nm  may  produce  further  improvements.  Such  experiments  are  currently  in  progress 
in  our  laboratory. 

5.  CONCLUSIONS 

(a)  DLC  layers  were  found  to  be  amorphous  whereas  Cr  layers  exhibit  a  nanocrystalline 
structure  at  low  thickness  and  develop  a  columnar  structure  in  higher  thickness. 

(b)  Cr/DLC  interfaces  were  found  to  be  defect-free,  dense  and  continuous. 

(c)  A  decrease  in  Cr  layer  thickness  was  found  to  increase  hardness  and  have  relatively  small 
effect  on  elastic  modulus  in  Cr/DLC  multilayers. 

(d)  Cr/DLC  multilayers  with  a  significant  volume  fraction  of  DLC  were  found  to  possess  low 
coefficient  of  friction  and  low  wear  rate. 

(e)  Wear  resistance  and  coefficient  of  friction  were  found  to  correlate  with  the  hardness  of  the 
multilayers  that  is  controlled  by  the  thickness  of  Cr  layers  and  the  DLC  volume  fraction. 
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1.  SUMMARY 

In  this  study  the  mechanical  properties  of  various  state-of-the-art  amorphous  carbon  (a-C) 
films,  namely  very  thin  (sp^,  sp^-rich),  and  thin,  hard  and  sp^-rich  layered-structure  sputtered 
a-C  films,  electron  beam  evaporated  (EBE)  a-C  films  and  tetrahedral  a-C  films  (ta-C)  grown 
with  the  vacuum  arc  technique  are  compared.  Aspects  that  are  important  in  assessing  the 
potential  use  of  a-C  films  are  not  only  the  elastic  properties  (hardness  (H)  and  elastic 
modulus  (E))  of  the  film,  but  also  the  adhesion  of  films  onto  the  substrate,  and  the  ratio  of  H 
and  E  (H/E)  which  defines  the  wear  resistance  of  the  films. 

2.  INTRODUCTION 

a-C  films  is  a  group  of  very  similar  but  still  very  different  materials.  Depending  on  the 
deposition  technique,  their  properties  range  from  graphite-like  to  diamond-like.  Due  to  their 
outstanding  and  tunable  properties  (hardness,  wear  resistance,  coefficient  of  friction, 
transparency,  chemical  inertness,  relatively  low  electron  affinity  and  biocompatibility),  a-C 
films  exhibit  an  increasing  number  of  applications  in  nanoscale  components  such  as  those 
used  in  magnetic  hard  discs,  wear-resistant  coatings,  outer  layer  for  medical  implants  and 
they  are  promising  in  semiconductor  devices,  optical  film  applications  and  in  large  area 
electron  field  emitting  devices. 

Studying  the  mechanical  response  of  materials  at  the  nanoscale  has  received  much  attention 
in  recent  years  due  to  the  development  of  new  nanostructured  materials  and  continued 
miniaturization  of  engineering  and  electronic  components,  thin  film  technology  and  surface 
coatings.  The  technique  of  nanoindentation  with  the  high  load  (displacement)  resolution  in 
the  mN-  and  nm-  range  and  the  continuous  depth-sensing  indentation  tests  provide  the 
capabilities  to  assess  the  detailed  mechanical  responses  of  the  film-substrate  system, 
especially  at  contact  scales  of  the  order  of,  or  less  than,  the  film  thickness. 

3.  EXPERIMENTAL 

The  sputtered  a-C  films  studied  here  were  deposited  in  an  Alcatel  SCM  600  magnetron 
sputtering  apparatus  which  has  been  described  elsewhere  [1,2],  Briefly,  the  a-C  thin  films 
were  deposited  on  c-Si  (001)  substrates  using  a  graphite  (99.999%  purity)  target.  During 
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deposition,  the  sputtering  Ar  gas  was  at  a  partial  pressure  of  1.5x10'^  Torr,  the  target  to 
substrate  distance  was  fixed  at  65  mm,  and  the  discharge  power  equal  to  100  W.  The  only 
parameter  varying  was  the  substrate  bias  voltage  Vb.  A  phase  modulated  ellipsometer, 
mounted  on  the  deposition  system,  allows  in-situ  and  real-time  spectroscopic  ellipsometry 
(SE)  measurements  in  the  energy  region  1.5-5. 5  eV,  and  was  used  to  estimate  the  thickness 
and  the  composition  (sp^  and  sp^  content)  of  the  deposited  film  [3]. 

To  investigate  the  mechanical  behavior  of  a-C  thin  films  two  series  of  a-C  films  with 
thickness  30  and  90  nm,  respectively,  were  prepared.  The  a-C  films  with  thickness  30  nm 
were  deposited  either  with  negative  or  positive  Vb.  a-C  films  30  nm  thick,  deposited  with 
negative  Vb  were  found  to  be  sp^-rich  (45%),  dense  (-2.65  g/crr?)  and  with  compressive 
stress  above  6  GPa.  On  the  other  hand,  films  deposited  with  positive  Vb  are  sp^-rich,  exhibit 
low  density  (1.9  g/cm^)  and  compressive  stress  (-1  GPa).  The  films  with  thickness  90  nm 
were  deposited  in  sequential  thin  layers  with  alternating  (positive/negative)  Vb.  In  detail, 
firstly  a  layer  of  -10  nm  with  Vb=+10  V  and  subsequently  a  layer  of  -20  nm  with  Vb=-20  V 
was  deposited.  This  procedure  was  repeated  three  times  in  sequence  for  the  development  of 
films  with  total  thickness  -90  nm.  The  development  of  a-C  films  in  the  form  of  layered 
structure,  consisting  of  sequential  layers  of  the  above  mentioned  two  different  types  of  a-C 
films,  provides  stable,  thick  and  sp^-rich  a-C  films  potentially  for  many  practical  applications 
[4]. 

The  ta-C  films,  90  nm  thick,  were  prepared  at  room  temperature  on  silicon  substrates  in  a 
filtered  cathodic  vacuum  arc  (FCVA)  system  that  incorporates  an  off-plane,  double  bend  (S- 
bend)  magnetic  filter  [5].  The  sp^  content  for  ta-C  films  was  approximately  88%  [6],  as  it  was 
found  by  EELS  and  synchrotron  radiation  SE, 

Sp^-rich  a-C  films  were  deposited  by  the  EBE  technique  in  a  water-cooled  UHV  chamber 
(base  pressure  <1x10'^  Torr).  The  400  mA  electron  beam  was  accelerated  by  a  7  kV  voltage 
and  it  was  scanning  the  surface  of  the  carbon  chunks  (99.999%  pure  graphite)  screened  by  a 
double  electromagnet  assembly.  The  distance  between  the  source  C  material  and  the  Si 
substrate  was  -30  cm  and  the  working  pressure  was  -2x10'^  Torr.  X-ray  Reflectivity  (XRR) 
showed  a  density  -1.75  gr/cm^,  in  good  agreement  with  the  sp^  character  of  the  film 
identified  by  XPS  [7]. 

A-C  films,  1000  nm  thick,  were  also  deposited  using  an  unbalanced  DC  magnetron  sputtering 
deposition  system  (UBMS)  on  c-Si  with  a  chromium  adhesive  layer  with  a  thickness  of  200 
nm.  UBMS  technique  provides  the  optimum  level  of  ion  energy  (i.e,  bias  voltage)  and  high 
ion  current  to  produce  dense,  and  hence  hard,  films.  XRR  showed  an  average  density  -2.66 
gr/cm^  for  the  whole  film. 

In  nanoindentation  a  load  is  continuously  applied  to  the  indenter  and  the  depth  of  penetration 
of  the  indenter  (displacement  into  the  specimen)  is  measured  as  a  function  of  load.  From  the 
unloading  slope  of  the  load-displacement  data  the  contact  stiffness,  contact  area,  and 
mechanical  properties  such  as  hardness  and  modulus  of  the  materials  are  calculated  using 
well-established  models  [8].  The  continuous  stiffness  measurements  (CSM)  option  offers  a 
significant  improvement  in  the  nanoindentation  technique.  In  CSM  a  small  sinusoidal  force 
(AC  force)  is  superimposed  on  the  quasi-static  force  (DC  force)  applied  to  the  indenter.  The 
resulting  modulation  in  the  displacement  (AC  displacement  amplitude)  and  the  phase  shift 
between  the  AC  force  and  displacement  is  measured  using  a  lock-in  amplifier.  The  contact 
stiffness  is  calculated  from  the  amplitude  and  phase  shift  using  a  dynamic  model  [9].  The 
advantage  of  CSM  is  that  the  contact  stiffness  can  be  directly  obtained  continuously  during 
indentation  without  the  need  for  discrete  unloading  cycles,  and  with  a  time  constant  that  is  at 
least  three  orders  of  magnitude  smaller  than  the  time  constant  of  the  more  conventional 
method  of  determining  stiffness  from  the  slope  of  an  unloading  curve.  The  measurements  can 
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be  made  at  exceedingly  small  penetration  depths.  Recently,  CSM  has  been  attempted  for 
applications  to  thin  films  [10]. 

The  elastic  properties  (hardness,  H  and  elastic  modulus,  E)  of  the  films  were  conducted  using 
a  Nano  Indenter  XP  system  with  the  CSM  option.  The  H  and  E  of  each  of  the  films  were 
measured  with  a  Berkovich,  three-sided  pyramid  diamond  indenter  with  nominal  angle  of 
65.3°  between  the  tip  axis  and  the  faces  of  the  triangular  pyramid,  which  was  forced  into  the 
specimen  surface  by  using  a  coil  and  magnet  assembly.  The  system  has  load  (displacement) 
resolution  of  50  nN  (<0.01  nm).  A  detailed  description  of  the  system  has  been  presented 
elsewhere  [10].  Prior  to  each  indentation  test,  two  indents  in  100  nm  depth  were  conducted  in 
fused  silica  to  evaluate  the  tip  condition.  In  all  CSM  depth-sensing  tests  a  total  of  ten  indents 
were  averaged  to  determine  the  mean  H  and  E  values  for  statistical  purposes,  with  a  spacing 
of  50  pm. 

4.  RESULTS  AND  DISCUSSION 

Figure  1(a)  shows  the  plots  of  H  &  E  as  a  function  of  contact  depth  obtained  from  two 
monolithic  sputtered  a-C  films,  deposited  with  Vb=+10  and  -10  V,  with  the  same  thickness  30 
nm.  Indentation  was  conducted  by  applying  the  CSM  technique  in  different  contact  depths. 
For  the  film  deposited  with  Vb=-10  V  the  maximum  H  (E)  value  was  -18  (185)  GPa,  whereas 
that  deposited  with  Vb=+10  V  was  -8  (130)  GPa.  Since  the  a-C  films  were  deposited  on  Si, 
their  hardness  (elastic  modulus)  approaches  at  large  contact  depths,  the  value  of  Si,  12.5 
(168)  GPa.  The  above  values  of  H  and  E  for  each  Vb  were  estimated  from  the  regime  of  the 
shallow  data  points  (Fig.l)  as  more  representative  of  the  film  properties.  The  high  internal 
stresses  (6-7  GPa),  calculated  by  measuring  the  radius  of  the  curvature  of  the  substrate  before 
and  after  film  deposition  by  the  modified  Stoney  expression  [3]  in  sputtered  a-C  films  are 
closely  related  to  adhesion  problems  and  crack  creation  in  the  films,  and  thus  limit  their 
maximum  thickness  for  good  adherence  on  the  substrate  at  -40  nm. 


Contact  Depth  (nm) 


Figurel :  Nanoindentation  data  of  H  and  E  vs.  indentation  contact  depth  obtained  from:  (a) 
monolithic  a-C  films  30  nm  thick,  deposited  with  Vb=+10  V  (circles)  and  Vb=-10  V  (squares) 
and  (b)  layered  structure  sputtered  a-C  film. 


Figure  1(b)  shows  the  nanoindentation  results  for  an  a-C  film  90  nm  thick,  where  H  and  E  are 
plotted  as  a  function  of  contact  depth.  At  shallow  depths,  about  15-30  nm,  elastic  properties 
more  representative  of  the  films  were  obtained  but  still  influenced  by  the  substrate.  The 
maximum  H  (E)  value  -27  (290)  GPa  must  be  closer  to  the  film  one,  although  theoretically  a 
contact  depth  of  -15  nm  would  be  more  representative  of  the  film  mechanical  properties 
independent  of  the  substrate  effect  [11].  This  is  because  the  indenter  penetrating  into  the  film 
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deforms  not  only  the  film  but  usually  also  the  substrate  and  thus  the  composite  (i.e.,  film  and 
substrate)  property  is  obtained.  Therefore,  significant  roles  in  the  arrangement  of  the  test  play 
the  film  thickness  and  the  minimum  possible  contact  depth  as  well  as  the  imperfections  of 
indenter  tip  shape. 

From  Fig.  1(b)  and  load/unload  nanoindentation  curves,  not  shown  here,  (i.e.  the  maximum 
penetration  depth  and  the  residual  depth),  we  have  found  that  a-C  films  deposited  in 
sequential  layers  by  altering  Vb  exhibit  much  higher  hardness  and  elastic  deformation  (-80%) 
than  the  films  deposited  with  Vb>0  (-50%)  and  higher  to  those  deposited  with  Vb<0,  (-70%). 
The  film  deposited  in  sequential  layers  with  alternating  Vb  leaded  to  the  development  of 
stable  and  rich  in  sp^  bonded  material,  resulting  in  harder  a-C  films  than  the  ones  developed 
solely  with  negative  Vb  (Fig.  1(a)).  The  deposited  layers  with  Vb>0  seem  to  be  essential  for 
the  stress  relaxation  of  the  whole  film  making  practicable  the  growth  of  thicker  and  stable  a- 
C  films  [1]. 

The  H  (E)  of  UBMS  a-C  film  was  found  32  (280)  GPa,  as  shown  in  Figure  2(a).  Figure  2  (b) 
shows  H  &  E  measurements  vs.  contact  depth  for  ta-C  films  of  70  nm.  The  H  (E)  values  were 
found  42  (410)  GPa.  These  values  compare  well  with  those  found  in  the  literature  [6]. 


Contact  depth  (nm)  Contact  depth  (nm) 

Figure  2:  CSM  measurements  of  H  &  E  of  the  a-C  film  deposited  by  UBMS  technique  (a), 

and  of  ta-C  film  (b). 

In  Figure  3,  CSM  measurements  of  H  (E)  vs.  contact  depth  for  EBE  a-C  film,  300  nm  thick 
are  shown.  Since  H  (E)  values,  3  (80)  GPa,  of  the  film  are  lower  than  that  of  the  Si  substrate, 
the  H  (E)  values  increase  with  contact  depth  until  the  H  (E)  values  reach  a  maximum  value, 
that  of  the  Si  substrate  (H=12.5  GPa). 


0  50  100  150  200  250  300 
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Figure  3:  CSM  measurements  of  H  &  E  of  the  a-C  film  deposited  by  EBE  technique. 
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Values  of  the  hardness,  elastic  modulus,  plastic  resistance  parameter  (H/E)  and  coefficient  of 
friction  for  the  films  examined  in  this  work  are  included  in  Table  1. 

Table  I .  Summary  of  nanoindentation  results  of  a-C  films 


Thickness  (nm) 

H(GPa) 

E(GPa) 

H/E 

MS  a-C  (sp'^-rich) 

30 

8 

130 

0.06 

MS  a-C  (sp^-rich) 

30 

18 

185 

0.097 

MS  a-C  layered 
structured  (sp^/  sp^) 

90 

27 

290 

0.093 

EBE  a-C 

300 

3 

80 

0.016 

UBMS  a-C 

1000 

32 

280 

0.11 

ta-C 

90 

42 

400 

0.1 

With  regards  to  density,  a  clear  correlation  between  the  measured  density  values  [7]  and  the 
H  &  E  of  the  carbon  based  films  seems  to  exist  (Figure  4).  The  denser  films,  which  also 
correspond  to  those  of  higher  sp^  content  present  the  highest  H  (and  E)  values. 


(a) 


Density  (g/cm 


Figure  4.  H  (a)  and  H/E  (b)  as  a  function  of  density  for  a-C  films  deposited  by  different 
deposition  techniques  (where  MS:  Magnetron  Sputtering,  FCVA:  Filtered  Cathodic  Vacuum 
Arc,  EBE:  Electron  Beam  Evaporation,  UBMS:  Unbalanced  Magnetron  Sputtering). 


The  material's  hardness  is  directly  correlated  with  the  bond  strength,  the  bulk  modulus  and 
the  total  free  energy.  Recent  studies  have  shown  that  the  hardness  H  is  linearly  correlated 
with  microstructural  characteristics  such  as  the  covalency  Oc,  the  bond  length  d  and  the  bond 
strength  and  the  constants  of  elastic  (Cu)  and  plastic  (C22),  according  to  the  following 
Equation  (under  the  condition  that  there  is  no  new  surface  or  crack  formation): 


H 


Vc 


^2 


c  *  +c  * 

22^J 

m 

■P 


where  m  is  the  atomic  mass.  Thus,  the  covalency  and  the  bond  strength  dominantly  affect  the 
film  hardness.  When  the  variations  in  the  bond  length  are  small  compared  to  the  constants  Cu 
and  C22  the  hardness  follows  a  linear  relation  with  the  density  p,  as  shown  in  Figure  4. 
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An  important  material  property  is  the  wear  resistance  which  is  predicted  not  only  by  the 
hardness  alone  but  from  the  elastic  strain  to  failure,  which  is  related  to  the  ratio  of  H  and  E 
(H/E).  The  ratio  H/E,  so-called  ‘plasticity  index’,  is  widely  quoted  as  an  important  measure  in 
determining  the  limit  of  elastic  behavior  in  a  surface  contact,  which  is  clearly  important  for 
the  avoidance  of  wear  [11,12].  For  a-C  films  studied  in  this  work,  the  effective  H/E  ratios  as  a 
function  of  density  are  shown  in  Figure  4(b).  The  ratio  H/E  obtained  from  various  MS  a-C 
films  is  almost  the  same  with  that  of  harder  ta-C  films  and  significant  larger  than  that  of  other 
stiff  and  hard  material  [13].  Taking  into  account  that  the  MS  technique  is  easily  implemented 
in  industrial  scale,  the  process  simplicity  and  control,  and  film  homogeneity  the  MS  a-C  films 
are  good  candidates  for  applications  where  both  wear  resistance  and  elasticity  are  required. 

5.  CONCLUSIONS 

The  study  presented  here  concerns  the  mechanical  behavior  of  a-C  films  deposited  by 
different  deposition  techniques  on  Si,  as  it  was  investigated  by  nanoindentation  technique. 
The  results  confirm  that  the  mechanical  properties  of  a-C  films  vary  strongly.  Ta-C  films  are 
considerable  harder  than  sputtered  a-C  films.  In  terms  of  wear  resistance  and  elastic  behavior 
both  sputtered  a-C  and  ta-C  films  showed  good  performance.  Each  film  type  has  specific 
advantages  and  the  entire  range  of  properties  should  be  studied  carefully  to  select  the 
appropriate  coating  for  a  particular  application. 
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1.  SUMMARY 

A  point  defect  model  is  extended  in  this  study  in  order  to  explain  the  growth  and  breakdown 
(local  and  uniform)  of  the  oxide  film  formed  on  iron  in  acid  solutions.  According  to  this 
model  there  is  a  continual  generation  and  annihilation  of  point  defects,  oxygen  and  iron 
cation  vacancies,  at  the  Felfilm  and  filmisolution  interfaces,  respectively.  Certain  chemical 
species  in  the  solution  induce  general  corrosion  (uniform  dissolution  of  the  oxide)  while 
others  induce  pitting  corrosion  (localized  dissolution).  Monoperiodic  current  oscillations  are 
related  to  general  corrosion  while  complex  oscillations  are  related  to  pitting  corrosion.  The 
proposed  model  explains  the  different  types  of  corrosion.  It  is  suggested  that  monoperiodic 
oscillations  are  associated  with  the  formation  of  surface  complexes  leading  to  the  general 
corrosion  while  complex  oscillations  are  associated  with  the  occupation  of  an  anion  vacancy 
by  halides  leading  to  the  pitting  corrosion.  Both  the  general  and  pitting  corrosion  are 
followed  by  the  removal  of  the  oxide  film  from  the  entire  Fe  surface  due  probably  to  an 
increase  of  the  electrostatic  compressive  stress  produced  by  the  electric  field  and  a  decrease 
of  the  surface  tension  at  the  filmisolution  interface. 


2.  INTRODUCTION 

A  passive  oxide  film,  which  is  typically  only  a  few  nanometers  thick,  is  formed  on  Fe  during 
its  anodic  polarization  in  aqueous  sulfuric  acid  solutions.  The  passive  films  formed  on  metals 
and  alloys  are  of  a  great  technological  importance  because  they  control  the  protective 
properties  of  the  metallic  materials  against  corrosion.  It  is  only  during  the  last  decade  that  the 
use  of  advanced  in-situ  analytical  techniques  has  made  possible  a  clarification  of  most  of  the 
features  of  the  passive  film  that  grows  on  Fe  (FeOx/2)  [1].  It  was  shown  that  the  FeOx/2  has  a 
crystalline  structure  with  numerous  defects  and  the  film  composition  is  consisted  with  the 
Fe304lY-Fe203  structure.  Moreover,  it  has  been  shown  that  the  oxide  film  has  semiconductive 
properties  [2].  The  FeOx/2  formed  at  less  positive  potentials  is  less  stable  because  is  thinner 
and  contains  more  Fe^'*',  and  hence  less  Fe^^,  than  that  formed  at  more  positive  potentials. 

The  FeOx/2  is  formed  on  Fe  at  a  critical  potential,  called  as  Flade  potential  The  Ey:  is 
considered  as  the  potential  at  which  an  outer  layer  of  the  unstable  Fe304  turns  to  y-Fe203 
through  oxidation  of  a  part  of  the  Fe^"^.  It  was  observed  that  close  to  Ey  current  oscillations 
occur  under  potentiostatic  conditions.  These  oscillations  are  monoperiodic  of  a  relaxation 
type  and  are  attributed  to  the  spontaneous  formation  and  dissolution  of  the  passive  iron  oxide 
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film  [3,  4].  Since  the  £'f  depends  on  the  pH  (£:F=0.58-0.058pH,  vs.  NHE  at  293  K)  the  initial 
anodic  dissolution  of  Fe  (active  state)  and  generation  of  Fe^^  result  in  an  increase  of  the  local 
pH.  Thus  the  shifts  towards  less  positive  values  and  the  oxide  formation  is  favored 
(passive  state).  In  the  subsequent  stage,  H"^  ions  come  towards  the  passive  Fe,  where  the 
concentration  of  Fe^"^  is  almost  zero,  the  pH  decreases,  the  shifts  towards  positive  values 
and  reactivation  of  the  passive  Fe  occurs.  Although,  oscillations  maintain  monoperiodicity  by 
varying  a  number  of  control  parameters,  halides,  X*  (X':Cr,  Bf,  I  )  induce  complex  current 
oscillations  [5].  On  contrary,  in  the  presence  of  HF  monoperiodic  oscillations  occur,  similar 
to  those  of  the  halide-free  system.  Microscopic  observations  of  the  Fe  during  oscillations 
reveal  pitting  corrosion  in  the  presence  of  X'  and  general  corrosion  in  the  presence  of  HF. 

The  aim  of  the  present  work  is  to  explain  the  difference  between  pitting  and  general  corrosion 
in  terms  of  the  physicochemical  processes  responsible  for  these  types  of  corrosion.  Emphasis 
is  placed  on  the  role  of  point  defects  in  the  oxide  (oxygen  and  iron-cation  vacancies),  which 
might  be  sources  of  internal  stresses  affecting  the  mechanical  properties  of  the  film  as  well. 


3.  EXPERIMENTAL 

The  electrochemical  measurements  were  performed  at  a  constant  temperature  (293  K)  by 
means  of  a  Wenking  POS  73  potentioscan  from  Bank  Electronic  interfaced  to  a  computer 
equipped  with  an  analog-to-digital,  and  vice  versa,  converter  PCL-812PG  of  a  maximum 
sampling  rate  equal  to  30  kHz.  The  pretreatment  of  the  Fe  and  the  experimental  procedure  are 
described  in  Ref.  5. 

The  sulfuric  acid  solution  was  prepared  with  H2SO4  (Merck,  preanalysis  96%  w/w)  using 
twice-distilled  water.  In  halide-containing  solutions,  NaCl  or  NaF,  both  from  Fluka  (puriss 
p.a.),  were  added  to  the  H2SO4  solution.  The  Fe  purchased  from  Johnson  Matthey  Chemicals 
was  99.99%  in  purity.  The  solution  was  deaerated  with  purified  N2. 


4.  NON-LINEAR  DYNAMICAL  RESPONSE  OF  THE  F!elH2S04  SYSTEM  TO  THE 
CHEMICAL  PERTURBATION  INDUCED  BY  HALIDE  SPECIES 

The  current-potential  (/-£)  polarization  behavior  of  the  FelO.75  M  H2SO4  system  is  shown  in 
Fig. la.  Region  (I)  corresponds  to  the  active  state  where  the  Fe  dissolution  occurs  from  the 
bare  Fe  surface.  In  the  limiting  current  region  (II),  Fe  is  dissolved  in  the  presence  of  a  ferrous 
salt  layer.  Region  (III)  refers  to  the  passive-active  transition  state,  where  current  oscillations 
appear  within  a  narrow  region  (~30  mV)  at  E<Ef.  Region  IV  refers  to  the  passive  state,  where 
an  oxide  (FeOx/2)  is  formed  on  the  Fe  surface.  This  region  is  extended  from  the  Ef  to  the 
transpassivation  potential,  Etr  where  dissolution  of  Fe  starts  along  with  the  oxygen  evolution. 
The  oscillations  are  monoperiodic  of  a  relaxation  type  (Fig. lb).  All  these  features  are  related 
to  the  general  corrosion.  By  adding  NaCl  (Fig.  Ic,  d)  there  are  distinct  differences  in  both  1-E 
and  I-t  curves  attributed  to  the  pitting  corrosion.  By  adding  NaF  (Fig.  le)  there  is  only 
accelerated  general  dissolution  (i.e.  shorter  oscillation  period.  Fig.  If).  On  the  basis  of  the 
experimental  results,  the  following  criteria  can  be  used  for  characterizing  pitting  corrosion: 

•  Substantial  increase  of  the  current  in  the  passive  state. 

•  No  access  to  the  transpassivation  potential. 

•  Complex  periodic  and  aperiodic  current  oscillations. 

•  Occurrence  of  an  induction  period  of  time  before  the  onset  of  oscillations. 
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•  Deviation  of  the  maximum  oscillatory  current  from  the  kinetics  of  the  active  state. 


-0.5  0.5  1.5 

£  /VsCB  *  f 

Figurel:  Left  column:  Anodic  hE  curves  of  the  non-perturbed  and  perturbed  systems. 

Thick  line:  potential  scan  towards  positive  potentials,  thin-dashed  line:  inverse  backward 
scan,  &Eldt=l  mV  s'‘.  Right  column:  Examples  of  potentiostatic  current  oscillations. 

Aside  the  chemical  properties  of  the  species,  the  non-linear  dynamical  response  of  the  system 
should  be  also  related  to  the  ionic  and  electronic  properties  of  the  oxide.  A  point  defect  model 
(PDM)  is  used  for  the  description  of  the  oxide  growth  [6]  and  is  extended  to  account  for  the 
processes  underlying  the  different  types  of  corrosion  and  breakdown  mechanisms. 


5.  THE  ROLE  OF  POINT  DEFECTS  ON  THE  OXIDE  GROWTH 

According  to  the  PDM,  the  FeOx/i  is  considered  to  contain  a  high  concentration  of  point 
defects,  namely  cation,  Vp*  and  anion  (oxygen),  vacancies.  Other  charge  carriers  (i.e. 
interstitials,  excess  of  electrons  or  holes)  are  not  taken  into  account.  The  oxide  growth  occurs 
at  the  FelFeOx/2  interface  as  it  is  illustrated  in  Fig.  2,  according  to  the  following  processes: 

(a)  Formation  of  oxygen  vacancy  at  the  FelFeOx/2  interface  via  the  reaction 

Fe^^  +  x/2V,„  <->  Fepc  +  x/2  Vq" V  xe  (1 ) 

where  the  Fe^^  is  an  iron  atom  and  V,n  is  a  hole  in  the  iron  lattice  while  the  Fepc  is  an  iron 
cation  in  the  oxide  lattice. 

(b)  Transfer  of  oxygen  vacancies  by  a  flux  to  the  Fe0x/2lH2S04(aq)  interface.  The  flux 
J  2,  consists  of  an  electromigration  and  a  diffusion  term  and  depends  on  the  concentration 

Vo 

of  oxygen  vacancies,  {Jyu  ). 
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(c)  Occupation  of  the  oxygen  vacancy  by  an  oxygen  from  the  H2O  and  formation  of  the 
oxide  oxygen,  Oo  according  to  the  reaction 

Vo^  +  H2O  Oo  +  2H*  (2) 

Under  steady-state  conditions  the  net  result  of  these  processes  is  the  oxide  growth  as  can  be 
expressed  by  the  overall  reaction 


Fe"  +  x/2V„,  +  X/2H2O  o  FepeOoxfl  +  xH'"  +  xe  (3) 


Figure  2:  Oxide  growth  processes  catalyzed  by  the  oxygen  vacancies  according  to  a  PDM. 

6.  THE  ROLE  OF  POINT  DEFECTS  ON  THE  OXIDE  BREAKDOWN 

On  the  basis  of  the  non-linear  dynamical  response  of  the  system  (Fig.  1),  two  different  types 
of  physicochemical  processes  may  lead  to  the  breakdown  of  the  oxide  film  formed  on  Fe. 
One  refers  to  systems  where  general  corrosion  occurs  (Fel0.75M  H2SO4  and  Fel0.75M  H2SO4 
+NaF)  and  the  other  to  systems  where  pitting  corrosion  occurs  (Fel0.75M  H2S04+NaCl). 

Oxide  breakdown  processes  at  the  FelO.75  M  H2SO4  system  (general  corrosion) 

(a)  Formation  of  iron  cation  vacancies,  Ype”  via  the  reaction 

Fepe  +  nH20  Fe(H,0)r+  V;;  (4) 

(b)  Transfer  of  Vp”  by  a  flux  7^..  to  the  FelFeOx/2  interface.  The  flux  depends  on  the 
concentration  of  cation  vacancies,  c,,x-(7^x-occ„x-). 

Vpc  Vpe  Vj7c 

(c)  Transformation  of  Vp~  to  iron  holes  Vm  in  the  iron  lattice  according  to  the  reaction 

Fe®  +  V;;  o  Fepe  +  V™  +  xe  (5) 

Under  steady-state  conditions  the  net  result  of  processes  (4)  and  (5)  is  the  electrodissolution 
of  iron  expressed  by  the  overall  reaction 

Fepe  +  nHiO  FeCH^OX'  +  xe  (6) 

An  additional  reaction  takes  place  at  the  Fe0x/2lH2S04(aq)  interface,  which  represents  the  acid- 
catalyzed  chemical  dissolution  of  the  oxide 


FeOx/2 


H^.HzO 


Fe(H,0)r+V»-+x/2V^^ 


(7) 
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The  overall  reactions  (3)  and  (6),  which  are  catalyzed  by  the  oxygen  Vq'"  and  cation 
vacancies,  respectively,  are  in  equilibrium  expressed  through  a  Schottky-pair  reaction: 

Null  X/2VJ"  +  V;;  (8) 

where  “null”  is  a  neutral  anion  vacancy/cation  vacancy  pair.  The  Schottky-pair  reaction  refers 
to  the  electroneutrality  of  the  oxide. 

Oxide  breakdown  processes  at  the  FelO.75  M  H2SO4  +  NaCI  system  (pitting  corrosion) 

Chlorides  occupy  an  oxygen  vacancy  at  the  Fe0x/2lH2S04,  Cl  interface  according  to  the 
reaction 

Vo^^  +  ci;^.ci;  (9) 

where  the  CIq  is  an  oxygen  vacancy  occupied  by  Cf.  Reaction  (9)  perturbs  the  Schottky-pair 
reaction  and  new  anion  vacancy/cation  vacancy  pairs  are  formed.  The  new  are  occupied 
by  additional  Cl'  while  the  concentration  of  cation  vacancies,  increases  along  with  the 
flux  J  Thus  reaction  (9)  inhibits  the  oxide  growth  (overall  reaction  (3))  and  accelerates 

the  Fe  electrodissolution  (overall  reaction  (6)).  The  Vp“  are  accumulated  at  the  FelFeOx/2 
interface  and  lead  to  the  formation  of  a  void.  Oxide  breakdown  and  pit  initiation  occurs  when 
the  void  exceeds  a  critical  size. 

Oxide  breakdown  processes  at  the  FelO.75  M  H2SO4  +  NaF  system  (general  corrosion) 
Due  to  the  low  pH  of  the  solution,  the  fluoride  species  are  present  as  HF  and  the  occupation 
of  an  oxygen  vacancy  is  unlikely  for  this  neutral  species.  Thus  HF  does  not  lead  to  pitting 
corrosion.  On  the  other  hand,  the  HF  is  characterized  by  a  high  tendency  to  form  complexes 
with  Fe^"^  (equilibrium  constant  Kf=1.5x10‘''  M’’  as  compared  with  Kci=4.27  M  ')  [7]  and, 
therefore  catalyzes  the  chemical  dissolution  of  the  oxide  according  to  the  reaction 

FeOx/2<  >[FeF(H20)n]^^  '>V  V;;+x/2V^"  (10) 

The  surface  complexes  are  transferred  to  the  solution  faster  since  they  have  a  lower  charge 
than  the  uncomplexed  iron  cations  bound  the  0^‘  of  the  oxide  matrix.  Moreover,  reaction  (10) 
shows  that  in  the  presence  of  HF,  an  anion  vacancy/cation  vacancy  pair  is  generated  and  thus 
the  Schottky-pair  reaction  is  not  perturbed  and  the  FelFeOx/2  interface  remains  intact. 

In  summary,  it  is  shown  that  both  reactions  (7)  and  (10)  are  complexation  reactions  that  occur 
at  the  FeOx/2lsolution  interface  and  lead  to  a  general  corrosion.  A  uniform  dissolution  of  the 
oxide  occurs  through  a  gradual  removal  of  the  oxide  monolayers  as  it  is  shown  in  Fig.  3a. 
The  removal  of  the  last  oxide-monolayer  leads  to  the  transition  from  the  passive  to  active 
state.  On  the  other  hand,  occupation  of  an  anion  vacancy  via  reaction  (9)  is  the  process  that 
leads  to  pitting  corrosion.  This  reaction  leads  to  a  perturbation  that  propagates  to  the 
FeiFeOx/2  interface  as  it  is  shown  in  Fig.  3b. 

Both  the  general  and  pitting  corrosion  are  followed  eventually  by  the  complete  removal  of  the 
oxide  film  from  the  entire  Fe  surface  due  probably  to  an  increase  of  the  electrostatic 
compressive  stress  produced  by  the  electric  field  and  a  decrease  of  the  surface  tension  at  the 
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Fe0x/2lH2S04(aq)  interface  [8].  These  effects  are  closely  related  with  the  composition  of  the 
oxide  film  formed  on  Fe  in  the  passive-to-active  transition  region. 


Figure  3:  Schematic  plots  of  the  oxide  breakdown  for  (a)  general  and  (b)  pitting  corrosion. 

7.  CONCLUSIONS 

The  main  conclusions  of  this  study  are: 

a)  Complex  periodic  and  aperiodic  current  oscillations  occurring  at  the  passive-active 
transition  state  of  the  halide-containing  FelFe0x/2lH2S04(aq)  system  reflect  pitting  corrosion 
processes  whereas  monoperiodic  current  oscillations  reflect  general  corrosion  processes. 

b)  The  oxide  growth  depends  on  the  transformation  of  iron  holes  into  oxygen  vacancies. 

c)  The  breakdown  of  the  oxide  film  occurs  though  different  mechanisms,  namely  through 
pitting  and  general  corrosion.  Processes  related  to  pitting  corrosion  result  in  an  increase  of  the 
iron-cation  vacancies  at  the  FelFeOx/2  interface  leading  to  the  formation  of  a  void.  Processes 
related  to  general  corrosion  result  in  the  generation  of  oxygen  vacancy/iron-cation  vacancy 
pair  at  the  Fe0x/2lH2S04(aq)  interface  leading  to  a  gradual  removal  of  oxide  monolayers, 
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1,  SUMMARY 

The  failure  resistance  to  thermal  shock  of  a  thermal  barrier  coating  containing  an  interfacial 
crack  is  investigated  via  the  Finite  Element  method.  Linear  elastic  fracture  mechanics 
analysis  is  used  to  determine  the  effects  of  various  material  property  combinations.  The  Strain 
Energy  Release  Rate  G,  is  obtained  using  the  Crack  Flank  Displacement  method.  Resulting 
transient  G  illustrates  that  increasing  the  insulating  characteristics  of  the  coating  leads  to 
lower  failure  resistance  of  the  TBC,  which  is  also  the  case  during  extreme  thermal  expansion 
coefficient  mismatch.  On  the  other  hand  mechanical  property  mismatch  has  no  effect  on  the 
failure  resistance  of  the  TBC. 

2.  INTRODUCTION 

Thermal  barrier  coatings  (TBCs)  provide  thermal  insulation  and  oxidation  resistance  at  high 
temperatures.  Application  of  TBCs  can  be  found  in  both  aerospace  and  automotive 
applications,  among  these  ceramic  TBCs  are  used  in  high  heat  flux  environments  in  order  to 
protect  the  underlying  metal  substrates  from  potentially  damaging  high  temperatures  reached 
in  such  an  environment. 

TBCs  have  durability  problems  due  to  the  material  and  thermal  mismatch  between  the  coating 
and  the  metallic  substrate.  Thermal  cycling,  residual  stresses  and  environmental  effects  may 
initiate  debonding  and  cracking  that  can  have  a  profound  effect  on  the  response  of  the  TBC, 
interfacial  damage  accumulation  and  spalling  [1].  Considering  the  performance  life  of 
corresponding  components,  fracture  is  the  most  important  type  of  damage.  Interfacial  cracks 
in  multimaterial  media  present  special  analytical  problems  not  encountered  in  fractured 
homogeneous  media  since  they  produce  stress  intensification  from  both  geometric  and 
material  discontinuities.  Williams  [2],  assumes  traction  free  crack  faces  and  results  in  crack 
surface  interference  and  oscillatory  interpretation  of  near  field  singularities.  Comninou  [3] 
reformulated  this  problem  assuming  non-zero  traction  conditions  and  eventual  crack  contact 
the  crack  tip.  However,  the  prediction  of  strain  energy  release  rate  by  both  approaches  yields 
the  same  values,  and  thus  both  approaches  can  be  correlated  on  this  basis. 

Because  of  the  complexity  of  these  problems,  numerical  procedures  are  a  necessity  when 
stress  intensities  are  desired  for  general  configurations  and  heating  conditions.  Among  them, 
the  finite  element  and  boundary  element  methods  have  been  developed  which  utilize  special 
crack  tip  elements  to  obtain  stress  intensity  factors  (SIFs)  [4-5].  Smelser’s  technique  of 
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computing  the  Strain  Energy  Release  Rate,  called  Crack  Flank  Displacement  method,  utilizes 
the  displacement  field  information  provided  by  finite  element  solution. 

The  aim  of  the  present  work  is  to  investigate  in  which  way  delamination  and  spalling  fracture 
could  possibly  be  suppressed  by  means  of  materiel  compatibility  without  reducing  the  barrier 
effect  of  the  TCB.  As  a  first  step,  the  energy  release  rate  of  an  interface  crack  under  thermal 
shock  is  obtained.  Subsequently,  the  effect  of  various  model  and  material  parameters  is 
discussed.  The  problem  of  domain  dimensions  in  relation  to  crack  length  and  the  bending 
constraints  imposed  in  reference  [6]  are  re-examined  and  discussed  also. 

3.  FAILURE  MODELING 


Figure  1(a)  depicts  the  domain  of  the  problem  that  consists  of  two  subdomains,  the  thin  layer 
of  the  coating  with  thickness  he,  and  the  thick  layer  of  the  substrate  with  thickness  In  the 
following,  subscripts  C,  S  assign  coating  and  substrate  characteristics.  Along  the  interface 
exists  a  perfect  bonding  condition  that  is  broken  by  an  interfacial  crack  of  length  2a.  The 
outer  boundary  surface  is  traction  free  and  the  lateral  and  bottom  surfaces  subject  to 
conditions  of  symmetry.  The  entire  system  shown  is  initially  at  a  uniform  temperature  7o> 
the  coating  surface  is  then  subjected  to  a  convective  cooling.  Considering  adiabatic  and 
traction  free  crack  surfaces,  time  variations  of  temperature  and  displacement  fields  were 
obtained  by  solving  the  uncoupled  quasi  steady-state  plane  strain  thermoelasticity  problem 
utilizing  the  Finite  Element  method.  For  this  purpose,  both  materials  were  assumed 
homogeneous,  isotropic  and  linear  elastic.  It  was  also  assumed  that  no  residual  stresses 
present  or  crack  surface  interference  occurs. 

Around  the  crack  tip  (Figure  1(b))  the  singularity  of  the  stress  field  is  described  by  the 
complex  stress  intensity  factor 

(1) 

where  Kq,  6  are  the  modulus  and  the  argument  of  the  complex  SIF. 

Utilizing  the  finite  element  solution  and  the  displacement  method,  the  SIF  modulus  may  be 
found  from 

2k 

Ko= -  ,  . - . -  (2) 

(1/2  +  i  In  yl2n)4(buf  +  (6v)^ 
where  y  depends  on  the  material  parameters 

?Cs  ^3^ 

and  for  plane  strain  conditions  considered  here,  =  3  -  4Vo; ,  a  =  S,  C  . 

In  equation  (3)  5  w ,  5  v  are  the  opening  and  shearing  modes  of  crack  surface  deformation,  as 
illustrated  in  Figure  1(b).  This  model  yields  the  modulus  of  the  SIF  with  high  accuracy, 
provided  that  the  size  of  the  elements  surrounding  the  crack  tip  is  small  enough. 


4.  PREDICTION  OF  TBC  EFFICIENCY 


The  fracture  modeling  of  delamination  involves  the  calculation  of  the  SIFs  and  the 

corresponding  strain  energy  release  rates  the  sum  of  which  is  the  total  energy  release  rate  G. 
This  energy  rate  indicates  the  conditions  of  stable  fracture,  and  thus  is  a  measure  of  TBC 
efficiency.  In  other  words,  optimum  TBC  action  is  achieved  when  this  energy  is  maximized. 
For  the  complex  stress  intensification  occurring  near  the  tip  of  interfacial  cracks,  if  any 
contact  conditions  are  negligible,  the  modulus  of  the  total  strain  energy  release  rate  is 
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.\-Vn  1-V, 


(6) 


4 

where  ,  are  the  Poisson  ratio  and  the  shear  modulus,  respectively  and  Ko  is  obtained 

using  equation  (2). 


5.  NUMERICAL  RESULTS  AND  DISCUSSION 


The  effect  of  changing  the  material  property  combination,  during  sudden  convective  cooling 
of  a  center  interfacial  crack,  is  studied  for  a  crack  length  of  a=l  .5625  mm.  However  it  should 
be  noticed  that  G  decreases,  as  the  crack  gets  shorter.  The  coating  thickness  is  retained 
throughout  the  analysis  and  is  /zc=12.5  mm.  Figure  1(a)  illustrates  a  simplified  model  of  a 
Thermal  Barrier  Coating  (TBC)  which  in  general  is  a  “thin  coating”  case,  which  in  turn 
means  that  the  domain  of  the  problem  at  hand  is  semi-infinite.  Under  these  considerations  the 
depth  of  the  substrate  is  infinite  (compared  to  the  coating)  and  so  is  the  length  of  the 
specimen.  The  initial  temperature  of  the  TBC  is  TfplOOO  °C  and  the  ambient  temperature 
7a=20  °C,  while  the  free  surface  of  the  coating  is  cooled  at  a  rate  of  h=50  W/m^/  ‘^C.  It  is 
understood  that  as  h  increases,  maximum  transient  G  increases. 


Figure  1 :  (a)  Thermal  Barrier  Coating  under  sudden  convective  cooling,  (b)  Finite 
Element  model  of  the  TBC. 


Figure  1(b)  depicts  the  Finite  Element  Model  of  the  TBC.  The  problem  has  one  vertical  axis 
of  symmetry  therefore  only  half  needs  to  be  descritized,  whereas  the  length  L  and  depth  of 
the  substrate  are  taken  to  be  finite  but  sufficiently  larger  than  the  Hq-  No  special  crack 
elements  have  been  used  nor  contact  between  crack  faces  has  been  modeled,  since  the  later  is 
a  case  that  produces  insignificant  values  of  G  and  therefore  poses  no  threat  to  the  fracture 
toughness  of  the  TBC. 

The  graph  of  Figure  2(a)  shows  that  a  coating-substrate  thickness  ratio  of  h*-hcfhs=\/20  and 
length  ratio  of  /?c/L=l/I5,  are  more  than  sufficient  for  the  solution  to  converge  to  the  infinite 
problem  (constrains  perpendicular  to  the  edges  won’t  have  any  effect  on  the  solution) 
maximum  transient  value  of  G.  On  the  same  Figure  one  can  see  that  a  spatial  discretization  of 
983  quadratic  triangular  and  rectangular  elements  and  time  step  of  At=\  sec,  can  produce  a 
converged  solution  compared  to  a  finer  mesh  (3456  elements)  with  one  tenth  of  that  time 
step.  There  is  also  a  time  curve  produced  with  r/a^O.OOOl  compared  to  r/«=0.05  used 
throughout  the  analysis  showing  that  this  distance  from  the  crack  tip  is  sufficient  for 
obtaining  converged  crack  opening  and  sliding  displacements. 

The  materials  used  for  these  convergence  tests  are  Zirconia  (Zr02)  as  a  coating  (Ec=200  GPa, 
Vc=0.23,/>c=5900  kg/m^  ac=I0.2xlO'®  1/“C,  kc=2.2  W/m/‘’C,  Cc=460.6  J/kg/°C)  and  nodular 
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cast  Iron  (Fe)  as  a  substrate  (Es=168  GPa,  Vs=0.31,  /)s=7289  kg/m^,  ^5=^  3.7x10'^  1/°C, 
A:s=48.9  W/m/°C,  Cs=418,4  J/kg/°C). 

Effect  of  mechanical  properties 

Figure  2(b)  illustrates  the  effect  of  Young  modulus  ratio  when  all  other  properties 

of  the  two  materials  are  the  same  as  those  of  the  substrate  (in  this  case  taken  to  be  as  nodular 
cast  Iron).  It  is  clear  that  the  Young  modulus  mismatch  in  a  Thermal  Barrier  Coating  has  no 
significant  effect  on  the  maximum  transient  Strain  Energy  Release  Rate  (G)  and  therefore 
poses  no  threat  to  the  TBC’s  fracture  toughness. 


Figure  2:  (a)  Convergence  graph  showing  transient  Strain  Energy  Release  Rate 

(G)  for  different  coating-substrate  thickness  ratios,  mesh  densities,  time 
steps,  ria  ratios,  (b)  Transient  Strain  Energy  Release  Rate  for  various 
Young  modulus  combinations. 


Figure  3:  Transient  Strain  Energy  Release  Rate  for  various  thermal  expansion 
coefficient  and  thermal  conductivity  combinations. 
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In  Figure  3  one  can  notice  that,  the  effect  of  thermal  expansion  coefficient  ratio  a*=ac/as  is 
most  significant  since  increasing  it  one  order  of  magnitude  results  in  an  increase  of  the 
maximum  transient  G  of  two  orders  of  magnitude.  It  is  also  noticed  that  when  this  ratio  is 
lower  than  unit  the  crack  closes,  therefore  producing  very  small  values  of  G. 

Effect  of  thermal  properties 

The  transient  value  of  Strain  Energy  Release  Rate  for  various  ratios  of  the  thermal 
conductivity  is  depicted  in  Figure  3.  The  effect  of  the  mismatch  is  less  pronounced 

than  in  the  thermal  expansion  case,  but  it  also  produces  a  delayed  (in  time)  peaking  of  G.  It  is 
also  noticed  that  decreasing  the  coatings  conductivity  and  thus  increasing  its  insulating 
characteristics  leads  to  higher  G  transients  and  therefore  to  lower  failure  resistance  of  the 
TBC. 

6.  CONCLUSIONS 

a)  Although  Thermal  Barrier  Coatings  aim  on  protecting  the  substrate  from  thermal  shock 
using  their  insulating  characteristics,  it  seems  that  the  higher  the  insulation  the  lower  the 
failure  resistance.  Therefore  extra  care  must  be  taken  in  the  thermal  conductivity  mismatch 
during  TBC  design. 

b)  High  thermal  expansion  coefficients  of  coating  in  comparison  with  substrate  lead  to  very 
low  resistance  to  fracture.  In  the  opposite  case  interface  cracks  tend  to  close  thus  posing  no 
threat  to  the  failure  resistance  of  the  TBC.  Thermal  expansion  coefficients  should  be  as 
close  as  possible  during  the  design  of  a  TBC. 

c)  Lowering  the  thermal  conductivity  of  the  coating,  in  respect  of  the  substrate,  causes  a 
noticeable  delay  in  the  occurrence  of  the  maximum  Strain  Energy  Release  Rate,  thus 
making  it  an  extremely  unpredictable  cause  of  possible  failure. 

d)  The  Modulus  of  Elasticity  mismatch  has  insignificant  effect  on  the  failure  resistance  of  the 
TBC. 

e)  Care  should  be  taken  during  FEM  modeling  of  a  TBC,  one  should  move  the  artificial 
boundary  at  least  20  times  the  thickness  of  the  coating  away  from  the  interface. 

A  future  parametric  analysis  should  also  include  convection  coefficient,  initial  and  ambient 
temperature,  Poisson  coefficient,  crack  length,  residual  stress,  contact  analysis  and 
interchanging  cooling  with  heating  effects  on  the  failure  resistance  of  a  TBC. 
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1.  SUMMARY 

In  the  Mediterranean  Europe,  Low-Density  Polyethylene  (LDPE)  films  are  the  most  widely 
used  plastic  covering  materials  of  greenhouse.  The  investigation  of  the  mechanical  behaviour 
of  the  LDPE  greenhouse  films  is  a  significant  issue  because  all  service  conditions  for  the 
LDPE  films  involve  mechanical  stress  under  various  loading  conditions  and  the  durability  of 
these  materials  mainly  depends  on  their  mechanical  behaviour.  In  this  paper  the  elastic 
mechanical  behaviour  of  LDPE  films  under  various  combinations  of  pre-tensioning  and 
uniform  pressure  schemes  is  investigated  experimentally  and  numerically  using  the  finite 
element  method  of  analysis. 


2.  INTRODUCTION 

The  economic  and  technical  developments  of  the  last  years  have  increased  the  application  of 
plastic  films  in  the  agricultural  sector  due  to  their  good  mechanical  and  optical  properties, 
ease  of  forming  and  low  market  cost  [1,2]. 

In  the  regions  of  the  Mediterranean  Europe,  Low-Density  Polyethylene  (LDPE)  films  are  the 
most  widely  plastic  covering  materials  of  greenhouse  used.  Good  quality  products  with  a 
predictable  life-time  have  contributed  to  increasing  the  quality  and  quantity  of  the  crop 
production  and  to  reducing  some  technical  problems  related  to  the  greenhouse  design  and 
environmental  implications  connected  with  their  final  disposal. 

All  service  conditions  for  the  LDPE  greenhouse  films  involve  mechanical  stress  under 
various  loading  conditions  while  the  durability  of  these  materials  mainly  depends  on  their 
mechanical  behaviour.  Therefore,  the  investigation  of  the  mechanical  behaviour  of  the  LDPE 
films  is  a  significant  issue. 

In  this  paper  the  elastic  mechanical  behaviour  of  LDPE  films  under  various  combinations  of 
pre-tensioning  and  uniform  pressure  schemes  is  investigated  both  experimentally  and 
numerically  (no  viscous  behaviour  is  considered  in  the  present  work).  The  results  of  the 
experimental  set-up,  involving  monitoring  the  mechanical  behaviour  of  a  pre-tensioned  and 
uniformly  loaded  square  piece  of  film,  are  compared  against  the  results  obtained  from 
analytical  expressions  reported  in  the  literature  [3,  4]  and  the  results  obtained  using  the  finite 
element  method  of  analysis. 
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3.  EXPERIMENTAL  PROCEDURE 

The  experimental  set-up  employed  in  the  present  study,  shown  in  Fig.  1,  consists  of  an  open 
wooden  box  which  rests  on  a  steel  bearing  construction.  A  system  of  two  frames  supports  the 
film  by  pressure  and  friction  against  the  top  edges  of  the  walls  of  the  box  .  The  loaded  area  of 
the  LDPE  film  is  square  with  a  clear  side  dimension  of  L=]  m;  the  film  is  pre-tensioned  by 
applying  apropriate  weights  along  the  four  sides  before  fixing  the  system  of  the  two  frames. 
To  avoid  the  slippage  of  the  film  the  faces  of  the  lower  frame  and  the  top  edge  of  the  box  in 
contact  with  the  film  are  covered  by  rubber  and  sand  paper  while  the  lower  frame  applies 
pressure  to  the  film  against  the  box  by  means  of  a  system  of  screws  installed  in  the  upper 
frame.  The  pressure  inside  the  box,  applied  by  means  of  pressurised  air,  is  monitored  by 
means  of  a  pressure  transducer.  The  deflection  along  the  central  line  of  the  film  is  evaluated 
by  employing  an  image  capturing  and  processing  technique  (by  using  a  digital  camera).  The 
strains  are  to  be  monitored  during  the  second  phase  of  this  research  work. 

The  material  properties  of  the  LDPE  film  used,  such  as  the  modulus  of  elasticity  E  and  tensile 
stress  at  yield  Gy  in  the  parallel  and  transverse  directions,  were  obtained  at  the  laboratory  by 

applying  standard  testing  methods  (Table  1)  [5].  The  Poisson’s  ratio  is  rarely  reported  in 
literature  [6].  Fig.  2  shows  the  stress-strain  curve  in  the  parallel  direction  for  the  LDPE  film 
used. 


Figure  1 :  The  experimental  set-up  used. 


Table  1:  Material  properties  obtained  at  the  laboratory  applying  standard  testing  methods. 


i-  direction 

Ei 

[MPa] 

<j,  at  yield 
[MPa] 

X 

102,97 

7,984 

y 

110,35 

6,997 
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Figure  2:  Stress-strain  curve  in  the  parallel  direction  for  the  LDPE  greenhouse  film. 


4.  ANALYTICAL  SOLUTION 


Timoshenko  and  Woinowsky-Krieger  [4]  give  an  approximate  solution  for  a  uniformly 
loaded  square  plate  with  sides  of  length  2a  and  clamped  edges.  This  solution  doesn’t  take  into 
account  the  pretensioning  effects  on  the  behaviour  of  the  plate.  This  method  consists  of  a 
combination  of  the  known  solutions  given  by  the  theory  of  small  deflections  (this  is 
insignificant  in  the  present  application)  and  the  membrane  theory. 

The  load  q  can  be  calculated  by: 


q  = 


w„  Ef 


w 


2  ^ 


1.37  +  1.94^ 


(1) 


where  E  is  the  modulus  of  elasticity,  t  is  the  thickness  of  the  plate,  w^  is  the  deflection  at  the 
center  of  the  plate;  the  numerical  constants  depend  on  the  geometry  of  the  plate  and  on 
Poisson’s  ratio  v  (assumed  v=0.25  in  the  analytical  derivations). 


5.  NUMERICAL  SIMULATION 

The  simulation  of  the  mechanical  behaviour  of  the  LDPE  film  is  performed  by  using  the 
finite  element  method  of  analysis.  ANSYS  [7],  a  commercial  finite  element  program,  as  well 
as  a  research  program  employing  the  finite  shell  element  RFNS  [8,  9]  are  employed. 

The  performance  of  two  specific  finite  elements  of  ANSYS,  a  membrane  and  a  finite  strain 
shell  element,  is  investigated  with  respect  to  the  best  possible  simulation  of  the  film’s  elastic 
behaviour.  A  finite  element  model  of  the  plastic  film  investigated  experimentally,  with  the 
same  geometry  and  isotropic  material  properties,  is  studied  numerically  under  appropriate 
boundary  conditions  and  by  applying  different  analysis  options.  Models  with  416  elements 
are  used  with  the  ANSYS  programme.  The  material  properties  used  were  (assuming  average 
isotropic  properties):  modulus  of  elasticity  E=  106,66  MPa,  thickness  of  the  film  t=0,000195 
m,  stress  at  yield  Gy  =7.98  MPa.  Analyses  are  performed  for  different  Poisson’s  ratio  values 

for  comparison  purposes.  Nonlinear  analysis,  including  membrane  action  and  geometric  non 
linearities  such  as  large  strain,  large  displacements  and  stress  stiffening  have  been  considered. 
The  membrane  element  available  doesn’t  allow  material  nonlinearities  to  be  considered.  The 
shell  element  allows  modeling  of  plastic  behaviour  but  there  is  a  need  to  introduce  indirectly 
an  artificial  membrane  action.  The  RFNS  elements  allows  for  membrane  action,  large 
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displacements  and  large  rotations.  Time  dependent  behaviour  is  not  considered  in  the  present 
research  Nvork.  Material  nonlinearities  are  not  considered  during  the  first  preliminary 
numerical  analysis  stage  of  the  present  work. 

In  the  case  of  large  deflection  and  non  linear  analysis,  the  shell  element  stress  output 
quantities  (ANSYS  and  RFNS)  are  Cauchy  stresses  in  the  rotated  element  coordinate  system 
while  for  the  membrane  element  stress  output  engineering  stresses  are  calculated  referred  to 
the  rotated  element  coordinate  system. 


6.  RESULTS  AND  DISCUSSION 

In  the  case  where  no  pretension  is  applied  on  the  film,  the  results  obtained  using  the 
analytical  solution  (an  approximate  solution)  and  the  numerical  simulations  are  shown  in  the 
Table  2.  The  agreement  between  the  three  solutions  is  good.  The  deflection  at  the  center  is 
obtained  for  different  values  of  the  applied  uniform  pressure  and  for  Poisson’s  ratio  v=0,25 
(this  value  is  chosen  in  connection  with  the  numerical  constants  of  Eq.  (1)).  The  modulus  of 
elasticity  and  the  film  geometry  are  those  described  in  the  numerical  simulation  section. 

Table  2:  Deflection  at  the  center  applying  Eq.  (1)  and  numerical  analyses. 


Pressure  [Pa] 

Deflection  at  the  center  [m] 

Analytic  solution 
Eq.(l) 

Numerical  solution 

ANSYS  membrane 
element 

Numerical  solution 

RFNS  element 

250 

0,0729 

0,0675 

800 

0,1074 

0,0960 

0,1002 

1500 

0,1324 

0,1234 

0,1243 

2400 

0,1549 

0,1470 

0,1465 

The  results  obtained  from  the  numerical  modelling  of  the  elastic  mechanical  behaviour  of 
LDPE  film  (i.e.  without  considering  material  nonlinearities)  by  using  the  finite  element 
method  of  analysis  are  shown  in  Table  3  and  Figs.  3  and  4.  The  numerical  and  the 
experimental  maximum  deflection  at  the  center  of  the  film  are  shown  in  Table  3  for  different 
levels  of  pressure.  The  pretension  is  60  N/m  and  the  Poisson’s  ratio  is  assumed  to  be  v=0,4. 
The  Poisson’s  ratio  of  the  LDPE  film  is  not  known  and  Courtney  [10]  considers  v=:0,4  as  a 
reasonable  value  for  Polyethylene. 

Table  3:  Numerical  and  experimental  deflection  at  the  center  of  the  film. 


Pressure  [Pa] 

Deflection  at  the  center  [m] 

Experimental  results 

Numerical  solution 

ANSYS  membrane 
element 

Numerical  solution 

RFNS  element 

130 

0,047 

0,042 

0,051 

250 

0,050 

0,055 

0,064 

600 

0,079 

0,080 

0,085 

1500 

0,120 

0,113 

0,1-17116 

2500 

0,159 

0,139 

0.440138 
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For  low  values  of  pressure  (i.e.  in  the  linear  elastic  region)  the  agreement  between  the 
experimental  results  and  the  numerical  analysis  results  is  good.  For  higher  values  of  the 
pressure  numerical  analysis  is  only  approximate  (linear  elastic).  This  is  because  for  values  of 
stress  (e.g.  von  Mises  stress)  above  3  MPa,  the  behaviour  of  the  material  becomes  rather 
nonlinear  as  it  is  shown  in  Fig.  2.  Thus,  it  should  be  expected  that  the  experimental  values  for 
the  maximum  deflection  become  increasingly  higher  than  those  calculated  numerically  based 
on  the  assumption  of  a  linear  elastic  behaviour.  This  behaviour  is  already  under  numerical 
and  experimental  investigation. 


Figure  3:  Pressure  and  pretension  force  interaction  curves  (using  ANSYS  membrane  element) 


Figure  4:  Interaction  pressure-pre-tensioning  maximum  stress  at  center  Cc  curves  (v=0.25; 
finite  element  10x10  model  with  the  RFNS  element;  ao=  pretensioning  stress  in  MPa) 

Fig.  3  shows  the  relationship,  for  three  values  of  Poisson’s  ratio,  between  the  value  of 
pressure  and  the  uniform  pretension  force  all  around  the  film  corresponding  to  the  limit  cases 
when  the  maximum  membrane  stress  reaches  the  stress  at  yield.  This  diagram  is  obtained  by 
employing  the  ANSYS  membrane  element  for  modeling  a  film  of  square  1x1  m  shape.  The 
material  properties  used  for  this  figure  are  relating  to  the  same  LDPE  film  but  in  two  different 
periods  of  its  lifetime.  The  modulus  of  elasticity  E=87,3  MPa  and  stress  at  yield  cyy=9,45 

MPa  are  related  to  the  material  following  the  production  while  E=106  MPa  and  ay  =7,98 
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MPa  correspond  to  the  same  film  after  a  two-years  storage  period.  The  increase  of  the 
modulus  of  elasticity  results  in  a  decrease  of  the  pretension  force  needed  to  reach  the  stress  at 
yield  for  the  same  value  of  pressure.  However,  it  should  be  mentioned  that  these  lines  are 
based  on  assuming  linear  elastic  behaviour  up  to  the  yield  stress.  In  reality,  the  material 
behaviour  is  nonlinear  at  much  lower  stress  levels  as  will  be  analysed  following  the 
completion  of  the  second  phase  of  this  work. 

Another  plot  of  interaction  pressure-pre-tensioning  stress  curves  is  shown  in  Fig.  4  for  the 
case  of  Poisson’s  ratio  v=0.25  and  E=  106.0  MPa  for  comparison  purposes  against  the 
corresponding  values  obtained  by  Timoshenko  and  Woinowsky-Krieger  [4].  Here  the 
effective  stress  Ocff  based  on  Von-Mises  criterion  is  employed  (aeff=  Cc  at  center).  The  RFNS 
element  is  used  by  employing  a  10x10  model. 


7.  CONCLUSIONS  AND  PROSPECTIVES 

This  study  is  the  first  step  in  the  analysis  of  the  state  of  stress  of  greenhouse  LDPE  films 
under  various  loading  conditions.  The  results  obtained  in  this  paper  validated  the  selected 
ANSYS  membrane  and  the  RFNS  elements  performance  in  the  linear  elastic  region  on  the 
basis  of  the  agreement  achieved  with  the  experimental  results  for  low  level  pressures.  In  the 
second  phase  of  this  work,  the  experimental  investigation  will  continue  with  strain 
measurements  on  the  film  while  the  numerical  procedure  will  also  include  material 
nonlinearities  to  be  able  to  simulate  the  film  behaviour  at  higher  values  of  pressure.  Both,  the 
ANSYS  and  the  RFNS  finite  element  models  will  be  used  subsequently  for  studying  the  load 
carrying  and  load  redistribution  mechanisms  developing  by  greenhouse  covering  LDPE  films 
in  transferring  external  loads  such  as  wind  and  snow  loads  to  the  main  structure.  The  final 
aim  is  to  formulate  technical  suggestions  for  the  reliable  design  of  LDPE  film  covered 
greenhouses,  making  more  efficient  use  of  LDPE  greenhouse  plastic  films. 
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1.SUMMARY 

Pre-strained  Shape  Memory  Alloy  (SMA)  wires  have  been  integrated  in  composite  laminates 
consisting  of  an  epoxy  resin  reinforced  by  aramid  fibres.  The  SMA  wires,  in  tandem  with 
their  reinforced  role,  can  act  as  sensors  and/or  actuators  changing  the  structural  behavior  of 
the  composite  materials  due  to  their  ability  to  generate  recovery  stresses.  Past  work  has 
shown  that  aramid  fibres  can  act  as  stress  and/or  temperature  sensors,  as  the  Raman 
vibrational  wavenumbers  of  their  skeletal  backbone  shift,  according  to  the  applied  stress 
and/or  temperature.  By  exploiting  the  sensing  ability  of  aramid  fibres,  the  mechanical 
response  of  SMA  wires/aramid  fibres/epoxy  composites  was  examined  by  means  of  laser 
Raman  spectroscopy. 

We  report  on  the  transmitted  stresses  from  wires  to  fibres  as  a  function  of  activation 
temperature  in  these  composite  systems.  Transmitted  compressive  stresses  were  measured  at 
temperatures  of  60,  80  and  100  °C  for  SMA  composite  specimens  by  employing  different 
SMA  wire  volume  fractions.  Composite  specimens  were  of  dimensions  that  prevent  their 
geometric  failure  due  to  generated  stresses  during  SMA  wire  activation.  The  results  show  that 
the  stress  values  of  100  °C  are  not  significantly  different  than  those  at  80  °C  in  all  cases, 
while  the  transmitted  stresses  are  dependent  on  the  inter-wire  distance. 


2.INTRODUCTION 

The  integration  of  pre-strained  SMA  wires  in  fibre  reinforced  polymer  composites  leads  to 
adaptive  or  smart  composite  materials  since  the  wires  can  operate  as  actuating  and/or  sensing 
elements.  The  actuating/sensing  capabilities  of  SMA  wires  are  based  on  their  functional 
properties  which  are  directly  associated  with  the  Shape  Memory  Effect  [1].  This  effect  is 
related  to  the  reversible  (thermoelastic)  martensitic  transformation  [1,2]  shown  in  Fig.  1, 
where  the  SMA  material  original  shape  is  regained.  Martensitic  transformation  is  generally 
defined  by  the  M^,  Mf,  which  are  the  start  and  finish  temperatures  of  the  forward 
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transformation,  respectively,  and  the  As,  Afihc  corresponding  start  and  finish  temperatures  of 
the  reverse  process,  respectively.  These  values  are  mainly  determined  by  the  SMA 
composition  since  they  are  metal  alloys  such  as  Ni-Ti  or  Ni-Ti-X  (where  X  stands  for  Cu,  Co, 
Fe  or  Nb). 


The  Shape  Memory  Effect 
A 


c 

Figure  I:  The  SMA  material  is  deformed  (AB)  and  unloaded  (BC)  at  a  temperature  below  Mf.  The 
deformation  is  restored  during  heating  to  a  temperature  above  Af  (CD).  The  original  dimensions  arc  rc-gained 
(DA).  Under  constraint  conditions,  at  point  C,  the  SMA  material  is  prevented  from  returning  to  its  original 
shape  during  heating.  Thus,  high  recovery  stresses  are  gradually  generated  starting  at  point  E. 
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Figure  2:  Raman  wavenumber  shift  as  a  function  of  the  applied  stress  for  the  (a)  1611  cm-1  and  (b)1648  cm-1 
Raman  bands  of  the  PPTA  repeat  unit  in  Kevlar  29  fibres 


Among  other  functional  properties  of  SMA  wires,  the  generation  of  recovery  stresses  is 
exploited  in  the  SMA  composites  for  altering  their  shape  or  stress  state.  The  strain  recovery 
of  the  pre-strained  wires  is  biased  by  the  elastic  stiffness  of  the  host  matrix  and  thus 
compressive  stresses  are  generated  gradually  starting  at  point  E  (Fig,  1).  Stresses  are 
generated  at  a  constant  rate  (drr/df)  beyond  a  critical  temperature,  Af[\].  After  overcoming  a 
temperature  hysteresis  the  reverse  process  occurs  during  cooling  (Fig.l,  EFE). 

Laser  Raman  spectroscopy  is  considered  as  a  powerful  method  for  stress  (or  strain)  and/or 
temperature  measurements  in  fibrous  composite  materials.  Previous  work  has  shown  that 
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Raman  vibrational  wavenumbers  of  certain  chemical  bonds  on  the  skeletal  backbone  of 
PPTA  repeat  unit  of  the  aramid  fibres  shift  to  lower  values  under  tension  and/or  temperature 
and  to  higher  values  under  compression.  These  vibrations  recorded  at  1611  and  1648  cm'^ 
correspond  mainly  to  ring/C-C  stretching  and  to  amide/C=0  stretching,  respectively.  [3,4]. 
Well-defined  relationships  between  Raman  wavenumber  and  applied  stress,  strain  or 
temperature  can  be  obtained  by  these  fibres,  which  are  the  corresponding  calibration  curves 
shown  in  Fig.2.  Thus,  aramid  fibres  can  be  used  as  sensors,  in  tandem  with  their  reinforcing 
role,  to  determine  the  stress  state  and  the  temperature  of  the  composite  material. 


3.  EXPERIMENTAL 

In  this  study  Kevlar  29  of  15  pm  diameter  supplied  by  Du  Pont  were  used  as  reinforced 
fibres.  The  epoxy  resin-Kevlar  29  fibres  unidirectional  prepreg  was  made  by  Advanced 
Composites  Group  U.K.,  with  53.5%  volume  fraction  of  fibres.  The  SMA  wires  were 
NiTi(12%)Cu  of  150  pm  diameter,  supplied  by  Memry  Co.  The  Young’s  modulus  of  the 
fibres  is  comparable  to  that  of  SMA  wires,  while  the  glass  transition  temperature  (Tg)  of  the 
resin  is  high  enough,  in  order  not  to  be  reached  during  the  SMA  wires  activation. 

The  specimens  consisted  of  two  prepreg  plies  into  which  three  and  five  martensitic  SMA 
wires  were  placed  in  parallel  and  pre-strained  by  3%,  before  being  incorporated  into  the 
autoclave  bag.  This  was  made  obtainable  by  using  a  specially  designed  mould  [4].  The  lay 
up  of  the  composite  specimen  is  abreviated  to  Oi/W/Oi,  where  i  =  1  is  the  number  of  the  plies 
and  j  =  3,  5  is  the  number  of  the  wires.  The  cure  involved  initial  curing  at  70  for  12  h 
followed  by  post-curing  at  140  °C  for  1  h.  The  dimensions  of  the  manufactured  specimens 
were  the  same,  regardless  the  number  of  the  SMA  wires.  Based  on  past  work,  the 
determination  of  these  dimensions  was  carefully  made  in  order  to  avoid  geometrical  failure 
[4].  The  type  of  activation  was  the  active  one  using  a  stabilized  DC  source.  The  activation 
levels  corresponded  to  the  temperatures  of  60,  80  and  100  °C,  as  these  were  measured  by 
suitable  tiny  thermocouples,  situated  on  the  surface  of  the  specimens.  The  experimental  setup 
allows,  during  SMA  activation  the  simultaneous  control  of  the  wire  temperature  and  the 
recording  of  the  Raman  spectra(Fig.3). 


To  Raman  Spectrograph 


^  SMA  wires  ©Aramid  fibres  Em  Resin 

Figure  3:  Experimental  set-up  employed  for  the  fibre  stress  and  temperature  mapping  during  SMA  wire 

activation 
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It  should  be  noted  that  the  specimens  were  free  of  mechanical  load  during  SMA  wire 
activation.  The  measurements  took  place  normal  to  the  direction  of  the  wires,  with  a  step 
more  or  less  equal  to  the  diameter  of  the  aramid  fibers.  The  part  of  experimental  set-up  for 
Raman  spectra  acquisition  has  been  described  in  detail  elsewhere  [4,5]. 


4.  RESULTS  AND  DISCUSSION 


The  wavenumber  shift  for  each  vibrational  mechanism,  namely  1611  cm'‘  and  1648  cm  ', 
depends  on  three  terms.  The  mechanical  field  that  is  created  by  the  stresses  which  are  the 
result  of  the  activation  of  the  SMA  wires,  the  temperature  that  is  interfused  from  the  wires  to 
the  aramid  fibers  through  the  epoxy  resin  and  the  residual  thermal  stresses.  These  residual 
stresses  were  formed  due  to  the  mismatch  of  thermal  expansion  coefficients  of  aramid  fibres 
and  the  epoxy  resin  matrix  and  influenced  by  the  passive  martcnsitic-to-austenitic 
transformation  that  undergo  the  SMA  wires  during  composite  curing.  Thus,  for  each  of  the 
Raman  bands,  the  total  wavenumber  shift  is  given  by: 

Av  =  Av^^+AVq+AVr  (1) 


where  Avm,  Avq  and  Avr  are  the  contributions  of  generated  stress,  temperature  and  residual 
stress  in  the  Raman  wavenumber  shift,  respectively.  It  is  worth  noting  here  that  all  the  band 
shifts  are  referred  to  the  change  of  band  positions  as  compared  to  the  corresponding  values  of 
the  free-standing  fibers  in  the  air.  Both  bands  have  been  proved  stress  sensitive,  with  the  first 
to  be  more  sensitive  than  the  second  one  (Fig. 2a).  Furthermore  it  is  clear  that  the  position  of 
the  1611  cm''  depends  on  the  fibre  temperature  while  the  1648  cm  '  equivalent  can  be 
considered  as  temperature  insensitive.  So,  the  determination  of  the  axial  stress,  cr,  transmitted 
to  the  Kevlar  29  fibres  by  wire  activation,  is  determined  using  the  universal  equation[3]: 

Av  =  k<J  (2) 

where  k  is  the  sensitivity  in  stress  for  a  given  Raman  band.  Since  the  position  of  the  1648  cm 
'  band  is  sensitive  only  to  stress,  the  axial  stress,  f7,  transmitted  to  the  Kevlar  fibres  is 


determined  via  the  equation[4]: 


Av, 


^^R.I648  ^ 

^1648 

where  Avi648  is  the  total  wavenumber  shift  for  the  1648  cm  '  band,  /:i648  is  its  stress 
sensitivity,  Av/^j648  is  the  wavenumber  component  due  to  the  residual  stress  ot  the  as- 
fabricated  specimens  and  C  ==  0.1 17  cm''.  Similarly  the  fibre  temperature,  6,  in  the  embedded 
Kevlar  29  fibres  is  estimated  in  °C  using  the  equation: 

cr 


0  = 


^^1611  ^'^R,161l  ^1611 


(4) 


where  Avieii  is  the  total  wavenumber  shift  for  the  1611  cm"'  band,  is  its  stress 
sensitivity,  AvRjen  is  the  wavenumber  component  due  to  the  residual  stress  of  the  as- 
fabricated  specimens,  a  the  axial  stress  in  the  fibres  calculated  from  equation  (3)  and  ai6ii  is 
the  temperature  sensitivity  of  the  161 1  cm  '  band.  The  determination  of  the  component  Avr, 
either  for  1648  cm  '  or  161 1  cm  ',  which  correspond  to  the  residual  thermal  stresses  has  been 
made  with  a  methodology  described  in  detail  elsewhere[4]. 


In  Fig.  4a,  the  axial  stress  in  the  fibre  derived  from  Eq.  (3),  as  a  function  of  the  position 
across  the  wire  direction  for  the  OjAVs/Oi  specimen  is  given  tor  activation  temperatures  of 
100  '’C  and  in  Fig.  4b  and  c  for  the  O1AV5/O1  for  two  activation  temperatures  of  80  and  100 
°C  respectively. 
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Figure  4:  The  transmitted  fibre  stress  data,  as  derived  from  Eq.  (3),  (a)  for  the  O1AV3/O1  specimen  at  100  °C,  for 
the  O1/W5/O1  specimen  at  (b)  80  ‘’C  and  (c)  100  °C  levels  of  activation 


At  temperatures  below  80  oC  for  the  O1AV3/O1  specimen  and  6O0C  for  the  O1AV5/O1 
specimen  the  transmitted  stresses  to  the  fibres  were  too  low  to  be  quantified  by  the  stress 
sensitive  1648  cm"’  Raman  band  and  therefore  these  results  are  not  presented  here.  As  can  be 
seen  in  Fig.  4a,  the  transmitted  compressive  stresses  in  most  fibres  are  of  average  90  MPa  and 
around  100  MPa  near  the  wire  position.  These  values  correspond  to  an  SMA  wire  volume 
fraction  of  1 .0%  (three  wires)  and  the  higher  level  of  SMA  wire  activation.  By  increasing  the 
SMA  wire  volume  fraction  to  2.6%  (five  wires)  the  average  compressive  stresses  increase  to 
150  MPa  and  around  200  MPa  near  the  wire  position,  as  is  shown  in  Fig.  4c. 

The  comparison  of  Figs.  4a  and  c  reveals  the  differences  between  the  transmitted  stress 
distribution  across  the  wire  direction  as  the  SMA  volume  fraction  increases  from  1%  to  2.6%. 
In  the  case  of  O1AV3/O1  specimen,  the  peaks  of  the  stresses  appear  in  the  vicinity  of  the  wires, 
while  in  the  case  of  the  higher  volume  fraction  specimen  the  high  stress  peaks  are  located  in 
the  middle  of  the  inter-wire  distance.  This  result  can  be  attributed  to  the  wire-wire  interaction 
as  the  inter-wire  distance  is  reduced,  by  increasing  the  SMA  wire  volume  fraction;  in  the 
mid-wire  distance,  the  overall  compressive  field  is  produced  by  the  overlapping  of  the  two 
compressive  fields  generated  by  the  two  subsequent  wires. 

In  Figs  b  and  c  is  shown  that  the  increase  of  temperature  from  80  °C  to  100  for  the 
O1AV5/O1  specimen  does  lead  to  an  increase  of  stresses  transmitted  to  the  fibres  due  perhaps 
to  a  possible  softening  of  the  host  matrix  at  that  temperature.  It  should  be  noted  that  the 
scatter  of  the  stress  data  that  can  be  observed  in  these  figures  could  be  attributed  to  the  fibre 
location,  orientation,  diameter  variability  and  to  the  accuracy  of  measurements.  A  method 
based  on  FFT  has  been  proposed  and  applied  successfully  for  filtering  the  experimental  noise 
[5]. 

Finally,  in  Figs.  5a  and  b  the  temperature  as  a  function  of  the  position  across  the  wire 
direction  for  both  specimens  is  given  for  activation  temperature  of  100  ^C.  The  corresponding 
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fibre  temperature  distributions  have  their  maximum  values  near  the  wires,  which  is  not 
unexpected  bearing  in  mind  the  low  thermal  conductivity  of  the  epoxy  matrix.  The  values  of 
temperature  increase  from  the  edge  of  the  specimen,  where  the  material  is  contact  with  the 
environment  and  reach  their  maximum  value  at  the  mid-width  position.  The  observed  scatter 
is  attributed  to  the  reasons  mentioned  earlier.  Point  temperature  measurements  obtained  via 
thermocouples  are  also  shown  in  Fig.  5  for  comparison  with  those  obtained  via  laser  Raman 
spectroscopy  at  the  corresponding  points. 


Position/  pm 


Position/  pm 


Figure  5:  The  fibre  temperature  data,  as  derived  from  Eq.  (4),  (a)  for  the  O1AV3/O1  specimen  at  100  ‘’C  and  (b) 
for  the  O1AV5/O1  specimen  at  100  *’C  levels  of  activation.  In  (a)  the  open  squares  and  the  thin  horizontal  line  in 
(b)  correspond  to  thermocouple  temperature. 


5.  CONCLUSIONS 

SMA  composite  specimens  consisting  of  pre-strained  martensitic  NiTiCu  wires  and  Kevlar 
29/LTM217  epoxy  prepregs  wee  fabricated  by  autoclave  curing.  The  geometry  of  the 
specimens  was  carefully  selected  to  prevent  the  buckling  failure  during  the  activation  of  the 
SMA  wires.  The  stress  state  of  SMA  composite  specimens  of  different  SMA  wire  volume 
fraction  and  at  different  levels  of  activation  was  examined  via  the  technique  of  laser  Raman 
spectroscopy.  By  increasing  the  SMA  wire  volume  fraction,  the  stresses  transferred  to  kevlar 
fibres  also  increase  as  expected,  but  after  a  critical  inter-wire  distance  the  wire-wire 
interaction  alters  the  stress  profile  of  the  specimen.  Finally,  recovery  stresses  in  the  fibres 
seem  to  saturate  by  increasing  the  level  of  wire  activation  for  constant  SMA  wire  volume 
fraction. 
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1.  SUMMARY 

A  hemivariational  inequality  approach  is  herein  proposed  for  the  calculation  of  the  bearing 
resistance  of  aluminum  riveted  joints.  Taking  into  account  nonlinear  effects  and  describing  the 
resistance  in  bearing  strength  by  means  of  a  nonmonotone  multivalued  reaction-displacement 
law  obtained  by  experimental  testing,  the  problem  is  formulated  as  a  hemivariational 
inequality  one.  The  latter  is  equivalent  to  a  substationarity  problem  of  the  potential  energy  of 
the  aluminium  joint  at  hand.  This  problem  can  be  effectively  treated  numerically  by  applying 
an  appropriately  chosen  nonsmooth  nonconvex  optimization  algorithm.  In  the  last  part  of  the 
paper,  the  results  of  a  numerical  application  are  compared  to  those  of  an  experimental  testing 
program  that  has  been  performed  at  the  laboratory  to  investigate  the  resistance  of  aluminium 
riveted  joints. 

2.  INTRODUCTION 

The  various  structural  components  in  aluminium  structures  are  assembled  and  connected  each 
other  by  means  of  a  variety  of  fasteners.  The  respective  connections  are  characterized  as 
bolted,  welded,  riveted  and  adhesive  ones.  Among  them,  riveted  connections  exhibit  a  lot  of 
advantages,  as  are  e.g.  the  easy  assemblage,  the  repairing  and  the  replacing  of  damaged 
components.  Classic  methods  for  the  analysis  of  these  joints  assume  that  the  contact  between 
the  adjacent  elements  of  the  connection  is  complete.  The  consequence  of  this  assumption  is 
that  the  compression  forces  are  undertaken  by  the  connected  plates,  whereas  the  tension  ones 
by  the  rivets  [1,2].  In  the  case  that  the  loading  leads  to  the  development  of  moments,  shear 
and  tension  forces,  one  of  the  main  reasons  for  the  failure  of  the  joint  is  the  loss  of  the 
resistance  in  bearing  strength.  Specifically,  the  phenomenon  of  concentration  of  stresses 
around  the  holes  of  the  rivets  appears,  introducing  nonlinear  effects  that  in  turn  lead  to 
bearing  strength  failure.  Thus,  the  part  of  the  joint  around  the  hole  usually  becomes  the 
weakest  part  of  the  structure.  To  overcome  this  weak  point,  many  experimental,  theoretical 
and  numerical  methods  for  the  investigation  of  the  behaviour  of  these  joints  have  been 
applied.  An  effective  methodology  to  take  into  consideration  these  nonlinear  effects  is  to 
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simulate  the  aluminium  connections  by  means  of  the  Finite  Element  Method  in  combination 
to  the  principles  of  Nonsmooth  Mechanics  [3]. 

Nonlinear  effects  result  from  the  nonlinear  material  properties  of  aluminum  and  the  fact  that 
in  the  area  of  the  rivets,  unilateral  contact  conditions  develop  active  contact  and  separation 
areas  between  the  contact  fronts  of  the  connection  plates.  The  contact  and  separation  effects 
can  be  described  by  means  of  the  unilateral  contact  law  of  Signorini-Fichera  [3].  From  a 
mathematical  point  of  view,  these  phenomena  introduce  a  Boundary  Value  Problem  that  leads 
to  Variational  Inequality  Problems  or  equivalently  to  Quadratic  Optimization  Problems  [3]. 
The  resistance  in  bearing  strength  of  the  rivet  can  be  described  by  a  nonmonotone  multivalued 
reaction-displacement  law  as  the  result  of  the  concentration  of  the  stresses  around  the  hole. 
The  vertical  branch  in  the  diagram  corresponds  to  the  abrupt  loss  of  the  bearing  strength. 
Within  this  framework,  the  formulation  of  the  problem  is  obtained  by  means  of  a  variational- 
hemivariational  inequality.  The  theory  of  hemivariational  inequalities  or  “Panagiotopoulos 
inequalities”  leads  to  a  substationarity  problem  of  the  potential  or  complementary  energy  of 
the  structure  that  expresses  the  principle  of  minimum  potential  energy  of  the  connection  at 
the  state  of  equilibrium.  The  solutions  of  this  problem  are  the  so-called  substationarity  points 
that  represent  equilibrium  positions  of  the  joint  and  can  be  derived  from  the  inclusion  of  3/7, 
where  TJ  is  the  potential  or  complementary  energy  and  3  denotes  the  generalized  gradient  [3]. 
Substationarity  points  include  local  minima,  local  maxima  and  saddle  points.  In  the  present 
paper,  we  investigate  the  behaviour  of  riveted  joints  by  taking  into  account  the  effect  of 
bearing  strength  failure  and  nonlinear  effects  such  as  plasticity  and  interface  interaction  by 
means  of  a  three-dimensional  model  pre-defining  active,  nonactive  and  sliding  regions.  It  is 
obvious  that  the  proposed  model  describes  the  behaviour  of  the  joint  in  the  most  detailed  way 
and  the  respective  numerical  applications  give  reliable  results  leading  to  new  improved 
principles  in  the  design  of  safe  aluminium  structures.  The  above  mentioned  substationarity 
problem  can  be  solved  with  an  appropriately  chosen  nonsmooth  nonconvex  optimization 
procedure  capable  to  handle  superpotentials  and  it  converges  to  a  substationarity  solution.  For 
the  solution  of  the  problem,  the  so-called  NSOLIB  program  based  on  the  Proximal  Bundle 
Method  has  been  used.  The  proximal  bundle  method  proceeds  to  a  polyhedral  approximation 
of  the  objective  function  with  the  cutting-plane  method  and  additionally,  it  uses  a  weighting 
parameter  to  consider  a  quadratic  stabilization  term  in  the  polyhedral  approximation  of  the 
objective  function,  succeeding  to  collect  second  order  information  in  order  to  obtain  the 
curvature  of  the  function.  The  bundle  contains  information  about  the  subgradients  of  past 
iterations  and  is  used  for  the  calculation  of  a  search  direction.  Line  search  is  performed  upon 
the  search  direction  in  order,  either  to  converge  to  a  new  optimal  point  or  to  update  the  bundle 
of  subgradients. 

3.  FORMULATION  OF  THE  DISCRETE  PROBLEM 

The  aluminium  connection  under  investigation  consists  of  two  flanges  interconnected  by  one 
bolt  in  a  global  orthogonal  Cartesian  coordinate  system  OX1X2X3  of  Having  as  scope  to 
extend  this  modelling  into  n  bolts  we  assume  that  the  behaviour  of  the  flanges  is  elastoplastic, 
this  of  the  rivet  linear  elastic,  whereas  the  resistance  in  bearing  strength  of  the  rivets  exhibits  a 
nonmonotone  reaction-displacement  law.  We  denote  by  Pi ,  Pk  the  load  vectors  applied  on  the 
nodes  of  the  free  boundary  Ty  of  each  flange  and  Tsu,  Fsbu,  Fsi,  Fsbi  the  opposite  fronts  of  the 
interfaces  between  the  upper  flange  and  the  rivet  and  between  the  lower  flange  and  the  rivet 
respectively  (Fig.  1).  The  unknown  forces  developed  on  Tju,  and  Fsbu  or  on  Fsbi)  Fsi,  form  the 

vectors  P  and  ~P  respectively. 
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Figure  1.  The  discretized  riveted  connection. 

Thus  for  the  upper,  lower  flange  and  the  rivet  of  the  joint,  we  have  respectively  the  following 
total  load  vectors: 


Let  us  now  assume  that  the  parts  of  the  joint  that  are  in  sticking  or  in  slipping  contact  are 
respectively  a  priori  known.  The  resistance  in  bearing  strength  is  described  by  means  of  a 
relation  between  the  forces  that  are  developed  on  the  interfaces  of  the  rivet  with  the  flanges 
and  the  relative  displacement  of  the  opposite  interfaces  of  the  lower  and  upper  flange  with  the 
rivet,  written  in  the  form: 

-Vj^d(pj{[uj])  (2) 


where  <pf.  ^  R  is  a  locally  Lipschitz  function.  Within  an  elastoplastic  analysis  framework, 
the  equilibrium  equations,  the  compatibility  relations  and  the  constitutive  equations  hold. 
Following  the  methodology  proposed  in  [3],  the  following  discrete  problem  is  formulated: 

Find  U/,  u„,  U/„  g  X  such  as  to  satisfy  the  following  hemivariational  or  “Panagiotopoulos” 
inequality: 


k 

s[e,(u'-u)+sX(u'-u)+s[e,,(u'-u)  +  ^(^;([uJ,[u']-[u^.])-F,’'(A;-A,) 


f;:(a:-aj>p,^(u;-u,)+p:(u:-u„)  vu-gx,  u*={u;,u:,u; 


(3) 


where  m=M,  I  denotes  the  upper  and  lower  flange  of  the  connection  and  X  the  set  of 
kinematically  admissible  variations.  In  the  above  relations  for  each  flange  we  denote  by 
the  natural  flexibility  matrix,  the  total  strain  vector,  s,„  the  stress  vector,  e^,,,  the  elastic 
strain,  tp,n  the  plastic  strain,  the  plastic  multipliers  vector,  the  yield  functions,  H,„  the 
workhardening  matrix,  N,„  the  matrix  of  gradients  of  yield  functions  with  respect  to  the 
stresses  and  R,„  the  vector  of  positive  constants,  whereas  for  the  rivet  Fq/,  is  the  natural 
flexibility  matrix,  C/,  the  strain  vector  and  S/,  the  stress  vector. 


Taking  into  account  that  K  =  GF“'G^  is  the  stiffness  matrix  of  each  component  of  the 
connection,  the  previous  hemivariational  inequality  (3)  expresses  the  principle  of  virtual  work 
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in  inequality  form.  The  potential  energy  of  the  riveted  aluminium  structure  has  the  form: 


VA„A„>0  (4) 

and  the  equivalent  substationarity  problem  reads: 

Find  u  eX  such  that  the  potential  energy  of  the  structure  n(u,X)  is  substationarity  in  v=u 
where  v  g  X. 

A  finite  element  analysis  is  next  used  for  the  modeling  of  the  aluminium  connection  at  hand. 
Due  to  the  uniform  external  loading  applied  at  the  edges  of  the  flanges  causing  bearing 
strength  failure  and  the  symmetry  in  the  geometry  of  the  connection,  we  start  studying  the 
single-bolted  area  of  Fig.l.  The  area  consists  of  an  upper  and  lower  flange  and  a  bolt.  We 
construct  a  finite  element  model  for  the  single-riveted  area  and  in  order  to  describe  the 
nonlinear  behaviour  of  the  components,  an  elastoplastic  analysis  is  applied  under  the 
assumption  of  small  strains  [1].  A  compalsion  is  applied  at  the  edges  Fy  of  the  flanges 
through  a  sequence  of  displacements  simulating  the  action  of  shear  forces  that  lead  to  bearing 
strength  failure.  The  contact  area  between  the  rivet  and  the  flanges  intoduces  an  inequality 
constraint  problem  along  the  boundary  which  is  divided  into  three  nonoverlapping  parts.  For 
the  first  part  of  the  boundary  an  area  of  complete  contact  between  the  adjactent  nodes  of  the 
rivet  and  the  flanges  is  simulated.  For  the  second  part  we  simulate  slip  conditions  and  finally, 
for  the  third  part  we  assume  that  free  boundary  conditions  hold.  Friction  only  slighty  affects 
the  model  and  therefore,  is  not  taken  into  consideration.  In  order  to  apply  the  mathematical 
formulation  for  the  discretized  problem,  the  overall  behaviour  of  the  aluminium  connection 
can  be  described  by  means  of  a  reaction-displacement  law. 

The  reactions  along  the  degrees  of  freedom  of  the  elements  may  be  written  as:  AR'  ~  K^du’ 


Figure  2.  Nonlinear  reaction-displacement  diagram  for  the  single  bolt  connection, 
where  K  V  is  the  tangential  stiffness  matrix  in  the  form  K  V  =  K  +  K  consisting  of  the 
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linear  and  nonlinear  matrices  and  K'yv/,  where  and 

n 

where  B'^/^  B^^r/  are  the  strain-displacement  matrices  and  C,  Qp  are 
n 

the  elastic  and  elastoplastic  matrix. 

Therefore,  the  total  reaction  at  the  end  of  increment  i  for  the  nodes  of  the  body  O  will  be 
given  from  the  following  relation  R.  =  j dii' AR‘ dCl . 

n 

Applying  this  method  for  a  work-hardening  material  law,  we  obtain  an  overall  reaction- 
displacement  diagram  as  shown  in  Fig.  2.  The  slope  of  the  curve  for  the  first  elastic 
increments  remains  constant  Ej.  Once  the  model  enters  in  the  subsequent  steps,  the  tangential 
matrix  is  updated  producing  the  different  slopes  E2,  E3,...,En. 


« 

Bolts 


Figure  3.  Ground  plan  of  a  riveted  aluminium  connection. 

This  way,  for  the  multi-riveted  aluminium  connection  (Fig,3),  the  initial  matrix  of  the 
multi-bolted  structure  is  assembled  into  the  form: 


K 


b,\\ 


K 


/j,2l 


Km 


*^h,22 


K, 


h.n2 


Km 

Km 


KL, 


(5) 


where  n  is  the  number  of  rivets.  The  diagonal  terms  which  express  the  equivalent  stiffness  of 
each  single  rivet  model  are  already  known  from  the  previously  calculated  reaction- 
displacement  law.  Indeed,  for  the  elastic  slope  denoted  by  E,  we  obtain  the  following  relation: 

Kii=K  ^  =  (6) 

The  non-diagonal  terms  can  be  calculated  from  the  interaction  of  each  bolt  with  the  others. 
Therefore,  we  assume  a  matrix  of  correlation  factors  where  ij  ~  l,2,...,n,  having  the 
following  form: 


75 


^6,11  '^b,\2 

'^b,2\  '^b,22 

'^b,n\  ^b,n2 

The  relation  between  the  stiffness  terms  Kb,ij  and  the  correlation  factors  is  given  by  the 
relation  K^jt  where  A,;^=1.0  for  /=l,2,...,n.  The  non-diagonal  correlation  factors 

ij »  ^^7  calculated  applying  unit  relative  displacements  along  the  Xi  direction  at  the  top 

and  bottom  surface  of  one  rivet  and  restraining  the  remaining  relative  displacements  of  the 
considered  and  the  other  rivets.  The  reactions  that  develope  in  each  rivet  «=!,.. .,n, 
determine  the  correlation  factors  from  the  relation  ^  .  Applying  on  the  boundary 

nodes  of  Ty  external  forces  along  the  X  direction,  the  reactions  that  are  developed  at  the  nodes 
of  the  rivets  constitute  the  load  vector  P: 

p"=K  Ki  - 

Thus,  the  previously  formulated  substationarity  problem  is  transformed  into  the  equivalent 
substationarity  problem  of  finding  u  g  X  such  that  the  potential  energy  of  the  structure  77(u,7.) 
is  substationarity  in  v=u,  where  v  e  X  where: 

y7(u,  \)  =  ^ uK^u  -  P\  +  iij)  j  ([«^])  (9) 

77  is  the  potential  energy  that  the  aluminium  joint  absorbs.  An  iterative  optimization 
procedure  assuming  that  a  nonmonotone  law  holds  for  the  resistance  in  bearing  strength  of  the 
rivets  is  in  the  sequel  proposed.  The  method  converges  to  a  solution  of  a  displacement  field 
that  expresses  a  position  of  equilibrium  of  the  riveted  aluminium  connection. 

4.  NUMERICAL  APPLICATION 

The  method  proposed  in  the  previous  section  is  used  to  analyze  a  riveted  aluminium 
connection.  In  particular,  the  connection  between  two  aluminum  plates  shown  in  Fig.4  is 
considered.  A  nonmononotone  behaviour  of  the  resistance  in  bearing  strength  of  the  rivets  is 
assumed  to  hold.  The  bearing  resistance  is  calculated  based  on  the  geometry  of  the  connection 
according  to  Eurocode  9, 


Figure  4,  The  riveted  aluminum  connection  under  numerical  and  experimental  investigation. 
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The  connection  consists  of  6  rivets  with  diameter  4  mm.  The  thickness  of  each  plate  is  1  mm. 
The  aluminium  is  considered  to  have  yield  stress  1 10  N/mm^  and  ultimate  stress  138  N/mm^. 
The  connection  is  simulated  by  means  of  a  three-dimensional  finite  element  model  using  6- 
node  solid  prismatic  elements  with  3  degrees  of  freedom  at  each  node. 
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Figure  5.  Geometrical  data  of  the  aluminium  riveted  connection. 


Figure  6.  Experimental  results  ~  Yield  lines 

The  external  loading  is  applied  along  the  direction  of  the  Xj  axis  at  the  free  edge  of  the  plates 
on  the  plain  X2,  X3.  The  overall  reaction-displacement  diagrams  for  the  aluminium  connection 
is  obtained  by  the  single  bolted  model  through  an  elastoplastic  analysis  of  12  increments  at 
each  fixed  edge  of  the  flanges.  Applying  the  optimization  program  NSOLIB,  the  resistance  in 
bearing  strength  for  each  rivet  is  next  calculated  in  a  reliable  way  and  seem  to  be  in  good 
accordance  to  the  experimental  ones.  In  Fig.6  the  picture  the  typical  development  of  yield 
lines  appeared  on  the  aluminum  plates  during  the  final  stages  of  the  test  are  depicted.  The 
class  of  rivets,  the  flanges  thickness  and  the  number  of  rivets  do  have  significant  influence  on 
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the  resistance  in  bearing  strength  of  this  type  of  aluminium  connections.  Having  this  in  mind 
and  in  order  to  obtain  safe  results  a  large  relevant  numerical  and  experimental  research 
activity  is  under  performance  at  the  Laboratory  of  the  Institute  of  Steel  Structures  at  the 
Department  of  Civil  Engineering,  A.U.Th. 
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1.  SUMMARY 

The  behaviour  of  “convex  energy”  structural  systems  under  stochastic  loading  is  herein 
investigated.  The  loading  is  assumed  to  be  a  second-order  stochastic  process  applied  on  a 
structure  with  unilateral  contact  boundary  conditions.  The  problem  is  formulated  as  a 
stochastic  variational  problem  where  the  stochastic  parameter  of  the  loading  has  been  taken 
into  account  by  using  a  second-order  perturbation  method. 

2.  INTRODUCTION 

The  stochastic  behaviour  of  structural  elements  with  unilateral  response  is  a  field  that  has 
recently  attracted  the  interest  of  a  plethora  of  researchers.  Until  now,  such  problems  have 
been  studied  by  means  of  the  Monte  Carlo  methods  [1],  whereas  analytical  solutions  have  not 
been  obtained  mainly  due  to  the  high  complexity  of  both  the  stochastic  nature  of  the  actions 
and  the  highly  non-linear  unilateral  behaviour  of  the  respective  structural  systems  (e.g.  steel 
bolted  connections).  Within  a  Nonsmooth  Mechanics  framework  the  unilateral  contact 
problems  of  monotone  nature  can  be  formulated  as  constrained  minimization  problems  of  the 
potential  or  complementary  energy  of  the  structures  [2]  and  are  numerically  treated  by  means 
of  efficient  convex  optimisation  algorithms  [3].  As  a  matter  of  fact,  for  this  class  of  problems 
the  response  has  to  be  treated  with  utmost  care  because  explicit  and  conditionally  stable 
integration  algorithms  cannot  be  employed.  This  highly  non-linear  behaviour  coupled  with 
the  stochastic  nature  of  the  actions  has  to  be  taken  into  account  in  the  analysis  procedures  in 
order  to  successfully  achieve  the  respective  process  of  the  stochastic  structural  response. 

In  recent  years,  several  methods  of  stochastic  analysis  have  been  developed  for  structural 
systems  with  uncertain  parameters,  including  the  direct  Monte  Carlo  method,  the  Monte 
Carlo  simulation  with  Neumann  expansion,  the  Taylor  series  and  the  perturbation  techniques 
[4].  The  latter,  due  to  the  fact  that  they  are  probably  the  most  well  known  effective  methods 
for  general  non-linear  problems  [5]  have  been  widely  used  in  the  field  of  stochastic 
mechanics  to  estimate  the  response  statistics,  primarily  due  to  their  analytical  tractability  and 
the  computational  time-saving  advantages.  In  the  present  paper  with  respect  to  a  linear  elastic 
body  the  continuous  problem  is  first  formulated  as  a  variational  equality  problem  expressing 
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the  principle  of  the  virtual  work  at  the  state  of  equilibrium.  Combining  the  second-order 
perturbation  method  with  the  potential  energy  equilibrium  principle,  the  problem  is  expressed 
by  a  deterministic  system  of  zeroth,  first  and  second  order  equations  from  which  we  obtain 
the  first  two  statistic  moments  for  the  displacements.  The  zeroth  order  variational  equality  of 
the  problem  leads  to  a  variational  inequality  that  is  due  to  the  unilateral  contact  conditions. 

A  recent  development  is  the  application  of  the  perturbation  method  incorporated  with  both 
the  FEM  and  the  stochastic  field  theory  [6].  In  the  present  paper  the  discrete  problem  is 
accomplished  by  coupling  the  stochastic  perturbation  method  with  the  finite  element  method. 
The  second  order  version  of  the  perturbation  technique  is  used,  since  it  is  computationally 
feasible,  even  for  large  structural  systems.  Specifically,  discretizing  the  previously  mentioned 
system  of  variational  equalities  and  solving  a  quadratic  optimization  problem  for  the  zeroth 
order  equation  and  linear  systems  for  the  first  and  second  order  equations,  the  two  first 
statistical  moments  for  the  displacements  can  be  evaluated.  It  is  important  to  point  out  that 
conventional  methods  applied  to  the  investigation  of  such  problems  may  lead  to  erroneous 
results.  For  this  reason  in  the  present  paper  an  appropriately  modified  F.E.  model  is  employed 
for  a  more  realistic  description  of  the  effect  of  the  stochastic  actions  joined  with  the  unilateral 
contact  elements.  To  conclude  with,  it  could  be  mentioned  that  the  aim  of  the  present  paper 
aims  to  integrate  in  a  unified  effective  framework  the  two  main  aspects  introduced  above. 

3.  FORMULATION  OF  THE  STOCHASTIC  VARIATIONAL  PROBLEM 

In  the  orthogonal  Cartesian  system  (0,X],X2,X3),  a  deformable  elastic  body  Q  with  boundary  F 
is  first  considered  (Fig.  1).  The  total  boundary  is  made  up  of  three  non-overlapping  parts 
denoted  by  Fu,  Fp,  Fs.  On  Fy  the  displacements  have  the  given  values  Ui.  On  Fp  the  surface 
forces  have  the  given  values  Fj.  On  Fs,  unilateral  contact  boundary  conditions  hold  [2,3]. 

Fi 


Figure  1 :  Boundary  conditions  on  an  elastic  body  Q. 


Assuming  that  the  unilateral  contact  is  frictionless  and  defining  the  positive  normal  direction 
inwards  the  boundary,  the  unilateral  contact  boundary  conditions  can  be  expressed  in  the 
following  form:  -S^djN(uA/)  where  J/^  is  a  proper,  convex,  lower  semi-continuous  function, 
djN  is  the  sub-differential  ofjW,  and  ujv  and  Sjv  are  respectively  the  normal  (with  respect  to  the 
boundary)  displacements  and  the  reaction  forces  on  Fs.  Under  the  assumption  of  small  strains 
and  displacements,  the  boundary  stochastic  value  problem  under  consideration  consists  of  the 
equation  of  equilibrium,  the  compatibility  relations,  the  constitutive  relations  and  the 
boundary  conditions  holding  on  Fs.  We  define  a  field  U*  of  strains  and  displacements  £*ij,  u*i 
to  be  kinematically  admissible  if  it  satisfies  the  compatibility  relations,  the  kinematical 
boundary  conditions  on  Fy,  and  the  kinematical  conditions  imposed  by  the  boundary 
conditions  on  Fs.  Volume  forces  are  denoted  by  pi,  whereas  actual  strains  and  displacements 
at  the  position  of  equilibrium  are  denoted  by  Ey  and  Ui  respectively.  The  differences 
6£ij=e  ij-£ij  and  5ui=u’'i-Ui  represent  the  kinematically  admissible  variations.  Moreover,  g* ij 
denotes  the  stress  field  obtained  from  £*ij  by  means  of  the  elasticity  law.  The  stochastic 
potential  energy  principle  can  be  expressed  as  a  generalization  of  the  principle  of  minimum 
potential  energy  for  the  inclusion  of  the  stochastic  effects.  As  it  is  well-known,  the  expression 
of  the  principle  of  minimum  potential  energy  can  be  written  in  the  following  form: 
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J (T *•  (e *•  - £ij )dn  =  j Pi {n-  -Ui)dQ+  jSf, (ul  - h^.  )^ + 1 {u-  - «, )^/^  Vm *  eU* 

ii  u  0  r,. 

The  basic  idea  of  the  second  order  moment  analysis  involves  the  expansion  of  all  the  random 
functions  about  the  averages  of  the  random  field  r  =  via  Taylor  series  and 

retaining  up  to  the  second  order  terms.  In  this  formulation  the  random  field  {b\x)}  represents 
the  probabilistic  nature  of  the  random  loads.  The  following  notation  is  introduced: 

+M 

b',=E[h']=lb'i>„{b')dl/  (2) 


/"W  f{x,b„l  f  f 

db'  =eAb'  =e(b' -b') 

K,{b\b’)=  Cov{b',b‘)=]] {b' -b'lb’ -b‘)p„(b',b')db'  db- 


(3) 

(4) 

(5) 


where  y(x)  is  a  given  function,  p^ib’,  b^)  a  joint  probability  density  function,  and  0  is  a  small 
enough  parameter.  For  the  random  functions  the  expansion  is  done  by  means  of  a  second 
order  perturbation  about  the  mean  b'o  for  the  given  small  value  0.  With  respect  to  the 
displacement  field,  the  second  order  expansion  may  be  written  in  the  following  form: 
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«,  fb(x)l  x]  =  M,  [b„ ,  x]+ 0  X  ^  + 
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_y  y 
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Ab'Ab' 


(6) 


Similarly  we  can  expand  all  the  random  functions  about  the  mean  value  of  the  random  field. 
Substituting  the  expanded  function  (6)  into  the  variational  equilibrium  equation  (1)  and 
separating  terms  of  equal  order  terms  to  0,  we  obtain  the  zeroth,  first  and  second  order 
equations. 


Zeroth  order  (0^^  terms) 

In  the  zeroth  order,  all  the  functions  with  superscript  are  deterministic  functions,  i.e. 
evaluated  at  the  average  .  The  equation  may  be  written  as  follows: 


-Ef)da=\  -«"V/£i+ -wrK  v»;  €  v  (2) 

11  n  r,  n 

This  equation  is  the  standard  deterministic  variational  statement,  and  the  usual  convex 
variational  approach  can  be  employed  directly.  Variational  equality  (7),  taking  into  account 
the  inequality  that  describes  the  virtual  work  of  the  unilateral  contact  reactions: 

Tv 

yields  the  following  variational  inequality: 

jay (cy  -£y  )dQ-j p,- (h ^  -  j (w^  “ )^/r  +  ^  ^ 


It  has  been  proven  in  [2]  that  variational  inequality  (9)  yields  the  equations  of  equilibrium 
and  the  boundary  conditions  on  Ts  and  Tp.  Thus,  it  completely  characterizes  the  position  of 
equilibrium.  It  has  been  proven  that  any  solution  of  the  above  variational  inequality  problem 
minimizes  over  the  set  U*,  at  the  position  of  equilibrium,  the  following  potential  energy  of  ^2: 

n  =  J dCi p,h"  - 1 rfr  + 1 Kiu%  )dr  ^u]eu’  0 O) 

a  a  r,  O 

A  dual  approach  with  respect  to  stresses  and  forces  can  be  also  equivalently  applied.  The 
variational  inequality  problem  expressing  the  principle  of  complementary  work  in  its 
inequality  form  can  be  then  formulated  giving  equivalently  rise  to  a  minimization  problem  of 
the  complementary  energy  of  the  body  Q  [2]. 
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First  order  (0^  terms) 

The  first  order  equation  can  be  similarly  obtained  by  grouping  the  first  order  terms  with 
respect  to  0: 

l5u„c,j,uZda=ls''8u,  dr+jFr5u,dr  (ii) 


Using  the  chain  rule  we  can  express  the  first  derivative  of  the  reaction  force  in  the  unilateral 
boundary  Fs  by  the  first  variation  of  the  displacement: 


^  db'  3m jv  db'  3m jv 


(12) 


Substituting  equation  (12)  into  (11),  the  first  order  equation  can  be  written  with  respect  to  the 
first  order  derivative  as  follows: 

(13) 


,idn={^u';;su„dr+  \F''Su,dr 
r.ow/v  r. 


Equation  (13)  yields  a  variational  equation  where  the  only  unknown  is  the  first  derivative  of 
the  displacement  field. 


Second  order  (0^  terms) 

Multiplying  the  joint  probability  density  function  by  the  second  order  terms  and  integrating 
over  the  domain  of  the  random  field  {/^'^(x)},  one  can  obtain  the  second  order  equation: 

K,{b',b’)dn  =ls'"5u^  K,{b\b’)dr+jF;'‘Su,  K,{b',b’)dr  (14) 

n  r,.  Pf 

Using  again  the  chain  rule  we  can  express  the  second  derivative  of  the  reaction  force  in  the 
unilateral  boundary  Fs,  by  the  first  variation,  that  has  been  evaluated  in  the  first  order 
equation,  and  the  second  derivative  of  the  displacement.  Using  the  chain  rule  into  (14),  the 
second  order  equation  can  be  written  with  respect  to  the  second  order  derivative  as  follows: 

+  jF;'‘5uiK^{b',y)dr 

Similarly  to  the  first  order,  (15)  yields  a  variational  equation  where  the  only  unknown  is  the 
second  derivative  of  the  displacement  field. 


f PX 

i\  K  [sb'j 
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du  “ 
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5ui^  K2{b' ,b')dr- 


(15) 


Solving  the  zeroth,  first  and  second  order  variational  equations,  the  probability  distributions 
of  the  displacements,  respectively  the  expected  value  and  the  covariance,  can  be  calculated 
by  the  following  expressions: 

n[u]  =  u° +^u"Ki{b',b‘)  (16) 

K2{u,,Uj)=  E[(«j -uf  \uj  -w“)J=Cov(M,,«y)=«,"«7*'2(3'.6‘)  (17) 

With  the  proposed  theoretical  approach,  one  retains  up  to  the  second  order  terms  of  the 
Taylor  series.  Since  the  complete  knowledge  of  the  probabilistic  structure  of  the  random 
response  is  in  practice  not  possible  to  be  obtained,  the  herein  applied  perturbation  method 
provides  us  the  most  important  statistical  moments  of  the  response.  Assuming  that  the 
variance  of  the  random  loads  is  not  very  large,  when  compared  with  their  mean  value,  the 
developed  method  may  produce  very  satisfactory  results. 


4.  FORMULATION  OF  THE  STOCHASTIC  DISCRETE  PROBLEM 


In  this  section  the  computational  implementation  of  the  stochastic  finite  element  method  is 
presented.  This  is  based  on  the  spatial  discretization  of  the  sequence  of  variational 
expressions  (10),  (13),  (15)  presented  in  the  previous  section.  The  zeroth,  first  and  second 
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order  variational  equations  of  the  stochastic  unilateral  problem  can  be  now  written  in  the 
following  discrete  forms: 


Zeroth  order  (0  terms) 

The  problem  is  discretized  by  means  of  an  appropriately  chosen  finite  element  scheme  (cf. 
e.g.  Fig.  2).  The  detachment  conditions  holding  on  the  unilateral  contact  boundary 
(simulating  the  possibility  of  partial  separation  of  the  adjacent  nodes)  can  be  mathematically 
described  by  the  following  law  obtained  by  assembling  in  matrix  terms  the  unilateral 
conditions  for  all  the  n  points  of  the  boundary  Fs: 

ul>0  Sl>d  u«;s”=o  (18) 

Relations  (19)  give  rise  to  a  Linear  Complementarity  Problem  (LCP)  that  completely 
describes  mathematically  the  development  of  the  detachment  phenomena  along  the  unilateral 
contact  boundary.  The  minimum  of  the  potential  energy  function  (10)  can  be  written  in  the 
following  discrete  form: 


where  A  is  an  appropriately  chosen  matrix,  d  a  vector  which  defines  the  unilateral  contact 
conditions  holding  on  the  discretized  boundary  Fs,  and  is  the  displacement  vector  for  the 
whole  discretized  structure  including  the  normal,  with  respect  to  the  boundary,  vector  u  V 


First  order  (0'  terms,  R  systems  of  equations) 

The  continuous  equation  (13)  can  be  written  in  a  discrete  form  as  follows: 

Ku"'  =  (20) 

where  K  is  the  stiffness  matrix.  The  vector  F''^  contains  both  the  first  order  derivatives  of  the 
displacement  and  the  first  order  derivative  of  the  applied  random  load: 


(21) 


In  relation  (22)  the  only  unknown  is  the  first  derivative  of  the  random  displacement  field. 
Indeed,  the  derivative  of  the  unilateral  reaction  Sat  is  obtained  from  the  boundary  condition 


law  and  F/'‘  is  given  for  the  problem  at  hand. 


Second  order  (0^  terms,  one  system  of  equation) 

Similarly  to  the  first  order  case,  equation  (15)  can  be  written  in  a  discrete  form  as  follows: 


Ku<-'=r"K, (&',&') 

(22) 

where  K2(i>^6*)  is  the  covariance  matrix  and 

1  .f=l  r^l 

(23) 

Once  the  solutions  of  the  above  equilibrium  equations  (19),  (20),  (22)  are  obtained  for  u'"" 
and  the  first  two  statistical  moments  for  the  displacements  can  be  evaluated.  Similarly  to 
the  continuous  approach,  the  random  discrete  displacement  field  can  be  calculated.  The 
second  order  accurate  displacements  expectations  and  the  first  order  estimate  of  the 
covariance  are  obtained  by  substituting  the  previous  expression  into  the  expected  value  and 
the  covariance  relation: 

k-2  (  w;  ,  Uj  )= X  Z  ) 

.v=l 


(25) 
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5.  ON  THE  NUMERICAL  TREATMENT 


The  previously  presented  method  can  be  applied  to  a  numerical  application  that  concerns  the 
stochastic  analysis  of  a  typical  “convex  energy”  structural  system,  i.e.  a  steel  column-base 
plate  connection  (under  stochastic  loading).  A  two-dimensional  finite  element  plane  stress 
model  can  be  constructed  for  the  analysis  of  the  stochastic  structural  behaviour  of  this 
column-base  plate  connection  (Fig.  2)  (for  details,  see  [3]). 


Figure  2:  On  the  numerical  application. 


The  connection  consists  of  an  RHS  120/200/10  steel  column,  which  is  connected  to  a 
concrete  block  by  means  of  a  steel  base  plate.  The  thickness  of  the  base  plate  is  assumed  20 
mm.  The  model  contains  all  the  essential  features  that  characterize  the  separation  problem: 
monotone  unilateral  contact  conditions  hold  along  the  interfaces  between  the  base  and  the 
plate.  The  third  dimension  of  the  connection  can  be  also  considered  by  assigning  different 
thickness  values  to  the  various  regions  of  the  FEM  mesh.  The  proposed  method  appears  to  be 
effective  even  for  the  numerical  treatment  of  problems  with  very  large  number  of  unknowns. 
We  underline  here  that  this  kind  of  MDOF  problems  cannot  be  numerically  treated  by 
applying  the  existing  standard  method  used  for  the  solution  of  the  stochastic  structural 
problems. 
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1.  SUMMARY 

This  paper  provides  informations  about  the  influence  of  the  fractality  of  interfaces  in  cracked 
structures  to  the  friction  mechanism.  For  that,  a  fractal  approach  based  on  self-affine  fractal 
curves  is  used  for  the  modeling  of  the  multiscale  topography  of  these  interfaces.  In  the  se¬ 
quence,  the  evolution  of  the  friction  mechanism  is  studied  in  structures  with  different  fractal 
interfaces  (structures  with  different  fractal  dimensions).  This  study  is  based  on  the  assumption 
that  the  friction  between  rough  surfaces  results  from  the  gradual  plastification  of  the  asperities. 
Finally,  interesting  results  with  respect  to  the  relation  between  the  fractal  dimension  and  the 
response  of  the  structures  near  the  interfaces  are  obtained. 

2.  INTRODUCTION 

Surface  topography  plays  an  important  role  in  contact  problems.  It  is  well  known  that  the 
topography  of  engineered  surfaces  and  interfaces  is  too  complex  to  be  described  by  few  param¬ 
eters.  It  has  been  shown  that  the  roughness  of  these  surfaces  has  multiscale  nature  and  needs 
new  advanced  mathematical  techniques  for  its  description. 

Fractal  geometry  provides  both  a  general  description  and  a  mathematical  model  for  com¬ 
plex  forms  found  in  nature.  This  fact  makes  fractal  geometry  central  to  various  fields  of  science 
such  as  physics,  biology,  geology  and  material  science.  In  applied  mechanics  the  property  of 
fractality  appears  very  often.  For  instance  the  cracks  and  interfaces  in  rocks,  in  composite  ma¬ 
terials,  in  concrete  and  masonry  structures  are  of  fractal  type.  Experimental  data  [1],  [2],  [3], 
[4]  verify  the  fractality  of  rough  surfaces  and  interfaces. 

Mandelbrot  first  introduced  the  term  “fractal”  in  [5].  According  to  his  definition  a  set 
T  C  is  a  fractal  if  T  has  fractional  “Hausdorff”  dimension,  or  if  the  dimension  of  T 
is  an  integer  strictly  larger  than  its  topological  dimension.  The  mathematical  concept  of  the 
Hausdorff  dimension,  which  presupposes  a  scaling  down  procedure  for  any  physical  object  up 
to  infinitely  small  scales,  is  applicable  to  mathematical  models  rather  than  to  physical  objects. 
Moreover,  the  Hausdorff  dimension  cannot  be  obtained  by  experimental  procedures.  On  the 
other  hand,  it  must  be  mentioned  here  that  there  is  no  canonical  definition  of  physical  fractals. 
For  that,  many  methods  based  on  experimental  or  numerical  calculations  have  been  developed 
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for  the  estimation  of  fractal  dimension  of  an  object,  parameter  which  is  of  a  great  importance 
because  of  its  scale  independent  character. 

The  mathematical  approach  to  the  theory  of  fractals  followed  here  [6]  is  based  on  an  itera¬ 
tive  procedure  which  seems  to  be  appropriate  for  the  problems  in  mechanics.  More  specifically, 
this  approach  uses  classical  geometrical  manipulations  (for  example  affine  transformations, 
scaling  and  rotations)  to  express  relations  between  parts  of  fractal  sets. 

The  main  purpose  of  this  paper  is  to  investigate  the  influence  of  the  fractality  of  an  interface 
on  the  development  of  the  friction  mechanism.  For  that,  it  is  assumed  that  different  interfaces, 
with  multiscale  topography,  are  developed  in  a  certain  structure  in  which  the  material  is  as¬ 
sumed  to  have  an  elastic-plastic  behaviour.  For  every  structure,  resulting  from  each  fractal 
interface,  the  same  boundary  conditions  and  loading  are  assumed.  In  the  method  proposed 
here  the  fractal  interfaces,  in  all  cases,  are  taken  to  have  elementary  parts  of  almost  the  same 
size  S.  This  is  due  to  the  fact  that  they  are  developed  in  the  same  structure  with  the  same  mate¬ 
rial.  In  the  sequence,  the  results  corresponding  to  different  interfaces  are  studied  with  respect 
to  the  way  that  the  friction  mechanism  is  developed.  Finally,  it  is  examined  how  the  friction 
mechanism  is  affected  by  the  fractal  dimension  of  the  interfaces  and  usefull  conclusions  are 
derived. 

3.  SELF- AFFINE  FRACTAL  CURVES 

Here,  self-affine  fractal  curves  are  defined  by  means  of  the  notion  of  fractal  interpolation  func¬ 
tions  [6].  Fractal  interpolation  functions  realize  a  passage  from  a  discrete  set  of  data  in 
{(xj,  yi),  i  =  0, 1, . . . ,  A'}  to  a  continuous  model  where  z  =  0, 1, . . . ,  V.  If 

is  the  set  of  continuous  functions  ^  :  [a;o,a:;v]  ->  then  there  is  a  sequence  of  functions 
Tm+i  (a:)  =  {TJ^rn){x),  where  T  :  C®  ^  is  an  operator  defined  by: 

{TT){x)  =  Cil^\x)  -\-diT[li^{x))  +  fu  fora:  G  z  =  1,2, . . (1) 

The  operator  T  converges  to  a  fractal  curve  as  m  oo.  The  transformation  li  transforms 
[a-Q,  o;^]  to  [xi-i,Xi]  and  it  is  defined  by  the  relation 

li{x)  =  aiX hi.  (2) 

The  affine  fractal  curve  is  also  the  unique  (see  [6])  attractor  of  the  hyperbolic  iterated  func¬ 
tion  system  z  =  1,  2, . . . ,  N}  defined  by  the  transformation 

(3) 

where  the  factors  di  are  the  hidden  variables  of  the  transformation  and  they  have  to  satisfy 
0  <  di  <  1.  Moreover,  the  remaining  coefficients  are  given  by 


{Xi-Xi-i)  ^ 

{xn  -  Xo)  ’ 

{XNXi--i  -  XoXi) 

{^xn  a^o) 

(4) 

{Vi  -  Vi-i) 
{xn  -  a:o) 

o 

1  1 

1 

(5) 

{XNVi-l  -  XQVi) 

,  i^NVo  ~  Vn^o) 

(6) 

o 

i 

‘  (xyv-xo)  • 

This  type  of  functions  gives  profiles  where  if  higher  approximations  of  an  interpolation  function 
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are  taken,  the  resulting  profile  appears  more  rough  and  it  is  never  smooth.  This  is  equivalent  to 
the  fact  that  the  more  the  profile  is  magnified,  the  more  roughness  keeps  appearing.  Moreover, 
the  roughness  of  the  profile  is  strongly  affected  by  the  free  parameters  di,  i  ~  1,  2, . . . ,  TV  of 
the  interpolation  function.  As  these  parameters  take  larger  values  the  resulting  profiles  appears 
more  rough  as  it  is  shown  in  Fig.  1 . 

It  must  be  mentioned  here  that  an  important  advantage  of  the  fractal  interpolation  functions 
presented  here  is  that  their  fractal  dimension  can  be  obtained  numerically.  Indeed,  let  us  sup¬ 
pose  that  the  affine  curve  T  resulting  from  the  above  procedure  is  consisting  of  elementary 
parts  of  the  size  (5  where  J  <  A*.  By  using  dividers  which  are  set  to  this  prescribed 
opening  6  and  moving  with  these  dividers  along  the  curve  so  that  each  new  step  starts  where 
the  previous  step  leaves  off,  the  number  of  steps  N{S)  is  obtained.  It  is  well  known  [7]  that  a 
curve  is  said  to  be  of  fractal  nature  if  by  repeating  this  procedure  for  different  values  of  6  the 
relation 

^^(<5)  ~  (5)-”  (7) 

is  obtained  in  the  interval  <5*  <  (5  <  A*,  where  this  interval  is  very  small  compared  to  [x^',  .ro]. 
Let  N.i{S)  denote  the  number  of  dividers  (boxes)  of  side  length  S  which  intersect  T  in  the 
interval  [x^_i ,  Xi]  for  i  =  1,  2, . . . ,  TV.  Then,  because  of  the  structure  of  the  aforementioned 
fractal  interpolation  functions  the  following  relation  holds 

N(S)  =  N,(S)  +  N2(S)-h...  +  N^'{S).  (8) 

It  has  been  proved  [6]  that  under  the  assumption  that  |r//|  >  ui  for  i  =  1,  2, . . . ,  TV 

Ni{a,S)  =  TMa'(<5).  (9) 

From  this  equation  it  results  (when  5  is  very  small  compared  to  xq])  that 

Ar;(5)  =  Myv(-)  i  =  1,2,...,7V.  (10) 

Cl"i  Cl  I 

By  substituting  (10)  to  (8)  it  is  obtained  that 

AX<5)  =  E  — A'(-).  (II) 

i^]  «,  a, 

By  taking  into  account  the  basic  assumption  (in  order  for  an  object  to  be  fractal)  N(S) 
and  therefore  TV(A)  ^  ((5)  relation  (11)  takes  the  form: 

^  E  ^  E  kAlar-’  =  1.  (12) 

It  easily  results  that  if  the  interpolation  points  are  collinear  then  T  is  the  segment  which  con¬ 
nects  (xo,  Vq),  (xj\i,  y!\i)  and  has  dimension  1. 

4.  NUMERICAL  STUDY  OF  THE  FRICTION  EVOLUTION 

Here  five  structures  are  considered  corresponding  to  interfaces  with  different  Hausdorff  dimen¬ 
sions,  i.e.  different  asperities.  First,  five  interpolation  functions  e  (7^  ,  i  ~  1,2, ...  ,5 
interpolating  the  set  of  data  {(0,0),  (0.625,0.075),  (1.25,0.025),  (1.875,-0.025),  (2.50,  -0.075), 
(3.1 25,0.0)}  are  considered.  Their  free  parameters  are  taken  to  have  the  values  given  in  Table  1 . 
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di 

d2 

d3 

d4 

ds 

^(1) 

0.20 

0.20 

0.25 

0.20 

0.20 

^(2) 

0.25 

0.25 

0.30 

0,25 

0.25 

^(3) 

0,35 

0.35 

0.40 

0.35 

0.35 

0.45 

0.45 

0.50 

0.45 

0.45 

0.55 

0.55 

0.60 

0.55 

0.55 

Table  1 .  Free  parameters  of  the  fractal  profiles 

The  remaining  coefficients  of  the  interpolating  function  are  calculated  by  using  equations 
(4)-(6).  In  the  sequence,  the  approximations  m  =  1,2, ...  are  obtained  using  the  iterative 
scheme  (x)  =  i  =  1, 2, . . . ,  5,  where  the  operator  T  is  given  by  relation  (1). 

The  fourth  approximation  of  each  interpolation  function  =  1,  2  . . . ,  5  is  given  in  Fig.  1. 

In  Table  2,  where  the  characteristics  of  these  interfaces  are  given,  6  represents  the  length  of  the 
linear  parts  each  interface  consists  of,  and  h  represents  the  maximum  height  of  the  asperities 
in  reference  to  the  piecewise  linear  interpolation  function  interpolating  the  same  set  of  data.  It 
must  be  mentioned  here  that  the  fourth  approximation  of  each  interface  consists  of  5^  linear 
parts.  Generally,  the  m-th  approximation  of  a  fractal  interpolation  function  interpolating  a  set 
of  data  {(iCi,  yi)  ,  z  =  0, 1, , . . ,  A^}  consists  of  linear  segments. 


Figure  1:  Fourth  approximation  of  fractal  interpolation  functions  i  =  1, 2, . . . ,  5 


Name 

Fractal  Dimension 

Iteration 

5 

h 

Interface  1 

1.030 

4 

0.005  ^  0.0055 

0.0158 

Interface  2 

1.163 

4 

0.005  -h  0.0062 

0.0210 

Interface  3 

1.365 

4 

0.005  ^  0.0084 

0.0332 

Interface  4 

1.518 

4 

0.005  -r  0.0128 

0.0482 

Interface  5 

1.640 

4 

0.005  0.0199 

0.0668 

Table  2.  Characteristics  of  the  considered  fractal  profiles 


As  it  was  expected  all  the  interpolation  functions  present  a  multiscale  character.  In  the 
sequence  the  five  structures  with  interfaces  corresponding  to  the  g  of  the  five  interfaces  of 
Table  2  are  considered  (Fig.  2a-e)  The  material  is  assumed  elastic-plastic  with  rhodulus  of 
elasticity  £;  =  2.1  x  10®  kN/m^,  Poisson  ratio  i'  ==  0.3.  The  plasticity  law  is  presented  in 
Fig.  2f.  The  thickness  of  the  structures  is  constant  and  equal  to  0.02m.  Plane  strain  conditions 
are  assumed  to  hold.  The  structures  have  the  vertical  displacements  fixed  in  both  horizontal 
edges.  The  horizontal  displacement  is  fixed  at  the  lower  edge  while  at  the  upper  edge  a  total 
displacement  of  0.1  m  is  applied  in  300  loading  steps  (increments).  The  aim  is  to  study  the 
evolution  of  the  friction  as  a  result  of  the  gradual  plastification  of  the  asperities. 
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Figure  2:  The  five  structures  considered  and  the  assumed  elastoplastic  material  law 


Figure  3:  Total  horizontal  reaction  force 

The  mathematical  formulation  of  the  problem  is  based  on  a  generalization  of  the  procedure 
presented  in  [8]  pp.  568  in  which  the  Total  Lagrange  formulation  is  used.  The  unilateral  contact 
problem  is  solved  by  minimizing  at  each  step  of  the  iterative  procedure  the  potential  energy  of 
the  structure.  The  structures  were  solved  using  a  Finite  element  code  developed  according  the 
previous  formulation. 

In  Fig.  3  the  total  horizontal  force  at  the  upper  horizontal  edge  of  the  structures  is  plot¬ 
ted  against  the  developed  horizontal  displacement.  The  diagram  of  structure  1  results  to  a 
maximum  value  of  the  total  horizontal  force  equal  to  550  kN.  After  reaching  this  value,  the 
horizontal  force  remains  rather  constant  as  the  material  near  the  interface  is  plastified  and  the 
upper  part  of  the  structure  slips  on  the  lower  part  without  the  occurrence  of  further  plastifica- 
tion.  The  diagram  of  Structure  2  is  similar  to  the  previous  with  the  only  difference  that  the 
maximum  horizontal  force  reaches  the  value  of  about  900  kN.  On  the  other  hand,  the  diagrams 
of  the  rest  structures  differ  significantly  from  the  previous.  The  diagram  of  Structure  3  gives  a 
maximum  value  of  the  horizontal  force  of  1400  kN  (significantly  larger  than  that  of  Structure 
2).  After  that  value,  the  total  horizontal  force  is  reduced.  This  happens  because  as  relative  tan¬ 
gential  displacement  is  developed,  the  new  contact  areas  present  lower  resistance  and  the  total 
force  required  for  the  movement  is  reduced.  Finally,  it  must  be  noticed  here  that  the  diagrams 
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Figure  4:  Distribution  of  the  horizontal  reaction  forces  (horizontal  displacement  0.01m) 

corresponding  to  structures  4  and  5  appear  minor  differences.  The  maximum  value  of  the  total 
horizontal  force  is  similar  (about  15%  larger  than  the  force  corresponding  to  Structure  3)  and 
its  value  remains  rather  constant  (at  least  for  the  displacement  under  consideration).  This  hap¬ 
pens,  in  contrast  to  the  case  of  Structure  3,  because  the  relative  interface  slip  is  reduced  and  the 
contact  area  does  not  change  significantly. 

Figure  4a  presents  the  distribution  of  the  horizontal  stress  on  the  upper  edge  of  the  structure. 
It  is  noticed  that  the  distribution  strongly  depends  on  the  fractal  dimension  of  the  interface. 
This  influence  is  greater  for  small  values  while  it  is  reduced  for  large  values  (notice  that  the 
distributions  corresponding  to  Structure  4  and  Structure  5  are  very  similar). 

The  same  remarks  hold  also  for  the  distribution  of  the  vertical  stresses  of  the  upper  edge  of 
the  structure  which  are  presented  in  4b.  The  distribution  that  corresponds  to  Structure  1  gives 
rather  small  variations.  These  variations  increase  together  with  the  value  of  the  fractal  dimen¬ 
sion.  The  shape  of  the  vertical  stress  distribution  follows  the  shape  of  the  fractal  interface,  with 
the  greater  values  corresponding  to  the  peaks  of  the  fractal  curve.  But,  after  a  critical  value  of 
the  fractal  dimension,  the  differences  in  the  results  and  the  overall  response  are  minor  despite 
the  differences  to  the  characteristics  of  the  fractal  curves. 
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1.  SUMMARY 

In  this  paper,  the  effect  of  the  EE.  discretization  density  on  the  results  of  both  convex  and 
nonconvex  -  nonsmooth  frictional  contact  interface  problems  is  investigated.  Various  cases  of 
monotone  and  nonmonotone  interface  laws  are  considered  and  interesting  results  are  obtained. 

2.  INTRODUCTION 

There  are  many  problems  in  Mechanics  where  constitutive  or  boundary  laws  are  represented  by 
relations  involving  decreasing  branches  (for  example  reaction-displacement  laws  in  interface 
problems,  general  nonmonotone  friction  laws,  adhesive  contact  laws  in  laminated  compos¬ 
ite  problems).  Inclusions  with  nonmonotone  relations  were  introduced  in  Mechanics  by  P.D. 
Panagiotopoulos  [1],  [2]  who  termed  them  hemivariational  inequalities.  They  represent  an 
appropriate  tool  enabling  the  study  of  nonmonotonicity  into  the  mathematical  model  reflect¬ 
ing  the  mechanical  response.  The  mathematical  analysis  of  hemivariational  inequalities  uses 
methods  of  nonsmooth  and  nonconvex  analysis  [3].  Concerning  the  numerical  treatment,  an 
appropriate  discretization  is  necessary.  Then,  the  continuum  problem  is  replaced  by  its  finite 
dimensional  one.  With  a  model  having  a  finite  number  of  degrees  of  freedom,  there  exist  a 
number  of  methods  for  the  numerical  treatment  of  the  problem. 

In  this  paper  the  heuristic  nonconvex  optimization  approach  of  [4]  is  followed  according 
to  which  the  hemivariational  inequality  is  replaced  with  a  sequence  of  variational  inequality 
problems.  The  numerical  solution  of  the  discretized  version  of  the  variational  inequalities  is 
then  obtained  by  quadratic  programming  algorithms. 

This  approach  is  applied  in  order  to  investigate  the  dependency  of  the  initial  problem  on 
the  F.E.  discretization  used.  For  this  reason  several  model  problems  are  examined  with  vari¬ 
ous  EE.  discretization  densities.  The  examples  treated  here  include  frictional  contact  problems 
with  a  strongly  nonlinear  nature.  The  dominant  role  of  the  possible  vertical  branches  of  the 
reaction-displacement  diagrams  is  studied.  Interesting  results  are  obtained  with  respect  to  the 
accuracy  expected  in  such  kind  of  problems. 
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3.  FORMULATION 


In  this  Section,  the  formulation  of  the  unilateral  contact  problem  with  nonmonotone  friction  is 
briefly  presented.  The  static  analysis  problem  is  described  by  the  following  relations: 


•  Stress  equilibrium  equations: 

Gs  =  I  G  G/v"  Gj-  j 


(1) 


where  G  is  the  equilibrium  matrix  of  the  discretized  structure,  p,  s  are  the  loading  and 
stress  vectors  respectively  and  G  is  the  enlarged  equilibrium  matrix  such  as  to  take  into 
account  the  normal  to  the  interface  (Sat)  and  tangential  (Sr)  interface  tractions. 


•  Strain-displacements  compatibility  equations: 


e  1 

_ T 

e  —  G  u  or  explicitly 

_ 

O  0 

1 - 

where  u,  e  are  the  displacement  and  strain  vectors  respectively  and  [u]^,  are  the 
relative  normal  and  tangential  displacements  of  the  interface  respectively. 

•  Linear  material  constitutive  law  for  the  structure; 

e  =  eo  +  FqS  or  s  =  Ko(e  -  eo).  (3) 

Here  Fq  and  Kq  =  F^"^  are  the  natural  and  stiffness  flexibility  matrices  of  the  unassem¬ 
bled  structure  and  eo  is  the  initial  deformation  vector. 

•  Classical  equality  boundary  conditions  written  in  the  general  form; 

Eu  =  uo  and  Zs  =  F  (4) 

where  E  and  Z  are  appropriately  defined  transformation  matrices  and  Uq,  F  denote  the 
known  nodal  boundary  displacements  (support)  and  boundary  loading  (traction).  Note 
that  in  any  point  of  the  boundary,  only  one  of  the  equations  in  (4)  can  be  active. 

•  Unilateral  contact  conditions; 

[u]jY  ^  0  ,  Sat  ^  0  ,  [uI^Sat  =  0  (5) 

•  Nonmonotone  friction  conditions,  i.e.  the  condition 

—St  ^  <9^T([ti]3^) 

is  assumed  to  hold  in  the  tangential  to  the  interface  direction,  where  is  an  appropri¬ 
ately  defined  nonconvex  superpotential  producing  the  nonmonotone  frictional  law  and  0 
denotes  the  generalized  gradient  of  Clarke-Rockafellar  [3]. 


According  to  [1],[2],[4]  the  potential  energy  of  the  structure  has  the  form 

n(u)  =  iu^Ku  -  p'^u  -h  $r(u,  Sat),  u  G  Vad  (6) 

where  Vad  is  the  kinematically  admissible  set  given  by 

Vad.  =  {u  €  R"  |Eu  =  Uo,  [u];^  <  0}. 

Following  the  approach  of  the  [1],  problem  (6)  is  split  in  the  subproblems 


(7) 
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ni(u)  =  ^u'^Ku  -  pI’u,  u  e  V„,d  (8) 

and 

n2(u)  =  iu^Ku  -  pju  +  $r(u).  u  e  Vl,  (9) 

by  fixing  in  the  first  (resp.  the  second)  the  values  of  Sr  (resp.  S^y).  In  the  previous  relations, 
Pi  is  a  new  force  vector  containing  the  effect  of  the  assumed  known  tangential  forces  Sr  on 
the  structure 

Pi  =  p  +  Gt'St^  (10) 

and  p^2  ^  force  vector  containing  the  effect  of  the  assumed  known  normal  forces  Sy 

P2  —  P  +  •  (^0 

Finally,  is  V^d  without  the  unilateral  contact  conditions,  i.e. 

I/^  =  {u€R”|Eu==Uo}  (12) 

The  solution  algorithm  is  based  on  a  multilevel  decomposition  of  the  normal  and  tangential 
actions.  The  problem  arising  in  the  normal  to  the  interface  direction  is  solved  by  minimizing 
the  potential  energy  problem  (8).  In  the  second  step  the  substationarity  problem  (9)  is  solved. 
The  two  subproblems  are  solved  repeatedly  until  convergence.  For  the  numerical  treatment 
of  the  substationarity  problems  corresponding  the  second  subproblem  the  heuristic  nonconvex 
optimization  approach  presented  in  [4]  is  applied. 

3.  NUMERICAL  INVESTIGATION  OF  THE  CONVERGENCE  PROPERTIES 

The  method  is  applied  to  the  analysis  of  the  two-dimensional  simple  structure  of  Fig.  la. 
The  structure  consists  of  two  shear  walls  which  are  in  contact  through  the  vertical  interface 
OA.  The  material  of  the  structure  is  assumed  to  be  linear  elastic  with  modulus  of  Elasticity 
=  2.0  X  and  Poisson  ration  u  —  0.16.  The  thickness  of  the  shear  walls  is 

t  ~  0.2m.  For  the  behaviourof  the  interface  in  the  tangential  to  the  interface  direction,  the  three 
different  laws  of  Fig.  lb,c,d  were  considered.  The  diagram  of  Fig.  lb  (Law-1)  is  a  classical 
Coulomb  friction  diagram  which  is  considered  here  as  a  reference  to  which  the  nonmonotone 
diagrams  will  be  compared.  The  diagram  of  Fig.  2c  (Law-2)  has  a  decreasing  branch  of 
constant  slope  while  the  diagram  of  Fig.  2d  (Law-3)  is  a  sawtooth  diagram  representing  a 
much  more  complicated  interface  behaviour. 

The  five  different  discretizations  of  Fig.  2  are  considered  with  the  characteristics  of  Table  1. 
A  two-dimensional  constant  stress  triangular  element  has  been  employed  for  the  discretization. 


Discretization 

Elements 

Nodes 

Interface  nodes 

1 

164 

120 

20 

2 

280 

190 

32 

3 

708 

442 

64 

4 

974 

595 

80 

5 

1248 

752 

100 

Table  1.  Characteristics  of  the  considered  discretized  models 
The  structure  is  loaded  with  horizontal  forces  as  shown  in  Fig.  la.  In  order  to  study  the 
behaviour  of  the  structure,  twelve  load  cases  (LC)  are  considered.  In  these  load  cases  the  loads 
p  are  increasing  linearly  from  22.0  kN/m  to  264.0  kN/m. 

The  five  structures  were  analyzed  for  the  three  different  interface  laws.  The  results  are 
presented  in  the  Figures  that  follow. 
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Figure  1.  The  considered  structure  and  the  tangential  interface  laws 


a) 


Figure  2.  The  five  discretizations  considered 


Fig.  3a  presents  the  contact  stresses  for  the  5th  load  case  for  the  various  F.E.  discretizations. 
It  is  noticed  that  the  results  are  identical,  i.e.  the  contact  stress  distribution  does  not  rely  on  the 
F.E.  discretization  for  the  considered  problem.  Fig.3b  presents  the  distribution  of  the  contact 
stresses  for  the  3rd  discretization  and  for  the  various  load  cases.  Note  that  the  results  increase 
almost  linearly  with  the  external  loading.  Moreover,  the  contact  stresses  differ  very  slightly  for 
the  various  interface  laws. 

Let  us  first  consider  the  case  of  the  Coulomb  friction  law  shown  in  Fig.  lb.  In  this  case 
the  results  for  the  tangential  stresses  are  independent  of  the  F.E.  discretizations.  Fig.  4  gives 
the  distribution  of  the  relative  tangential  displacements  for  loadcases  2  and  4.  Notice  that  the 
differences  between  the  4th  and  5th  discretizations  are  very  small. 
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Distance  on  the  boundary,  m 


Distance  on  the  boundary,  x 


Figure  3.  Contact  stresses  diagrams 

Then  the  case  of  the  linearly  decreasing  tangential  interface  law  shown  in  Fig.  Ic,  is  con¬ 
sidered.  The  results  of  the  tangential  stresses  for  the  load  cases  11  and  12  are  presented  in 
Fig.  5.  It  is  clear  that  the  tangential  stresses  depend  on  the  F.E.  discretizations.  It  is  observed 
that  the  results  for  the  last  two  F.E.  meshes  considered  in  this  example  are  very  close  and  it  is 
concluded  that  the  final  F.E.  mesh  discretization  is  sufficient. 


Distance  on  the  boundary,  m  Distance  on  the  boundary,  m 

Figure  4.  Results  for  Law-1  (Coulomb  law) 


Similar  results  are  obtained  for  the  sawtooth  tangential  interface  law  depicted  in  Fig.  3d. 
As  it  can  be  seen  in  Fig.  6  the  frictional  stresses  depend  on  the  F.E.  discretization.  Here  the 
results  for  the  load  cases  8  and  9  are  presented.  Note  that  the  distributions  of  the  tangential 
stresses  exhibit  a  shape  like  the  one  of  the  interface  law.  Again  the  results  obtained  for  the  4th 
and  5th  F.E.  meshes  are  close  enough  to  consider  the  last  one  satisfactory.  The  most  important 
difference  between  this  case  and  the  previous  one  is  that,  due  to  the  sawtooth  shape  of  the 
friction  law,  the  diagrams  present  abrupt  jumps.  The  exact  location  of  this  jump  changes, 
depending  on  the  discetization.  Therefore,  a  specific  point  on  the  interface,  might  present,  for 
successive  descretizations,  great  differences  of  the  tangential  stresses.  This  fact  does  not  hold 
in  this  extend  for  the  two  previous  cases  of  interface  laws. 
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Distance  on  the  boundary,  m  Distance  on  the  boundary,  x 

Figure  5.  Results  for  Law-2  (decreazing  branch  law) 


Figure  6.  Results  for  Law-3  (sawtooth  law) 

From  the  above  analysis  it  is  concluded  that  the  normal  stresses  for  all  the  tangential  in¬ 
terface  laws  are  independent  of  the  RE.  mesh  discretization.  Hence,  in  the  case  that  only  the 
normal  stresses  are  of  interest,  very  good  results  can  be  achieved  even  by  considering  a  quite 
sparse  F.E.  dicretization  that  does  not  demand  great  computational  power  and  time.  The  same 
conclusions  hold  as  well,  in  the  case  of  calculation  of  the  frictional  stresses  when  the  Coulomb 
law  is  considered.  On  the  other  hand  for  the  laws  depicted  in  Fig.  Ic  and  Id  the  tangential 
stresses  strongly  depend  on  the  F.E.  mesh  density.  Moreover,  one  must  be  very  careful  in  the 
case  that  sawtooth  laws  are  considered,  or  in  general,  if  the  tangential  laws  exhibit  vertical 
branches,  because  the  exact  location  of  the  jumps  of  the  tangential  stresses  diagrams  depend 
very  strongly  on  the  F.E.  discretization  considered. 
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1.  SUMMARY 

In  this  paper  a  new  approach  to  the  problem  of  estimating  the  structural  response  of  systems 
with  uncertain  characteristics  is  presented.  The  approach  is  based  on  the  theory  of  fuzzy  sets 
which  allow  the  engineers  to  describe  the  uncertain  variables.  The  uncertain  parameters  are 
expressed  as  fuzzy  numbers  with  certain  characteristics.  The  concurrent  effect  of  the  various 
uncertainties  on  the  structural  response  is  obtained  by  applying  certain  methodologies  of  the 
theory  of  fuzzy  sets.  The  output  parameters  of  the  design  process  are  obtained  as  new  fuzzy 
numbers  expressing  the  uncertainties  of  the  output  parameters.  A  numerical  application  gives 
an  idea  of  the  applicability  of  the  proposed  methodology  in  various  aspects  of  the  engineering 
processes. 

2.  INTRODUCTION 

Design  in  engineering  practice  is  a  procedure  where  the  structural  engineer  attempts  to  create  a 
structure  that  will  withstand  all  the  loads  it  is  expected  to  encounter  during  its  intended  life.  Is 
has  been  realized  though  that  the  actual  strength  of  the  structure  cannot  be  precisely  known  due 
to  various  uncertainties.  For  example,  the  actual  system  is  far  more  complex  than  the  idealized 
model  considered  by  the  design  engineer.  Also,  the  actual  material  properties  are  not  exactly 
known.  Usually,  minimum  values  are  specified  by  the  design  engineer  that  it  is  more  likely 
to  be  surpassed  in  several  members.  Moreover,  the  majority  of  the  structures  are  statically 
indeterminate  a  fact  that  has  as  a  result  the  dependence  of  the  stresses  on  the  relative  stiffnesses 
of  the  various  interconnected  members.  As  a  consequence,  variances  in  the  material  properties 
results  in  differences  in  the  values  of  the  developed  stresses. 

Another  uncertainty  factor  is  connected  to  loads.  For  example,  environmental  loads,  such 
as  snow  or  wind,  have  unpredicted  future  magnitudes.  Moreover,  seismic  loading,  the  main 
action  in  earthquake  zones,  has  an  inherent  uncertain  character.  Only  maximum  values  over  a 
range  of  years  are  specified  by  the  seismic  codes,  which  are  reviewed  frequently,  giving  usually 
larger  values  than  the  previous  ones. 

It  is  therefore  clear  that  the  structural  resistance  and  structural  loading  can  only  be  assessed 
with  a  degree  of  uncertainty.  But,  classical  mathematics  is  not  equipped  to  deal  with  uncertain 
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or  imprecise  descriptions.  Traditionally,  the  design  engineers  take  into  account  these  uncer¬ 
tainties  in  the  design  by  using  the  so  called  ’’safety  factors”,  i.e.  reducing  the  design  strength 
and  increasing  the  applied  loading. 

Active  research  effort  took  place  during  the  previous  years  in  order  to  rationalise  the  design 
process  by  introducing  design  criteria  which  directly  or  indirectly  employ  statistical  and  proba¬ 
bilistic  tools  into  structural  design  codes  [1],  [2],  [3].  These  methods  had  the  inherent  difficulty 
that  required  a  lot  of  statistical  data  for  their  application  that  were  usually  not  available.  In  the 
sequel  probabilistic  methods  evolved  [4]  which  employed  first-order  probabilistic  theory  which 
used  only  the  mean  values  and  the  standard  deviation  of  the  random  variables. 

Another  field  where  imprecise  description  can  help  in  order  to  solve  engineering  problems 
is  that  of  preliminary  design  of  structures.  It  is  well  known  that  the  decisions  taken  in  the 
preliminary  design  of  a  structure  plays  an  important  role  as  it  restricts  the  set  of  available  de¬ 
sign  alternatives  in  the  later  stages  of  the  design  process.  Experienced  designers  recognize  this 
difficulty  and  attempt  to  begin  the  design  process  with  a  complete  but  approximate,  imprecise 
description  of  the  structure.  As  the  design  process  advances  from  the  preliminary  design  to  the 
final  design,  the  imprecision  is  gradually  eliminated.  The  basic  idea  is  that  fuzzy  sets  allow 
the  designer  to  describe  the  designed  structure  as  approximately  as  desired  at  the  early  stages 
of  the  design  process.  This  approximate  description  in  terms  of  imprecise  input  parameters  is 
employed  to  calculate  the  approximate  corresponding  output  parameters.  The  later  are  com¬ 
pared  with  given  performance  criteria  and  the  information  obtained  by  this  comparison  is  then 
utilized  in  order  to  determine  appropriate  values  of  the  input  parameters. 

In  this  paper  a  new  approach  to  the  problem  of  estimating  the  structural  response  of  systems 
with  uncertain  or  imprecise  characteristics  is  presented.  The  approach  is  based  on  the  theory 
of  fuzzy  sets  [5],  [6],  [7],  [8]  which  allows  the  designers  to  describe  the  uncertain  or  imprecise 
variables.  The  method  is  presented  briefly  in  the  following.  First  the  uncertain  or  imprecise 
parameters  are  expressed  as  fuzzy  numbers  with  certain  characteristics.  The  concurrent  effect 
of  the  various  uncertainties  on  the  structural  respose  is  obtained  by  applying  certain  method¬ 
ologies  of  the  theory  of  fuzzy  sets.  Then  the  output  parameters  of  the  design  process  as  e.g.  the 
displacements  or  the  stresses  of  the  structure  are  obtained  as  new  fuzzy  numbers  expressing  the 
uncertainties  of  the  output  parameters. 

3.  PRELIMINARIES 

A  fuzzy  set  is  a  set  of  objects  without  clear  boundaries  or  without  well-defined  characteristics. 
In  contrast  with  ordinary  sets  where  for  each  object  it  can  be  decided  whether  it  belongs  to  the 
set  or  not,  a  partial  membership  in  a  fuzzy  set  is  possible.  Formally  a  fuzzy  sets  is  defined  as 
follows; 

Let  A  be  a  set.  A  is  called  sl  fuzzy  set  of  A  if  A  is  the  set  of  ordered  pairs: 

A  =  {(x,  /^aW)  :  X  e  X  and  fiA{x)  E  [0, 1]}, 

where  fJiA{x)  is  the  grade  of  membership  of  x  in  A.  The  function  ^a(^)  is  called  the  member¬ 
ship  function  of  A. 

One  of  the  most  important  concepts  of  fuzzy  sets  is  the  concept  of  an  a~cut.  Given  a  fuzzy 
set  A  of  A  and  any  number  a  €  [0, 1],  the  a— cut,  which  is  denoted  “A  is  the  crisp  set: 

“A  =  {x  e  A  :  pa{x)  >  «}. 

That  is,  the  a— cut  of  a  fuzzy  set  A  of  A  is  the  crisp  set  ^A  that  contains  all  the  elements  of  A 
whose  membership  grades  in  A  are  greater  than  or  equal  to  the  specified  value  of  a. 
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A  fuzzy  set  A  of  the  set  of  real  numbers  R  is  called  fitzzy  number  if  there  is  at  least  on 
G  R  such  that  ~  1  (normality  assumption)  and  for  every  real  numbers  x,  y,w  with 

X  <  w  <  y 

This  second  property  is  the  so-called  convexity  property. 

A  triangular  fuzzy  number  A  =  (ai,  0.2)  «3)7’i  with  ai  <  U'z  <  a-i  has  a  membership 
function  which  in  general  has  the  following  form: 


r  Oj  .T  <  a\ 


t^A[x)  =  { 


x—a\ 


a-s-a-i 


U\  <  X  <  fl2 


<  X  <  03 


I  0,  X  <  0,3. 

By  <  r,  c,  ci  >  we  denote  the  triangular  fuzzy  number  (c  -  r,  c,  c  +  d)T-  Also,  by  (r,  c)  we 
denote  the  symmetric  triangular  fuzzy  number  (r  —  c,  r,  r  -I-  c)t-  The  numbers  r  and  c  express 
the  center  and  the  spread  respectively. 

A  fuzzy  set  A  =  (0-1,02,  a^)  on  the  set  of  real  numbers  is  called  an  L-R  fuzzy  number  if  the 
membership  of  a;  can  be  calculated  by: 


V  02-01 

),  0-1  <  2:  <  0-2 

RIJLzSZ. 

'^03-02 

),  a2  <  a:  <  a-i 

.0, 

otherwise. 

Here  L  and  R  are  continuous  strictly  decreasing  functions  defined  on  [0, 1]  with  values  in 
[0, 1]  and  satisfying  the  conditions: 

(i)  L{x)  ~  R{x)  =  1  if  a;  <  0  and 
(u)L{x)=Rix)  =  Oifa:  >  1. 

Clearly,  the  triangular  fuzzy  numbers  are  special  cases  of  L  — 7?  fuzzy  numbers  with  L(x)  = 
R{x)  —  1  —  X. 

Let  Xi,i  =  1,  2, n  be  subsets  of  the  set  of  the  real  numbers  R,  Y  be  a  subset  of  R  and 
Ai,  1,2, n  fuzzy  sets  of  Xi,  1,2, n.  Therefore  it  is  assumed  that  these  fuzzy  sets 
are  normalized  and  convex  (i.e.,  they  are  fuzzy  numbers).  Also,  let  /  be  a  function  of  the  set 
Xi  X  X‘2  X  ...  X  Xn  into  the  subset  Y  of  R,  that  is 


f  :  Xi  X  X2  X  ...  X  Xn  Y. 


For  each  Xi  G  Xi,  z  =  1,  2, ...,  n, 

y  ~  f{xuX2, 

is  the  value  of  the  performance  parameter  y  that  corresponds  to  the  values  xi,  a:2,...,a:„. 

The  algorithm  to  determine  a  fuzzy  set  A  on  F  by  the  fuzzy  sets  Ai,  i  ~  1,2, ...,  n  through 
the  function  f,  is  described  by  the  following  steps  (see  [5-7]): 

1.  Select  appropriate  values  ai,  a2, ...,  in  the  interval  (0, 1].  Let  k  =  1. 

2.  For  each  a^,  determine  closed  intervals  =  [b^ubi2]  of  that  represent  the  arcuts  of 
fuzzy  sets  Ai,  i  =  1,  2, ...,  n. 
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3.  Generate  all  combinations  of  the  endpoints  of  the  closed  intervals  “‘Aj  =  [bii,bi2],  i  — 
1, 2, n.  Clearly,  each  combination  is  an  n-tuple,  {6i,  62, 6„),  where  bi  e  ^12}  and 
z  =  1, 2, 

4.  For  every  n-tuple  (61 , 62, 6„)  generated  in  Step  3,  we  find  the  values: 

2/,  =  /(6i,62,...,6„),  /  =  1,2,3,...,2". 

5.  We  determine  as  the  a^-cut  of  the  fuzzy  set  A  of  Y  the  following  closed  interval 

[mm{?/f  :  I  =  1,  2, 3, 2”},  max{'t//  :  I  =  1, 2, 3, n}]. 

6.  If  /c  <  m,  increase  k  by  one  and  return  to  Step  2;  otherwise,  stop. 

4.  APPLICATIONS  IN  ENGINEERING  DESIGN  PROBLEMS 

The  values  involved  in  an  engineering  design  are  termed  parameters.  Three  kinds  of  parameters 
are  distinguished:  the  input  ones,  the  output  ones  and  the  performance  ones.  Input  parameters 
are  independent  parameters  whose  values  are  determined  during  the  design  process.  An  out¬ 
put  parameter  involved  in  the  design  process  is  any  parameter  that  is  dependent  on  the  input 
parameters  and,  possibly  on  the  same  performance  parameters,  but  is  not  subject  to  any  func¬ 
tional  requirement.  On  the  other  hand,  a  performance  parameter  is  subject  to  some  functional 
requirement.  Also,  the  term  functional  requirement  refers  to  a  value,  range  of  values  or  fuzzy 
number  that  is  specified  for  a  performance  parameter. 

The  first  step  in  the  application  of  fuzzy  sets  in  the  design  process  is  to  distinguish  the 
various  kinds  of  parameters  involved  in  the  problem.  In  the  sequel,  the  preferences  regarding 
the  values  of  the  input  parameters  are  expressed  by  appropriate  fuzzy  sets.  Given  an  input 
parameter  di  that  takes  values  in  set  Di,  let  preferences  for  different  values  of  di  be  expressed  by 
a  fuzzy  set  Fi  on  Vi.  For  each  x  G  the  value  Fi{x)  gives  the  degree  of  acceptability  of  using 
the  specific  value  x.  Therefore,  the  set  Vi  may  be  referred  as  the  set  of  acceptable  or  desirable 
values  of  the  parameter  di,  and  the  set  Fi{x)  may  be  viewed  as  the  grade  of  membership  of  the 
value  X  in  this  set.  The  index  i  in  the  above  is  used  to  distinguish  different  input  parameters  in 
the  same  design  problem. 

Membership  grades  Fi{x)  express  the  designer’s  desire  to  use  the  various  values  di  e  V 
for  the  input  parameter  di.  These  membership  grades  are  obtained  either  by  the  personal  expe¬ 
rience  of  the  designer  or  by  quantifying  serviceability  requirements.  For  example  the  height  of 
a  beam  member  or  the  width  of  a  wall  element  may  have  an  upper  limiting  value  depending  on 
architectural  requirements.  On  the  other  hand,  membership  functions  or  fuzzy  sets  represent¬ 
ing  objective  preferences  are  determined  by  quantifying  the  recommendations  of  the  building 
codes.  For  example,  the  limiting  horizontal  displacement  of  a  building  under  seismic  action  is 
determined  by  the  various  building  codes  but  it  results  to  damages  in  non-structural  elements. 
It  is  therefore  rather  easy  to  construct  a  membership  function  to  express  the  preference  of  the 
engineer  for  smaller  values  of  this  displacement.  For  the  above  purposes,  the  use  of  triangular 
fuzzy  numbers  seems  to  be  more  convenient. 

Once  the  fuzzy  sets  expressing  the  preferences  of  the  designer  are  determined  for  all  the 
input  parameters,  the  procedure  presented  in  Section  2  is  applied  in  order  to  determine  the 
associated  fuzzy  sets  for  the  performance  parameters.  The  procedure  is  demonstrated  in  the 
following  example. 
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EXAMPLE:  SEISMIC  DESIGN  OF  A  CONCRETE  FRAME 

Let  us  assume  that  we  want  to  design  the  concrete  frame  of  Fig.  1 .  The  frame  is  part  of  a  typi¬ 
cal  structure  and  is  examined  alone  for  the  sake  of  simplicity  and  comprehension  of  the  results. 
The  design  engineer  uses  rectangular  columns  which  have  predefined  one  of  the  dimensions 
while  the  other  one  will  be  determined  from  the  solution  process.  For  this  dimension  the  pref- 
ered  size  is  50  cm.  The  acceptability  decreases  linearly  with  a  minimum  value  of  40  cm  and  a 
maximum  value  of  80  cm.  Similarly,  the  beams  are  assumed  to  have  a  rectangular  shape  with 
their  width  fixed  to  a  dimension  of  25cm  while  their  height  has  a  desired  dimension  of  50cm. 
The  acceptability  of  this  dimension  decreases  linearly  with  a  minimum  value  of  40cm  and  a 
maximum  value  of  60cm.  These  limiting  values  come  for  example  from  architectural,  ser¬ 
viceability  or  other  reasons.  For  example,  dimensions  larger  than  the  maximum  values  would 
result  to  a  redesign  of  the  basic  dimensions  of  the  frame  considering  e.g.  a  different  number  of 
columns,  different  arrangement  of  the  plan  view  or  even  a  completely  different  structural  sys¬ 
tem.  On  the  other  hand,  dimensions  smaller  than  the  minimum  values  would  not  be  acceptable 
from  the  national  or  international  building  codes.  The  above  ’’functional  requirements”  result 
to  the  fuzzy  numbers  of  Fig.  2. 


Column  cross  section 


Beam  cross  section 


-6.00- 


.00- 


•6.00- 


Figure  1 .  Seismic  design  of  a  concrete  frame 


The  beams  of  this  system  are  loaded  with  a  dead  load  of  15.0  kN/m  and  a  live  load  of  15.0 
kN/m.  The  structure  is  located  in  a  seismic  zone  with  the  following  characteristics:  Spectral 
acceleration:  0.24g,  Soil  type:  A,  Effective  damping:  5 %,Importance  factor:  1.00,  Foundation 
factor:  1.00. 

The  objective  is  the  optimal  design  of  the  frame  in  such  a  manner  that  the  maximum  hor¬ 
izontal  displacement  under  seismic  loading  is  smaller  than  10  cm.  The  complete  diagram  for 
the  acceptability  of  the  top  floor  horizontal  displacement  is  presented  in  Fig.  3a.  This  diagram 
means  that  structures  with  top  horizontal  displacement  less  than  5cm  are  completely  accept¬ 
able  while  structures  with  a  maximum  displacement  of  10  cm  are  acceptable  but  less  desired. 
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because  under  the  design  earthquake  damages  will  appear  in  non-structural  elements  (e.g.  the 
wall  fillings). 


Figure  2.  The  acceptability  diagrams  for  the  beam  and  column  sections 


Figure  3.  Acceptability  diagram  for  the  top  horizontal  displacement 

The  application  of  the  algorithm  of  Section  2  gave  as  a  result  the  diagram  of  Fig.  3b,  Notice 
that  although  the  input  fuzzy  numbers  were  triangular  ones,  the  displacement  fuzzy  number  is 
not  triangular.  The  intersection  of  this  diagram  with  the  acceptability  diagram  of  the  displace¬ 
ment  results  to  the  ’’optimal”  point  A  which  corresponds  to  a  horizontal  displacement  of  8,1 
cm.  The  related  membership  grade  is  0.385.  This  membership  grade  defines  also  the  optimal 
values  of  the  design  variables  (see  dotted  lines  at  the  diagrams  of  Fig,  2). 
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1.  SUMMARY 

A  closed-form  solution  is  proposed  for  the  study  of  the  stresses  developed  inside  fiber 
reinforced  composite  beams  of  rectangular  shape,  which  are  subjected  to  simultaneously 
existing  torsion  and  bending.  The  model  studied  consists  of  similar,  parallel  dispersed  fibers 
inside  a  matrix,  which  form  an  angle  with  the  longitudinal  axis  of  the  beam.  The  elastic 
properties  of  the  composite  material  and  the  torsional  rigidity  as  well  as  the  stresses  of  the 
beam  are  determined  by  using  Sokolnikoffs  approach  in  conjunction  with  the  theory  of 
anisotropic  elasticity. 

2.  INTRODUCTION 

Various  theories  [1-3]  have  been  presented  for  composite  thin-walled  cylindrical  tubes 
neglecting  the  warping  effect.  Librescu  et  al  [4-5]  developed  a  refined  theory  for  laminated 
beams  of  arbitrary  thin-walled  closed  cross-section  taking  into  account  torsional-related 
warping  effects.  These  theories  were  modified  later  for  taking  into  account  the  transverse 
flexibility  and  warping  restraint  [6]  in  open  cross-section  beams. 

In  this  paper,  the  stresses  are  evaluated  analytically  in  fiber  reinforced  beams  with  solid 
cross-section  of  orthogonal  shape,  due  to  simultaneously  applied  torsion  and  bending 
moments.  The  beam  is  clamped-free,  whereas  it  consists  of  identical,  parallel  fibers  oriented 
at  the  same  angle  with  respect  to  the  beam  axis. 

3.  STRESS-STRAIN  LAW  IN  THE  FIBER  REINFORCED  BEAM 

Without  loss  of  generality,  the  analysis  assumes  a  clamped-free  straight  composite  beam(Fig. 
1)  subjected  to  a  torsional  moment,  Mx  and  a 


Shins 


Figure  1:  Geometry  and  loadings  in  the  fiber  reinforced  beam. 
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bending  moment,  My,  at  its  free-tip.  The  beam  consists  of  identical  Boron  fibers  at  a  volume 
percentage  Vf  =  0.4  oriented  at  the  same  9-  angle  with  respect  to  x-  central  axis  of  beam 
inside  a  matrix  of  a  soft  Epoxy  with  elastic  properties  illustrated  in  Table  1. 

The  deformation  field  is  described  by  the  cross-sectional  displacements  u(x),  v(x),w{x)  in  x- 
y-  and  z-directions,  respectively  ,  and  the  twist  angle  about  the  x-  axis  denoted  by  t(x). 
Assuming  that  linear  elasticity  conditions  prevail  in  the  beam  ,the  strain  components  are 
expressed  as  follows  [7]: 

£xx^Ux-yVxx-ZW,xx  +  ^,x 

yxz  =  yt,x+  Wz 

yxy  =  -Zt,x  +  W,y  (1) 


where  W(x,  y,  z)  is  the  warping  function  and  comma  (,)  stands  for  the  partial  derivative  of  a 
function  with  respect  to  the  variable  followed.  The  elastic  properties  of  the  composite  at  its 
principal  1-,  2-  and  3-directions  are  provided  in  various  investigations  [8-11].  In  these 
relations  1-axis  is  the  strong  direction  of  material  along  Boron  fibers,  whereas  pi  and  Gj 
denote  the  Poisson's  ratio  and  shear  modulus  of  i-phase,  respectively.  In  this  way,  the  strain- 
stress  law  in  principal,  1-,  2-  and  3-directions  of  composite  material  (Fig.  1),  is  expressed  by: 


where  the  elements  of  the  compliance  tensor  [S]  are  determined  by  the  elastic  properties  of 
the  composite  in  principal  directions.  For  evaluating  the  stress  distribution  on  the  local 
system  O-  x,y,z  of  the  beam  section,  we  rotate  the  tensor  [eij],  involved  in  relation  (2),  about 
3-axis  through  an  angle  0,  and  we  obtain  [8,  12-13]: 


Ci2 

C22 

C32 

0 

0 

C62 


Cj3  0 

C23  0 

c  33  0 

0  C44 

0  C54 

C63  0 


0 

0 

0 

C45 

C55 

0 


Assuming  further  conditions  of  beam  slenderness  [14]  in  our  problem,  we  have: 


(3) 


^yy  ^  zz  ^yz  ""  ^ 

and  deleating  deformations  Syy,  8zz  and  yyz  from  stress-strain  law  (3),  we  obtain  a  system  of  3 
eqs.  as  follows: 

f  C  Rjl  0  R;?!  f 

Xx!  =  0  R22  0  fxz  (5) 

Xxy  Ru  0  R33  Jxy 
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In  latter  relation  the  Ry-  elements  of  the  stiffness  tensor  can  be  determined  as  functions  of  the 
elastic  properties  and  the  0-fiber  angle. 

4.  STRESS  FIELDS  IN  THE  COMPOSITE  BEAM 

For  the  analysis  followed,  adopting  Sokolnikoffs  solution  [16]  in  conjunction  with  the  theory 
of  anisotropic  elasticity,  we  obtain  for  the  twist  and  warping  function,  respectively: 


W(xj,z)  = 


M,  R,3 

f.x= - - 

D  2R33 

Mx  Ri3 

- <p(y,z)  + - [w,xxy  z-2uxy  +  V,,J / - )} 

D  2R33  12 


(6) 

(7) 


where  D  and  (p(y,z)  represent  the  torsional  rigidity  and  two-dimensional  torsion  function, 
respectively.  The  torsional  rigidity  for  an  anisotropic  rectangular  beam  is  expressed  by  [7]: 


D 

where 

/= 


R,,  a  b- 


32f‘ 


00 


S  7[l-^tanh(|L)] 


a 

b 


(8) 

(9) 


By  inserting  rels  (8)-(9)  into  rels  (1)  and  thus  the  transformed  expressions  for  strains  into 
stress-strain  law  (5),  we  obtain  for  the  stresses  developed  inside  the  beam: 

Ri3  M, 

(Txx  =  (  1^11 - )  (U,x  -yV^xx- Z  W,xx)  +  R/J  - ((P,y-Z) 

R33  D 


Mx 

rxz^Rii - ((p,z  +  y) 

D 

Mx 

rxy=R33  - ((p.y-z)  (10) 

D 

Furthermore  considering  the  equilibrium  conditions  at  the  free-point  of  the  beam  and  taking 
into  account  the  symmetry  of  section  with  respect  to  y-  and  z-axes,  we  obtain  for  the  warping 
function: 

M,  R,/  (Izz-I<pz)  Ri3 

W(  X.y,z  )=  —[<p(y,z) - >’Z  7  -  M/  - . 

D  2  (Rii  R33- Ri3^)  In  2(Rii  R33- Ri3)  I B 

Ib  c3 

[yz - (y^ - 7  7  (II) 

12 

where 

=  \  z^AS  ,  7^,2=  j  z|^dS 

s  s 


(12) 
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The  torsion  function  (p(y,z)  depends  on  the  elastic  properties  and  the  geometry  of  section  and 
may  be  expressed  in  relation  to  the  f-parameter  and  variable  z  equal  to  2  z  /  b,  as  follows: 


(p(y,z}  =  zy- 


8b 
-  2 


n=l,3,5 


n-1 


(-1) 


f  n  =1,3,5 


sin(n7r  z  /2)  ,  , ,  . 

— — ^ — sinh(n7c  f  y  /  a) 
n^cosh(n7i  f  /  2) 


(13) 


In  this  way,  the  stress  fields  derived  by  rels  (10)  are  completely  determined. 

5.  RESULTS  AND  DISCUSSION 

The  elastic  properties  of  the  constituent  phases  and  the  composite  material  including  fibers  at 
volume  fraction  Vf  =0.4,  which  form  an  angle  of  30°  are  illustrated  in  Table  1 . 


Ef  (GPa) 

Pf 

E„,(GPa) 

P  m 

400 

0.2 

2.5 

0.36 

En  (GPa) 

161.5 

E22(GPa) 

4.15 

Gi2=Gi3(  GPa ) 

2.12 

G23(GPa) 

1.21 

Pl3=pl2 

0.296 

P23 

Table  1 :  Elastic  properties  of  the  constituent  phases  and  composite. 

The  elastic  properties  of  the  beam  material  in  local,  0-xyz  ,cartesian  system  are  illustrated 
normalized  vs.  0-angle  in  Figure  2.  These  variations  obtained  are  in  full  agreement  with 
experimental  results  reported  in  the  literature  [12,  15-17]. 


Figure  2:  The  elastic  moduli  of  composite  in  local  system  vs.  0-fiber  angle. 

Prior  studying  the  stress  field,  we  plot  the  variation  of  normalized  torsional  rigidity,  D/Do ,  in 
relation  to  the  fiber  angle,  0,  for  various  aspect  ratios,  a  /  b,  of  the  section  (Fig.  3).  In  this 
figure,  Do,  is  the  torsional  rigidity  of  a  similar  beam  with  Boron  fibers  parallel  to  the  central 
axis  of  the  beam.  The  optimum  value  of  torsional  rigidity  increases  with  specified  aspect  ratio 
,  a  /  b,  and  this  is  due  to  shear  modulus  R33  of  the  fiber  composite  augmented  in  a  similar  way 
( Fig.  2).  Fig.  4  illustrates  the  Oxx-stresses  normalized  to  the  respective  stress  (axx)o=  (My  /  lyy ) 
z,  which  is  developed  in  an  isotropic  beam  similarly  loaded  by  a  bending  moment  My. 
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Figure  3:  The  torsional  rigidity,  D/Dq,  vs.  the  fiber  angle, 0. 

These  stresses  remain  similar  at  any  section  of  the  beam  and  are  plotted  for  square  (a/b=l) 
and  rectangular  (a/b=4)  sections.  The  size  of  normal  stresses 


- p. 

Figure  4:  Normal  stresses,  axx/(axx)o,  vs.  fiber-angle,  0,  for  various  torsion-to-bending 

moments  ratio,  Mx  /  My. 

is  strongly  affected  by  the  torsion-to-bending  moments  ratio,  Mx  /  My.  Fig.  5  illustrates  the 
variation  of  normalized  shear  stresses,  Xxz  and  ixy  at  the  midpoints  K  and  M  of  the  smaller  and 
longer  sides  of  section,  respectively.  These  stresses  are  plotted  normalized  to  the  maximum 
shear  stress,  max  to,  developed  in  an  isotropic  beam  of  the  same  configuration, 


4 


Figure  5:  Shear  stresses,  Txz  and  Xxy,  at  the  midpoints  K  and  M  of  section  sides  vs.  fiber-angle, 
0. 

which  is  subjected  to  similar  warping  conditions.  In  view  of  this  figure,  it  seems  that  the 
shear  stresses  at  the  midpoint,  K,  of  the  smaller  section  side  are  significantly  higher  than  the 
respective  stresses  appeared  in  an  isotropic  beam.  This  variation  of  stresses  is  due  to  the 
strong  influence  of  the  torsional  rigidity,  D  ,  rather  on  stresses  Xxz  than  on  stresses  Xxy.  It 
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should  be  referred  that  the  maximum  shear  stress  is  not  developed  at  the  same  point  of 
section  in  other  composite  beams  including  the  same  fibers,  which  are  differently  inclined  to 
the  beam  axis. 

6.  CONCLUSIONS 

The  main  conclusions  of  our  analysis  are: 

a)  The  moduli  expressing  the  elastic  coupling  are  significantly  influenced  by  the  fiber 
orientation  inside  the  composite  beam. 

b)  The  torsional  rigidity  of  fiber  reinforced  beams  varies  strongly  with  the  aspect  ratio  of 
sections. 

c)  The  normal  stresses  attain  higher  absolutely  values  in  beams  subjected  to  pronounced 
torsion  relatively  to  the  bending  moment  applied. 

d)  The  maximum  shear  stress  in  beams  appears  at  various  points  of  the  section  depending  on 
its  aspect  ratio  and  the  anisotropy  of  the  material. 
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1.  SUMMARY 

Helmholtz,  in  his  celebrated  paper  on  vortex  motion  published  in  1858,  introduced  his  famous 
representation  that  allows  decomposing  any  smooth  vector  field  in  terms  of  an  irrotational  and  a 
solenoidal  field.  If  fact,  the  irrotational  part  is  expressed  in  terms  of  a  scalar  potential  and  the 
solenoidal  part  is  expressed  in  terms  of  a  vector  potential.  The  implications  of  this  decomposition 
to  Theoretical  Physics  and  in  particular  to  Mechanics  are  immense.  In  order  to  appreciate  just 
one  component  of  the  contribution  of  Helmholtz’s  decomposition  theorem  to  Mechanics  it  is 
enough  to  consider  studying  elastic  wave  propagation  without  reference  to  the  decomposition  of 
the  displacement  field  into  longitudinal  and  transverse  waves  [3], 

In  the  present  work,  two  principal  generalizations  of  the  Helmholtz  theorem  are  repotted.  The 
first  one  concerns  potential  decomposition  of  polyadics  (tensor  products)  of  any  rank  and  the 
second  one  refers  to  potential  decomposition  of  vector  fields  that  describe  anisotropic  media.  In 
the  first  place  it  is  shown  that  a  polyadic  of  the  n-th  rank  can  be  expanded  into  n  +  1  terms,  each 
one  of  which  involves  a  potential  that  is  a  polyadic  of  some  rank  between  the  zeroth  and  the  n-th. 
As  we  move  from  terms  involving  potentials  of  higher  rank  to  terms  involving  potentials  of 
lower  rank  the  tensorial  character  of  the  terms  is  taken  up  by  iterative  applications  of  the  gradient 
operator.  The  special  case  of  a  first  rank  tensor  recovers  the  Helmholtz  decomposition  theorem. 
The  importance  of  this  generalization,  as  it  is  applied  mainly  to  dyadic  fields,  is  obvious.  As  far 
as  anisotropic  media  are  concerned  it  is  shown  that  the  anisotropic  response  of  the  medium  can 
be  incorporated  into  a  dilation  and  a  rotation  of  the  gradient  operator  via  contraction  with  a 
positive  definite  symmetric  dyadic.  Then,  a  sequence  of  identities  relating  the  above  type  of 
deformed  gradients  leads  to  potential  representation  of  any  vector  field  that  lives  within  an 
anisotropic  environment.  The  implication  of  this  type  of  generalization  to  Continuum  Mechanics 
is  under  current  investigation,  where  an  elegant  way  to  deal  with  anisotropy  is  furnished. 

2.  DECOMPOSITION  OF  POLYADICS 

A  polyadic  F^"^  of  the  nth  rank  is  a  tensor  product  of  n  vector  spaces  [1,6].  In  fact,  if 


(1) 


no 


denotes  a  Cartesian  orthonormal  basis  of  a  vector  space  with  dimension  de  1  then  a 
representation  of  with  respect  to  the  basis  B  is  furnished  by  the  expression 
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(1 
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f.:  ;  X, 


Xi 


(2) 


For  n=0  we  have  a  scalar  function,  for  n=l  we  obtain  a  vector  function,  for  n=2  we  deal  with  a 
matrix  function  and  so  on. 

In  particular,  the  vector  function 

=f  P) 


enjoys  the  celebrated  Helmoltz  decomposition  theorem  [2,7,8] 
f  =  VO  +  VxA 

where  <D  is  a  scalar  potential  which  generates  the  irrotational  part  VO  of  f  and  A  is  the  vector 
potential  which  gives  rise  to  the  solenoidal  part  VxA  off.  Furthermore,  the  gauge  condition 

V-A  =  0 

ensures  that  only  two  of  the  three  components  of  A  are  independent  and  therefore  the  three 
components  of  f  =  (fpfj.f,)  are  representable  by  the  potential  function  O  and  two  out  of  the 

three  components  of  A. 

Using  techniques  from  vector  and  dyadic  analysis  it  is  possible  to  show  that  for  the  case  of  a 
dyadic  the  decomposition  (4)  is  generalized  to 

=V<8)Vd>  +  ViS)VxA  +  VxVxB^''’  (6) 

where  <I>  is  a  scalar,  A  is  a  vector  and  is  a  dyadic  potential  [4].  Hence,  a  dyadic  field  can  be 
represented  as  the  (gradient)  (S>  (gradient)  of  a  scalar,  plus  the  (gradient)  0  (rotation)  of  a  vector, 
plus  the  (rotation)  x  (rotation)  of  a  dyadic.  It  is  observed  that  in  the  first  (the  scalar)  term  the 
double  vectorial  character  is  provided  by  the  two  gradient  operators,  in  the  second  (the  vector) 
term  one  vectorial  character  is  furnished  by  the  gradient  operator  and  the  other  by  the  vector 
potential  itself,  and  in  the  last  (the  dyadic)  term  the  dyadic  potential  carries  all  the  double 
vectorial  character  of  the  term. 

The  number  of  components  of  the  dyadic  field  is  d^ ,  while  the  number  of  components  for 
the  three  potentials  are  1  +  d  +  d^.  The  gauge  conditions  that  will  reduce  the  number  of 
independent  potentials  to  d^  are  given  by  the  d  equations 

V  •  B^^^  =  0  ('7) 


and  the  single  equation 


Ill 


V<8>V:B^"^=0  (8) 

A  little  extra  work  leads  to  the  general  decomposition 

F^">=V®V®---(8)VPo 
+  V®V(8)-*-®  VxP/‘^ 

+  V(8>V®---®VxVxPf^ 

+  V®  Vx---xVxP„^";'’^ 


+  VxVx---xVxP„^'‘^  (9) 

with  the  Gauge  conditions 

V.p(n)  (10) 

V®V:P^"^  (11) 

V®---®VlS)P^"^=0  (12) 


where  the  symbol  ©  stands  for  n  successive  contractions. 

Once  the  conditions  (10)-(12)  are  considered,  the  total  number  of  independent  components  of  the 
polyadic  potentials  Po,P/‘\...,P^''^  are  d",  exactly  as  the  number  of  components  of  the  polyadic 
field 

3.  ANISOTROPIC  HELMHOLTZ  DECOMPOSITION 

Next  we  restrict  our  attention  to  the  case  of  a  vector  field  (polyadic  of  rank  one)  in  and  define 
the  S-gradient  operator  by 

Vs=SV  (13) 

where  S  is  a  symmetric  positive  definite  real  matrix  (dyadic).  It  can  be  shown  that 


r  a  ^ 
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where  Si,  so,  S3  are  three  positive  real  number  and  the  three  differentiations  — and  - — 

ds,  dS2  083 

represent  three  directional  derivatives  along  the  three  orthogonal  directions  81,82,83.  All  these 

are  consequences  of  the  fact  that  S  is  symmetric  and  positive  definite  which  secures  that  it  has 
three  real  and  positive  eigenvalues  occurring  along  three  orthogonal  directions.  In  contrast  to  V 
which  represents  three  orthogonal  differentiations  of  the  same  weight,  the  S-gradient  V5 
incorporates  three  orthogonal  differentiations  of  different  weight.  Hence,  anisotropy  enters  the 
scheme  in  a  natural  way.  The  basis  of  our  representation  is  buried  within  the  identity 


(Vs  •  Vt.  )h  =  Vt-Vs  •  h  -  Vs  X  ( X  h) 


(15) 


where 


Vs=SV 

(16) 

VT=f  V 

(17) 

and  S,  T  are  any  symmetric  positive  definite  matrices  [5]. 
representations 

In  view  of  (14)  and  the  relative 

f  3 1 

ax, 

a 

(18) 

we  define  the  ST-Laplacian  as 

Vs-Vt-^  s,x, 

(19) 

which  for  S  =  f  reads  as 

1=1  ' 

(20) 

and  for  S  =  f  =  T  degenerates  to 
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=  A 


and  recovers  the  isotropic  Laplacian, 

Obviously  the  TpT2,T3  basis  does  not,  in  general,  coincide  with  the  81,82,83  basis. 
Denoting  by 

0(r)  =  Vs  •  h(r) 

the  scalar  S-potential  and  by 

A(r)  =  -VT,  xh(r) 

the  vector  T-potential,  formula  (15)  is  written  as 
(Vs  •  V3.)h(r)  =  +  Vs  x  A(r) . 

Consequently,  if  h  is  a  solution  of  the  ST-poisson  equation 


(21) 


(22) 


(23) 


(24) 


(Vs-V^)h  =  f 


(25) 


then  we  arrive  at  the  representations 

f  (r)  =  VTd>(r)  +  Vs  X  A(r)  (26) 

where  O  and  A  are  given  by  (22)  and  (23)  respectively. 

It  can  also  be  shown  that  the  gauge  condition  is  written  as 

V.r-A(r)  =  0.  (27) 

Taking  into  consideration  the  fact  that  the  importance  of  the  classical  Helmholtz  decomposition 
relies  with  the  fact  that  it  expresses  a  base-dependent  field  in  an  isotropic  medium  in  terms  of 
invariant  irrotational  and  solenoidal  quantities,  it  is  obvious  that  the  generalized  decomposition 
theorem  (26)  resumes  the  corresponding  importance  for  general  anisotropic  media. 
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1.  SUMMARY 

The  known  isotropic  tensor  function  representions  can  be  used  to  inunediately  yield 
representations  for  anisotropic  tensor  functions  .  Making  use  of  this  concept  we  are  able  to 
derive  conservation  laws  for  all  classes  of  nonlinear  anisotropic  materials  in  the  same  way  as 
we  do  for  isotropic  materials.  More  precisely,  we  approach  the  problem  of  coservation  laws 
for  anisotropic  materials  using  Noether's  theorem  as  we  do  for  isotropic  nonlinear  materials. 


2.  INTRODUCTION 

Since  the  paper  of  Knowles  and  Sternberg  (1972),  a  huge  number  of  papers  where  published 
in  connection  with  application  of  Noether's  theorem  to  the  problem  of  conservations  laws, 
and  particularly  to  the  path-independent  integrals.  Almost  all  of  them  were  dealing  with 
anisotropic  materials.  Very  recently,  new  method  has  been  applied  to  this  problem.  This 
method  is  known  under  the  name  Stroh  formalism,  and  has  been  used  very  successfully  for 
different  problems  for  linear  anisotropic  materials.  Therefore,  this  method  is  limited  to  the 
linear  anisotropic  materials.  But  non-linear  constitutive  relations  of  materials  play  an 
increasing  important  and  key  role  in  contemporary  theoretical  and  applied  mechanics. 

The  problem  how  to  represent  anisotropic  tensor  functions,  i.e.  how  to  deal  with  constitutive 
equations  of  anisotropic  materials,  was  pushed  a  head  by  the  papers  of  Bochler  (1978,  1979). 
In  these  works  the  elegant  concept  of  anisotropic  tensors  (Smith  and  Rivlin,  1957a)  or 
structural  tensors  (Lokhin  and  Sedov,  1963;  Sedov  and  Lokhin  1963,  Boehler,  1978,  1979) 
which  characterize  the  anisotropy  was  extended  to  join  the  so  called  principle  of  isotropy  of 
space  that  an  anisotropic  tensor  function  is  expressible  as  an  isotropic  one  with  the  structural 
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tensors  as  the  additional  tensor  agencies  (see  also  Liu,  1982).  Thus,  the  known  isotropic 
tensor  function  representations  can  be  used  to  immediately  yield  representations  for 
anisotropic  tensor  functions  (see,  for  example,  Boehler  and  Raclin,  1977;  Boehler  1977;  Liu 
1982;  Spencer  1982;  Boehler,  1987b).  Along  this  line,  constitutive  laws  of  transversely 
isotropic,  orthotropic  and  clinotropic  materials  for  complex  irreversible  mechanical 
phenomena  such  as  yilding,  failure,  creep  and  damage  are  well  formulated,  as  described  for 
instance  in  the  articles  by  Boehler  (1982;  1985a;  1987a;  1990;  1993)  and  Betten  (1990; 
1991). 

Making  use  of  this  concept  we  are  able  to  derive  conservation  laws  for  some  classes  (for  all, 
Xsiao,  1995)  of  nonlinear  anisotropic  materials  in  the  same  way  as  we  do  for  isotropic 
materials.  More  precisely,  we  may  approach  the  problem  of  conservation  laws  for  anisotropic 
materials  using  Noether's  theorem  as  we  do  for  isotropic  nonlinear  materials.  It  is  the  aim  of 
this  paper. 


2.  ANISOTROPIC  FUNCTIONS  RELATIVE  TO  0(3) 

Here  we  give  some  facts  concerning  constitutive  equations  of  anisotropic  functions.  For 
details  we  refer  to  [1],  [2]. 

In  most  cases,  mainly  for  solid  materials,  material  symmetry  groups  are  provided  by  the  3- 
dimensional  orthogonal  subgroups,  including  the  full  and  proper  orthogonal  groups  [3].  The 
usually  known  isotropic  functions  are  the  tensor  functions  possessing  invariance  under  the 
full  orthogonal  group  0(3) .  The  tensor  functions  possessing  invariance  under  the  proper 
subgroups  of  0(3)  are  called  anisotropic  functions.  General  aspects  of  representation  of 
anisotropic  functions  for  most  anisotropic  functions  remain  open.  The  existing  results  for 
representation  of  anisotropic  functions,  except  those  for  polynomial  functions,  were  derived 
mainly  from  the  method  of  isotropic  extension  .  The  essential  idea  of  this  method  is  to 
introduce  some  unit  vectors  w, . .  ,  and  some  second  order 

tensors  M, . . .  M,^  ,  called  structural  tensors  ,  to  characterize  the  material  symmetry  group 

and  then  to  extend  anisotropic  functions  to  isotropic  functions  with  extended  arguments.  As  a 
result,  representation  problems  for  the  former  can  be  reduced  to  those  for  the  latter  and  hence 
the  well-known  results  for  isotropic  functions  can  be  used  to  derive  the  desired  results  for 
anisotropic  functions. 

Formally,  let  Rhe  the  reals,  F  be  a  3-dimensional  Euclidean  space  and  L(F)be  the  space  of 

second  order  tensors.  We  use  the  following  abbreviations:  v  =  (v^, . 

'4  =  (-4/. . where  v^eFand  A.  gL(V).  Let  gbe  the  group  which  preserves  the 

symmetric  characteristics  of  material,  i.e. 

g  =  {QeG,Qm  =  m.QMQ^  =m],  (i) 

where  CcO{3)  ,  Thus,  5  is  characterized  by  the  set  {m,  A/}  and  the  group  Gc  0(3)  and 
therefore  we  write  simply  g  =  (G;m,  M) .  The  abbreviations  introduced  above  stand  also  for 
m  and  M  . 

Theorem  [1]:  A  function  f  is  invariant  relative  to  g  if  and  only  if  it  can  be  represented  by 
f{v,A)  =  f(v,A,m,M),  (2) 

A 

where  f  is  invariant  relative  to  G . 
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The  function  /  is  either  scalar-valued,  vector-valued  or  tensor  -valued  function. 

Then  making  use  of  this  theorem  Liu  [1]  find  g  for  some  crystal  classes  .  Here  we  list  some 
of  them  having  0(3)  as  the  group  of  symmetry: 

Transverse  isotropy 

g,  =  (0(3)  ;h„  N,),g^  =  (0(3) )  ,  gj  =  (0(3);iV,  )  .  gj  =  (o(3);«,  ®n,)  , 

Orthotropy 

gj  =  (0(3);n,®«pnj®/i2)  , 

Triclinic  system  (3) 

g-j  =  (0(3)  ;Wj ,  W2  ’^3)  » 

Monoclinic  system 
gg  =  (0(3)  ;/ij ,  ^2  )  , 

Rhombic  system 
Si2  =  (0(3);n,,«j®/i2) 

and  so  on,  where  {n^ ,  ,n^)  sltc  orthonormal  set  and  is  skew-symmetric  tensor 

associated  with  n,. ,  i.e.  (A^.)  =  w.. 


3.  ANISOTROPIC  ELASTIC  MATERIALS 


From  the  last  section  we  see  that  some  classes  of  anisotropic  materials  can  be  characterized 
by  isotropic  function 


e{F,m  M)  , 

A 

where  F  =  Vjc  is  deformation  gradient.  Here  we  identify  /  with  the  internal  energy  density 
£ .  Then  the  material  symmetry  requires  that 

e[FQ,Qm,QMQ^ye{F,m,M)  (4) 


for  any  Q  e  0{3) ,  and  ,  hence  the  following  relation  holds 

r  ~i  -\  "1  A 


de 


de 


^k;A 


\  ^^k;l 


dm 


Mn  + 


de 


dM. 


M, 


=  0. 


A  ''  AD  J 

In  addition  to  (4)  material  frame-indifference  requires 
de 

a  _ V 


klm 


dx 


(5) 


(6) 


k;B 


In  (5)  and  (6),  for  the  sake  of  generality  ,  we  used  the  special  and  material  coordinates 
Xf. ,  respectively.  We  write  also  the  material  form  of  balance  law  of  momentum,  in  the 
absence  of  body  force,  i.e. 


V’T  =  p„x.  (7) 

where 

-  mass  density  in  the  reference  configuration, 

T  =  (r^)  -  Piola  -  Kirchhoff  stress  tensor,  T  =  p^dpe . 

Now,  let 


2 


m,M  -  const 

Then  the  balance  law  (7)  may  be  written  as 


V-4,L  =  0, 
since  (9.L  =  0. 


Further  we  set  j) .  We  distinguish  the  partial  derivative  j  from  the 


total  derivative  V  = 


14“ 


=U)- 


(9) 


4.  THE  APPLICATION  OF  MODIFIED  NOETHER’S  THEOREM 


We  refer  to  [4]  for  the  derivation  of  modified  Noether’s  theorem.  Here  we  follow  the  same 
procedure  and  the  same  notation.  Thus 
>F  =  *,  V'P  =  Vx(;c*„), 
but 

<a)  =  (m,M),  Vft)  =  0 

because  of  (8)2.  This  requirement  is  justified  on  physical  background.  We  also  write 
f  =  (n,W) .  Then  (3.14)  in  [4]  becomes 

L<Pa.a  +  K  -  'P.,,  <P.^)+d^L- C  =  0 

since  =  0 .  Having  in  mind  the  conditions  (5)  and  (6)  which  must  be  satisfied  by 

£ ,  and  utilizing  the  method  of  Lagrange  multipliers  we  write  the  above  equation  in  the 
following  form 


,  de  \  a£  o£ 

)  +  T—  ««  +  +-^  ^ KL  “ 


de 


de 


de 


dx 


-  e 


ARC 


k,a 

de 


dm,  “  dM„,  -"dx,,. 


^l.R^n 


''k.A 


de  de 

+  - - +“ - M 


dx,^,  dm^ 


dM 


de  ^ 

dM. 


Ac=0. 


AR  ''  DR 

The  Lagrange  multipliers  A  and  ylare,  generally,  functions  of 


,x.m,M^- 


(10) 


Now  we 


postulate  that  (10)  must  be  satisfied  for  any  e ,  d^e  d^^e ,  i.e.  it  must  hold  for  any 

isotropic”  material.  Then  by  standard  but  very  long  procedure  ,  from  (10)  we  obtain 

~  ^KLM  > 


+  (11) 
=  ^ARC^R  \ 

Nkl  =  {  ^KAR  ^  AL^^IAR  ^  KA^^R^ 

where  (A,A,C,  a,  c)  are  arbitrary  constants. 


119 


5.  CONSERVATION  LAWS 

By  taking  all  of  arbitrary  constants  c,  a,  A,  C ,  A  zero  except  one,  in  turn,  we  obtain  the 
corresponding  conservation  law.  Thus,  as  in  classical  case,  there  are  five  conservation  laws. 
The  first  three  belong  to  the  case  of  spatial  invariance.  They  are  balance  of  momentum, 
balance  of  moment  of  momentum  and  balance  of  energy.  The  case  of  material  invariance 
Is  more  important,  particularly  for  fracture  mechanics.  They  are 


Conservation  of  linear  material  momentum 


^  J  p„  xF  rfV  +  jjV  rf5  =  0 , 

Conservation  of  angular  material  momentum 


-J 

dt\ 

-I 


X 

- 1 

s  L 

“1  2  J  J 

de  de 

xm  x  M  -M  X 


dm 


dM 


dM 


DB 


(12) 


(13) 


Note.  If  we  consider  static  problem  then  (12)  becomes 

J(po£/-F''r)iVrf5  =  0.  (14) 

s 

This  was  the  starting  point  of  Gurtin  and  his  collaborators.  Moreover,  since  they  did  not 
assume  anything  in  connection  with  functional  dependence  of  e  then  they  conclude  that 
Eshelby’s  energy  momentum  tensor,  the  left  side  of  (14),  holds  for  all  materials  and  in  all 
ranges  of  their  behavior,  i.e.  for  elastic,  plastic  viscous  as  well  as  intermediate  range. 
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1.  SUMMARY 

A  micromechanics-based  model  for  the  behavior  of  porous  shape  memory  alloys  (SMAs)  is 
presented  in  this  vv^ork.  The  porous  SMA  is  modeled  as  a  two-phase  composite  with  SMA 
matrix  and  elastic  inhomogeneities,  which  in  the  limit  represent  pores.  The  Mori-Tanaka 
averaging  technique  is  used  to  derive  the  strain  concentration  factors.  Different  cases  of 
random  orientation  of  pores  are  investigated  to  be  able  to  accurately  model  actual  pore 
geometries. 


2.  INTRODUCTION 

Over  the  last  decade  shape  memory  alloys  (SMAs)  [1]  have  attracted  large  interest  in  various 
fields  of  applications.  The  use  of  SMAs  has  promoted  extensive  research  on  developing  SMA 
constitutive  models.  Different  researchers  have  used  two  different  modeling  approaches: 
micromechanics-based  and  phenomenological.  A  micromechanics-based  model  based  on  the 
analysis  of  phase  transformation  in  single  crystals  of  copper-based  SMAs  has  been  presented 
by  Patoor  et  al.  [2].  Another  micromechanical  model  for  SMAs  capturing  different  effects  of 
SMA  behavior  such  as  superelasticity,  shape  memory  effect  and  rubber-like  effect  has  been 
presented  by  Sun  and  Hwang  [3,  4].  Tanaka  [5],  Liang  and  Rogers  [6],  Brinson  [7]  and  Boyd 
and  Lagoudas  [8]  have  presented  phenomenological  constitutive  models.  Another  model 
describing  solids  with  trilinear  stress-strain  response  has  been  proposed  by  Abeyaratne  and 
Knowles  [9].  Recently  Birman  [10]  reviewed  the  existing  constitutive  models. 

A  relatively  new  area  of  applications  utilizing  the  properties  of  SMAs  is  the  area  of  active 
composites  [11].  The  design  of  these  composites  involves  embedding  SMA  elements  in  the 
form  of  wires,  short  fibers,  strips  or  particles  into  a  matrix  material.  Then,  controlling  the 
phase  transformation  of  the  SMA  inclusions  through  heating  or  cooling  allows  to  control  the 
overall  behavior  of  the  composite  and  change  its  macroscopic  properties.  Both  fabrieation 
and  modeling  of  SMA-based  active  composite  materials  have  been  the  subject  of  a  number  of 
research  papers. 

A  form  of  an  active  composite  is  an  SMA  matrix  with  pores  of  different  shape,  size  and 
orientation.  Driven  by  biomedical  applications  recently  emphasis  has  been  given  to  porous 
SMAs.  Russian  and  Chinese  scientists  have  reported  initial  progress  in  manufacturing  and 
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testing  of  these  new  materials.  Fabrication  techniques  for  producing  porous  NiTi  have  also 
been  established  in  the  US  [12,  13].  It  is  envisioned  that  this  new  material  will  find 
applications  in  the  field  of  medicine  as  well  as  in  various  energy  absorption  devices  and 
mechanisms. 

In  a  previous  work  two  methods  for  modeling  of  porous  NiTi  SMAs  -  one  based  on  the  unit 
cell  Finite  Element  Method  and  the  second  using  the  incremental  Mori-Tanaka  averaging 
scheme  -  have  been  presented  [14].  The  effective  stress-strain  response  has  been  obtained  for 
various  loading  paths  and  different  values  of  porosity  (pore  volume  fractions)  as  well  as  for 
two  different  pore  shapes  -  cylindrical  and  spherical.  The  results  of  both  methods  were  found 
to  be  in  good  agreement. 

The  current  work  continues  with  further  investigation  of  the  incremental  averaging  method. 
One  of  the  objectives  of  this  work  is  to  investigate  the  effect  of  different  pore  geometries  on 
the  effective  behavior.  Motivated  by  micrographs  of  porous  NiTi  specimens  (see  Figure  1) 
random  distribution  of  pores  is  considered  in  this  work.  Thus  the  current  establishes  a 
macroscopic  constitutive  model  for  the  porous  SMA  material  using  the  properties  of  the 
dense  SMA  and  information  about  pore  shape,  volume  fraction  as  well  as  given  pore 
orientation.  Analytical  expressions  for  the  overall  elastic  and  tangent  stiffness  of  the  porous 
SMA  material  are  derived  and  an  evolution  equation  for  the  overall  transformation  strain  is 
also  derived.  The  properties  of  the  porous  SMA  material  are  obtained  by  using  the 
constitutive  model  for  dense  SMA  to  model  the  matrix  and  treating  the  inhomogeneities  as 
elastic  phases  with  stiffness  equal  to  zero.  The  modeling  results  are  compared  with  recently 
obtained  experimental  data  on  binary  NiTi  porous  SMAs. 


Figure  1:  Micrographs  of  a  porous  NiTi  SMA  specimen:  (a)  transverse  cut;  (b)  axial  cut 


3.  DERIVATION  OF  A  CONSTITUTIVE  MODEL  FOR  A  COMPOSITE  WITH  SMA 
MATRIX  AND  ELASTIC  INHOMOGENEITIES 

The  development  of  the  model  starts  by  considering  a  composite  material  with  an  SMA 
matrix  and  elastic  inhomogeneities.  Let  the  Cauchy  stress  in  the  matrix  be  denoted  by  o” ,  the 
linearized  strain  be  e"'  and  the  transformation  strain  be  e"'" .  The  matrix  is  characterized  by  its 
elastic  stiffness  (compliance  M'"=(L"’)"‘)  and  tangent  stiffness  T'".  Similarly,  let  the 
stress  in  the  inhomogeneities  be  o'  and  the  strain  be  e'  .  The  inhomogeneities  are 
characterized  by  the  elastic  stiffness  L'  (compliance  M'  =  (L')~^ ).  Let  the  volume  fraction  of 
the  matrix  phase  be  c'”  and  the  volume  fraction  of  the  inhomogeneities  be  c'  =l-c'".  The 
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composite  is  characterized  by  its  effective  elastic  stiffness  L,  tangent  stiffness  T  and 
effective  stress,  strain  and  transformation  strain  H,  E  and  E^ 


In  this  work  the  matrix  will  be  the  SMA,  which  will  be  modeled  by  a  rate-independent 
constitutive  model.  One  of  the  characteristics  of  SMAs  is  the  change  in  the  elastic  stiffness 
with  phase  transformation,  in  addition  to  the  inelastic  strain  induced  by  the  martensitic  phase 
transformation.  The  rate  for  of  the  constitutive  equation  for  the  matrix  is  therefore  given  by 

a  =L  :(e  -c  ),  (1) 

where  £*”'  reflects  the  change  of  the  elastic  stiffness  during  transformation  and  is  given  by 

8"' la"*.  (2) 

The  rate  form  of  the  constitutive  equations  for  the  inhomogeneities  is  given  by 

a'=L;:£'.  (3) 

The  macroscopic  constitutive  law  for  the  SMA  composite  is  written  as 

i:  =  L:(E~r),  (4) 

where  E  and  E  are  the  overall  stress  and  strain  tensors  and  E'  is  the  macroscopic 
transformation  strain.  An  alternative  formulation  using  stress  and  strain  rates  and  the  overall 
tangent  stiffness  is  given  by 

i  =  T:E.  (5) 

To  connect  the  macroscopic  stress  and  strain  rates  to  the  respective  microscopic  ones  the 
following  instantaneous  strain  and  stress  concentration  factors  A(x)  and  B(x)  are  defined  as 
(assuming  that  the  local  strain  is  driven  by  the  macroscopic  strain): 

c  =  A(x):E,  a  =  B(x):i.  (6) 

Using  the  constitutive  equations  for  the  phases  and  the  concentration  factors  given  by 
equation  (6)  the  following  expressions  for  the  overall  elastic  stiffness  L ,  tangent  stiffness  T 
and  the  evolution  of  the  overall  transformation  strain  E'  are  derived: 

L  =  c'"L'"A"'’'"  +  {L'A''’'},  (7) 

T  =  c"‘T'"A'"+{T'A'},  (8) 

E'  =E-c"'ML'”  :(a"'  :E-(£*'”)^)-M{l'A'}: E-M :2:,  (9) 

where  A'’^’"'  and  are  the  average  elastic  strain  concentration  factors,  A”'  and  A'  are  the 
average  instantaneous  strain  concentration  factors  and  is  the  volume  average  of  £*"* 

over  the  matrix  phase.  Note  that  the  elastic  strain  concentration  factors  mush  me  calculated 
assuming  elastic  behavior  of  the  phases.  The  curly  braces  in  the  above  equations  (7)-(9) 
indicate  either  summation  over  the  number  of  inhomogeneity  phases  or  averaging  over  the 
phase's  distribution.  For  example,  the  last  term  in  the  expression  for  the  elastic  stiffness  is 
evaluated  as: 


;=i 


i  ft  A  el,i 
CjLjAj 


K  IK 


J  J  p{q>,B)^m0d^6 
0  0 


for  N  inhomogeneity  phases 


for  distribution  of  phases 


(10) 


In  the  first  case  ( N  inhomogeneity  phases)  in  the  equation  above  c'.  is  the  volume  fraction 
of  f’‘  inhomogeneity  phase  and  JJj  and  A^.^'  are  the  corresponding  elastic  stiffness  and 
strain  concentration  factor.  p((p,6)  is  the  orientation  distribution  function  and  the  integration 
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is  performed  over  a  unit  sphere.  In  the  most  general  case  the  function  p  may  indicate  not 
only  the  distribution  of  phase  orientations  but  also  of  shapes  and,  possibly,  of  material 
properties. 

The  concentration  factor  A'  is  evaluated  using  the  Mori-Tanaka  method.  The  average  strain 
concentration  factor  for  the  matrix  A'"  is  evaluated  using  the  identity  c"‘A'"  -l-c‘A‘  =  I . 

4.  RESULTS  AND  DISCUSSION 

Assuming  that  the  elastic  stiffness  of  the  inhomogeneities  in  the  limit  approaches  zero,  the 
above-presented  theory  is  applied  to  obtain  results  for  porous  SMAs.  The  constitutive 
behavior  of  the  SMA  matrix  is  modeled  using  the  rate-independent  model  developed  by 
Lagoudas  et  al.  [15]  and  numerically  implemented  by  Qidwai  and  Lagoudas  [16]. 

To  evaluate  the  Eshelby  tensor  S^  the  shape  of  the  inhomogeneities  must  be  chosen.  It  can 
be  seen  from  Figure  1  that  the  voids  in  the  porous  SMA  have  very  random  distribution  and 
irregular  shapes.  It  could  be  asserted  that  the  pores  can  be  approximated  as  randomly 
distributed  ellipsoids,  which  would  lead  to  isotropic  effective  properties  of  the  porous  SMA. 
However,  spherical  pore  shape  would  also  result  in  isotropic  effective  properties.  In  the 
following  the  effective  properties  for  a  composite  with  elastic  phases  obtained  using  random 
orientation  of  ellipsoids  will  be  compared  to  the  effective  properties  obtained  using  spheres. 

For  a  composite  with  elastic  isotropic  matrix  with  stiffness  V'  and  random  distribution  of 
elastic  isotropic  ellipsoidal  inhomogeneities  with  stiffness  L'  the  overall  elastic  stiffness  is 
given  by  equation  (7).  The  elastic  strain  concentration  factor  is  given  by  the  following 
equation: 

A"’'=a[c'”I+c'{a}J',  (11) 

where  A  is  defined  as: 

A  =  |^I+S^(L'”)’‘(L'-L")j  (12) 

and  the  Eshelby  tensor  is  evaluated  using  the  matrix  stiffness  If  and  the  shape  of  the 
inhomogeneities.  The  averaging  indicated  by  the  curly  braces  is  performed  over  all  possible 
orientations  of  the  ellipsoid  (i.e,  the  distribution  function  is  p  =  1 ).  Initially,  tensor  A  is 
found  in  the  local  coordinate  system  of  the  inhomogeneity  and  then  is  transferred  to  the 
global  coordinate.  The  two  coordinate  systems  are  related  to  each  other  by  the  rotation  Q . 
Taking  into  account  all  possible  orientations  of  the  inhomogeneities  results  in 

A((p,6)  sin  6  dcpdO  (13) 

and  the  components  of  A((p,6)  are  given  by 

Ajkl  ”  QmlQnj^mnpqQpk Qql  ‘  ( ^ 

Thus  the  following  final  expression  for  the  overall  elastic  stiffness  is  obtained: 

L  =  L"'  +c'(L'-L'"){a}[c’"I+c'{a}J'.  (15) 

Results  obtained  for  two  different  inhomogeneity  shapes  -  prolate  spheroids  and  cylinders  - 
are  compared  with  the  results  for  spherical  inhomogeneities.  For  the  case  of  prolate  spheroids 
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two  of  the  principal  axes  of  the  ellipsoid  are  selected  to  be  equal  («2  =  ^3 )  while  the  third 
axis  is  selected  to  be  a,  =  2^2  •  For  the  case  of  cylindrical  inhomogeneities  the  ratio  aja^  is 
set  to  a  very  large  number.  The  above-described  averaging  procedure  has  been  implemented 
for  the  case  of  porous  material  (U  =  O) ,  The  elastic  properties  of  the  matrix  were  taken  to  be 

the  same  as  the  elastic  properties  of  NiTi  in  the  austenitic  phase,  i.e.,  Young's  modulus 
£  =  70GPa  and  Poisson’s  ratio  t;  =  0.33.  The  averaging  procedure  results  in  isotropic 
effective  material  properties  due  to  the  randomness  of  the  orientation  of  the  inhomogeneities. 
Two  of  the  effective  material  parameters  of  the  composite  are  obtained  -  effective  Young's 
modulus  and  effective  bulk  modulus.  The  values  of  these  material  parameters  are  normalized 
by  the  corresponding  matrix  properties.  The  values  of  the  normalized  effective  Young's 
modulus  for  different  pore  volume  fractions  is  plotted  in  Figure  2a  and  the  normalized 
effective  bulk  modulus  is  plotted  in  Figure  2b.  It  is  observed  from  these  figures  that  there  is 
very  slight  discrepancy  between  the  results  for  different  pore  shapes  and  there  is  very  good 
agreement  between  the  results  for  the  case  of  spherical  pores  and  prolate  spheroids. 


Figure  2:  (a)  Normalized  effective  Young’s  modulus;  (b)  Normalized  effective  bulk  modulus 


The  results  presented  here  are  normalized  and,  therefore,  are  valid  for  all  possible  values  of 
the  matrix  stiffness.  Therefore,  it  could  be  asserted  that  the  selection  of  a  spherical  pore  shape 
would  give  adequate  representation  of  porosity  for  the  case  of  porous  SMA.  The  use  of 
random  pore  distribution  in  the  case  of  porous  SMAs  would  be  computationally  very 
expensive,  since  the  averaging  (see  equations  (13)-(14))  must  be  performed  at  every 
increment.  Thus,  the  results  for  porous  SMAs  are  obtained  using  spherical  pore  shape. 

The  material  parameters  for  the  SMA  matrix  are  taken  from  [16].  The  numerical  calculations 
were  performed  in  the  pseudoelastic  regime  of  the  SMA  at  42°C  (at  the  austenitic  finish 
temperature).  The  developed  micromechanical  procedure  was  implemented  using  User- 
Material  (UMAT)  subroutine,  which  is  compiled  and  used  by  the  commercial  FEM  package 
ABAQUS.  The  numerical  calculations  were  performed  using  a  two-element  mesh  under 
uniaxial  loading.  The  effective  stress-strain  response  for  different  pore  volume  fractions  as 
well  as  the  comparison  between  the  local  and  macroscopic  behavior  for  50%  porosity  is 
shown  in  Figure  3. 


Figure  3:  Effective  stress-strain  response  of  porous  NiTi 
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1.  SUMMARY 

The  concern  of  this  work  is  the  derivation  of  material  balance  laws  for  the  Green-Naghdi 
(G-N)  theory  of  dissipationless  thermoelasticity.  The  lack  of  dissipation  allows  for  a 
variational  formulation  which  is  used  for  the  application  of  Noether’s  theorem.  The 
balance  laws  in  material  manifold  are  derived  and  the  exact  conditions  under  which  they 
hold  are  rigorously  studied. 

2.  INTRODUCTION 

This  work  is  devoted  to  the  canonical  formulation  of  thermoelasticity  theory  without 
dissipation  [1].  For  this  purpose,  we  use  the  celebrated  theorem  of  Noether  according  to 
which  it  is  possible  to  obtain  a  conservation  law  for  every  given  variational  symmetry. 
We  use  also  what  is  called  [2]  ’’invariance  identity”  to  obtain  the  non-homogeneous  terms 
of  the  material  balance  laws,  i.e.,  the  material  forces  or  some  kind  of  moment  of  such 
forces.  In  this  manner  we  obtain  all  equations  of  interest,  that  is,  the  balance  of  linear 
momentum,  the  equation  of  entropy,  the  balance  of  canonical  momentum,  the  balance 
of  scalar  moment  of  canonical  momentum  and  the  energy  equation  all  in  the  apparently 
’’dissipationless  form”. 

Dascalu  and  Maugin  [3]  used  the  G-N  theory  to  formulate  the  corresponding  canonical 
balance  laws  of  momentum  and  energy  -  of  interest  in  the  design  of  fracture  criteria 
-  which,  contrary  to  the  expressions  of  the  classical  theory,  indeed  present  no  source 
of  dissipation  and  canonical  momentum  [4].  In  recent  works  [5,  6]  it  has  been  shown 
the  consistency  between  the  expressions  of  intrinsic  dissipation  and  source  of  canonical 
momentum  in  dissipative  continua.  This  is  developed  within  the  framework  of  so-called 
material  or  configurational  forces,  that  world  of  forces  which,  for  instance,  drive  structural 
rearrangements  and  material  defects  of  different  types  on  the  material  manifold  [7,  8,  9]. 


127 


We  use  throughout  the  paper  alternatively  the  vectorial  as  well  as  the  index  notation  to 
represent  Cartesian  vectors  and  tensors,  thus  rectangular  coordinate  systems  are  adopted 
in  all  cases.  The  motion  of  a  thermoelastic  body  is  described  by  the  smooth  mapping 
xp  =  xp{Xi3),  where  B^j3  —  1,2, 3,4,  X4  =  a  =  Q!(X,t)  is  the  the  thermal 

displacement  scalar  field,  a  primitive  concept  according  to  G-N  theory.  The  temperature 
field  is  defined  to  be  the  time  derivative  of  a,  thus  ©(X,  t)  d(X,t).  Also,  we  use  the 
notation  X  to  denote  the  material  space  variable,  and  x  for  the  spatial  position  of  the 
particle  X  at  time  t.  In  a  coordinate  system  these  variables  will  be  written  as  Xl,L  — 
1, 2, 3  and  Xi,  i  =  1, 2, 3,  respectively.  Generally,  Greek  indices  will  range  from  1  to  4,  while 
the  lower-case  Latin  ones  will  range  from  1  to  3.  Also,  the  capital  letters  K,  L,  M,...will 
range  from  1  to  3  and  A,  B,...  from  1  to  4.  We  use  two  distinct  differential  operators 
and  .  The  former  is  the  usual  partial  derivative  operator  while  the  latter  denotes 
the  partial  derivative  which  accounts  for  the  underlying  function  composition.  Also,  the 
usual  notations  GradF  =  VrF  —  DF/DXl,  DivF  —  DFl/DX[^  and  F  =  DFfDt  for 
gradient,  divergence  and  material  time  derivative,  respectively  are  used.  All  the  results 
presented  in  this  paper  are  given  without  any  proof  due  to  lack  of  space.  The  interested 
reader  can  find  the  omitted  proofs  as  well  as  additional  results  in  a  coming  paper  of  the 
authors. 


3.  PRELIMINARIES 


According  to  G-N  theory  the  field  equations  of  thermoelasticity  of  type  II  [1]  i.e.,  the 
momentum  and  energy  equations  are  given  respectively  as  follows 


dt 


—  DivT  —  0, 


jD^  D© 

-{—  +  ^v)  +  tr{TF)  -  S  .  V^e  =  0 


(1) 


where  p  =  p^y  is  the  physical  momentum,  v  =  is  the  velocity  field,  ^  is  the  free 
energy  function  per  unit  volume,  T  is  the  first  Piola-Kirchhoff  stress  tensor,  F  is  the 
deformation  gradient  tensor,  S  is  the  entropy  flux  vector  and  77  is  the  entropy  density  per 
unit  volume.  Also,  the  constitutive  equations  are  given  in  the  form 


dF’  dp’  ^  da' 


(2) 


where  (5  =  W Ra,  a  =  a(X,t). 

In  the  sequence,  we  give  some  fundamental  elements  related  to  variational  symmetries 
and  Noether’s  theorem.  Let  a  function 


L  —  L(^Xaj  A  —  1}  2,  ...n,  ex  —  1,2,  ...ttz, 


where  X/i  G  G,  G  is  a  smooth  domain  of  RP'  and  Xa{XA)  is  a  sufficiently  smooth  function. 
Consider  the  functional  I :  G^(G)  — ^  R  given  as  follows 

~  3Jq.,  (3) 

The  necessary  condition  for  the  functional  I  to  attain  an  extremum  is  given  by  the  well 
known  Euler-Lagrange  equations 


dL 

dx^ 


'’A 


DXa  dx^^A 


0. 


6G 


(4) 
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where  the  summation  convention  is  used  when  repeated  indices  are  appeared. 

Consider  now  the  n+m-dimensional  Euclidean  space  made  up  by  the  dependent 

and  independent  variables,  a  group  of  infinitesimal  transformations  will  be  of  the  form 


where  Z'K  and  are  with  respect  to  Xn^xp  and  are  reals. 

The  following  invariance  identity  is  a  necessary  and  sufficient  condition  for  a  group  of 
infinitesimal  transformations  to  be  a  variational  symmetry  [2,  10]: 


dL  dL  dL  DC’ 

dXA  ^  dXa,A^DX  A 


DXa 


=  0. 


(6) 


Now,  we  give  a  version  of  Noether’s  theorem  [2]  convenient  to  our  objective 
Theorem  of  Noether  If  the  functional  (3)  is  invariant  under  the  ^-parameter  group 
of  transformations  given  by  eqs.  (5),  there  exist  /x  conservation  laws  of  Euler- Lagrange 
equations  (4)  given  by 


where 


6'-;  = 


-{LZ'‘;  -  ^x„,„zj;  +  ^C)- 


^^a,A 


dx 


a, A 


(7) 

(8) 


4.  VARIATIONAL  SYMMETRIES  AND  CONSERVATION  LAWS 


Definition  The  Lagrangian  function  of  a  thermoelastic  body  without  dissipation  is  defined 
to  be  of  the  form 


L(A/j,  Xi,  o. 


dxi  da  ^ 


1  /  N  .  .  T  / 

,a,— 


(9) 


Thus,  the  functional  I  for  the  case  under  discussion  will  take  the  form 


ii,  Q,  Xij^,  ajf)dVdt, 


(10) 


where  H  is  a  smooth  domain  of  B?  and  [ti,t2]  an  interval  of  R.  Notice  that  L  is  not  an 
explicit  function  of  Xi  by  virtue  of  Galilean  invariance  (translations  in  physical  space  of 
placements).  Neither  is  it  an  explicit  function  of  a  itself  ,  this  implying  a  s  sort  of  gauge 
invariance  very  similar  to  that  of  electrostatic  for  the  electric  potential.  The  variational 
statement  can  be  written  as  follows: 

Proposition  1  Let  the  constitutive  relations  (2)  hold.  Among  all  admissible  functions 
of  motion  and  thermal  displacement  for  a  thermoelastic  body  without  dissipation  those 
ones  affording  an  extreme  value  to  the  action  integral  defined  by  (9-10),  will  satisfy  the 
equations. 


DTu 

DXi 


DSi^ 

DXi^ 


=  0. 


(11) 
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Thus  the  variational  statement  provides  two  equations.  The  first  of  them  is  the  equation 
of  motion  and  coincides  with  the  corresponding  one  of  G-N  theory,  i.e.  eq.  (la).  The 
second  one  is  an  equation  for  the  balance  of  entropy  Thus,  as  far  as  the  variational  prin¬ 
ciple  is  considered,  the  field  equations  for  thermoelasticity  without  dissipation  are  eqs. 
(11)  instead  of  (1)  of  G-N  theory.  The  other  required  equation,  i.e.  eq.  (lb),  is  an  energy 
equation  and  can  not  directly  rise  from  a  variational  principle.  What  can  be  expected  is  to 
appear  as  a  consequence  of  Noether’s  theorem  considering  invariance  in  time  translations. 

Invariance  under  Translations 

First,  consider  invariance  in  material  space  and  time  translations. 

Lemma  1  If  the  action  integral  of  a  thermoelastic  body  without  dissipation  is  invariant 
under  the  group  of  space  and  time  translations,  then  it  is  a  homogeneous  body. 

Next,  we  give  the  main  result  concerning  the  group  of  translations. 

Proposition  2  Let  the  motion  and  the  temperature  functions  Xi  and  O  satisfy  the  field 
equations  (11)  for  a  homogeneous  thermoelastic  body  without  dissipation  through  consti¬ 
tutive  relations  (2),  on  the  domain  x  [*1,^2]-  Then  the  following  conservation  laws  also 
hold  on  Cl  X  [^1,^2]- 


^  {LSkl  +  TiiXi^K  -  SlPk)  -  +  vPk)  =  0,  (12) 

-  Sl&)  +  ^{L  -  PRXi±i  -  7?©)  =  0.  (13) 

The  second  of  the  above  conservation  laws,  eq.  (13),  corresponds  to  time  translations, 
thus  it  is  related  to  the  conservation  of  energy.  After  some  calculation  and  taking  into 
account  equation  of  motion  (11a),  it  can  written  as 

-(i^  -f  ©7?)  +  TuVi^L  -  =  0,  (14) 


which  coincides  with  eq.  (lb). 


Invciriance  under  the  scaling  Group. 

In  this  case  we  will  use  the  following  one-parameter  group  of  scalings  in  material  and 
physical  space 

Xa^  Xa-\-  eXA  Xa  =  Xa-  eXa,  (15) 

In  this  case  the  invariance  identity  becomes 


dL 

dXA 


Xa-2{ 


dL 

dXa,A 


)^a,yl  "I" 


4L  =  0. 


(16) 


The  most  interesting  result  for  the  scaling  group  concerns  the  linear  case  for  which  the 
following  identity  holds 

Lemma  2  Let  us  assume  that  a  thermoelastic  body  without  dissipation  admits  linear 
constitutive  relations  risen  from  (2),  then  it’s  Lagrangian  satisfies  the  following  identity 

=  2L.  (17) 

OXoi.A 


Proposition  3  Let  the  motion  and  the  temperature  functions  Xi  and  ©  satisfy  the  field 
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equations  (11)  for  a  homogeneous  thermoelastic  body  without  dissipation  through  linear 
constitutive  relations,  on  the  domain  Cl  x  [^1,^2]-  Then  the  following  conservation  law  also 
holds  on  Q  X  [t\ ,  <2]  ■ 


„  [{L6kl  +  TiiXi^K  -  SiI3k)Xk  +  {Tnii  —  Si,Q)t  +  TuXi  —  Si^a]  + 

UA. 

+  e)t  -  {pRXiXi^K  +  vPk)Xk  -  pnXiXi  -  7?q]  =  0, 
where  e  =  e(X,  t)  is  the  internal  density  function  per  unit  volume. 


(18) 


5.  MATERIAL  BALANCE  LAWS 


So  far,  we  have  presented  conservation  laws  of  the  G-N  equations  of  thermoelasticity. 
From  the  point  of  view  of  material  mechanics,  it  is  interesting  to  focus  on  what  can  be 
called  material  balance  laws.  To  obtain  such  equations  we  must  allow  for  the  presence 
of  sources  in  the  already  derived  equations.  This  by  turn,  can  be  done  by  relaxing  the 
assumptions  we  have  posed  in  order  to  obtain  them.  By  this  manner,  for  every  conser¬ 
vation  law,  we  can  obtain  a  balance  (non-conservation)  law.  Applying  this  procedure  to 
conservation  laws  (12)  and  (18)  we  obtain. 


D 


DXi^ 


(L6kl  +  Ti.iXi^K  “  SiPk) 


^  r  ■  o  ^ 


(19) 


„  „  [{L8ki^  +  TuXi,K  —  Si,Pk)^k  +  (TuXi  —  Si,G)t  +  Ti,iXi  —  S/^a]  + 

JJAi^ 

-  {prXiXuk  +  V^k)Xk  -  PnXiXi  -  no]  =  (2°) 

The  first  one  is  the  well-known  pseudomomentum  equation  and  the  second  is  the  scalar 
moment  of  pseudomomentum  equation.  Eq.  (20)  holds  for  linear,  non-homogeneous 
thermoelasticity  and  represents  a  balance  law  for  scalar  moment  of  pseudomomentum  or 
canonical  momentum.  The  corresponding  balance  equation  in  physical  space  is  not  often 
used  because  it  does  not  play  any  role  in  the  description  of  the  equilibrium  or  the  motion 
of  a  body  as  does,  for  instance,  the  momentum  or  angular  momentum  equation.  In  the 
case  of  physical  space,  the  factors  that  balance  the  rate  of  scalar  moment  of  momentum 
are  referred  as  scalar  moments  or  virials.  So  the  right  hand  side  term  of  eq.  (20)  is  a  sort 
of  material  scalar  moment  or  material  virial. 

The  above-obtained  results  can  be  compared  to  previously  appeared  work  of  other 
researchers.  We  must  especially  refer  to  the  work  of  Dascalu  and  Maugin  [3]  for  G-N 
thermoelasticity  and  Maugin  [11]  and  Fletcher  [12]  for  elasticity.  Let  us  return  to  eq. 
(12)  which  represents  the  canonical  momentum  conservation  law.  It  can  be  written  in  the 
form 


V 

DMipit— 


«')!  +  TF  -  /9  ®  S)  -  +  VJ3}  =  0. 


(21) 


Eq.  (21)  coincides  with  the  corresponding  one  deriving  through  a  vectorial  approach  in 
[3].  Conservation  laws  (12),  (13)  and  (18)  restricted  to  the  case  of  elasticity  are  in  full 
agreement  with  the  corresponding  ones  given  by  [11]  and  [12].  Introducing  the  definitions 


[13] 
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Pf  :=  -(p„xF  +  =  -p-F-ri0  =  -  vP, 

b"*  :=  bLK  =  -{L6lk  +  TLiXi,K  -  SlPk), 


=  -S' 


n  :=  -prX.  ■  X  +  e, 


Q  :=  Tx  -  Se, 


(22) 

(23) 

(24) 

(25) 


for  canonical  momentum  of  the  present  approach,  the  canonical  material  stress  tensor 
(Eshelby  stress  tensor),  the  material  force  of  true  inhomogeneities,  the  Hamiltonian 
density  (total  energy  density)  and  the  material  energy  flux,  respectively  the  equations 
(12),  (13)  and  (20)  can  be  written  in  vectorial  form  as  follows 


-Divh<-^  + 


Dpii' 

Dt 


= 


DH 


Vi?  •  Q  =  0, 


(26) 


+  Qt  +  T-x-Sa)-f- 

•^(-m  +  P‘'‘-X-p-x-7ya)  =  f‘"'‘-X,  (27) 

respectively.  We  recall  that  the  eq.  (27)  holds  for  non-homogeneous  but  linear  thermoe¬ 
lasticity.  Under  this  restriction  and  in  the  framework  of  elasticity  it  can  be  compared  with 
eq.  (4.89)  of  [11].  Assuming,  as  in  standard  continuum  thermodynamics,  that  entropy 
and  heat  flux  are  related  by  the  usual  relation  S  =  q/0,  eq.  (26b)  will  take  the  classical 
form  of  the  energy  conservation  equation  [14] 

^  -  Vfi  •  (T  •  V  -  q)  =  0.  (28) 


6.  CONCLUSIONS 

Summing  up,  we  have  deduced  from  the  Lagrangian  density  (9)  all  field  equations  and 
balance  laws  for  the  theory  of  material  inhomogeneous,  finite  deformable,  thermoelastic 
conductors  of  heat.  As  a  matter  of  fact,  eqs.  (11a)  and  (28)  are  the  local  balance  equations 
of  linear  momentum  and  energy,  respectively.  These  are  all  formally  identical  to  those  of 
the  classical  thermoelasticity  of  conductors  (e.g.,  as  recalled  in  [14]).  Only  the  equation  of 
canonical  momentum  (26a)  differs  from  the  originally  obtained  by  Epstein  and  Maugin  [4] 
in  material  thermo  elasticity.  But,  abstractions  being  made  of  material  inhomogeneities,  it 
is  the  same  as  the  one  obtained  by  direct  algebraic  manipulations  by  Dascalu  and  Maugin 
[3]  in  the  ’’dissipationless”  formulation  of  thermoelasticity.  Indeed,  canonical  momentum 
(22)  is  made  of  two  parts,  a  strictly  mechanical  part  -  which  is  none  other  than  pull  back, 
changed  of  sign,  of  the  physical  momentum  -  and  a  purely  thermal  part.  In  addition,  the 
canonical  stress  tensor  (23)  contains  a  contribution  of  p  because  from  its  very  definition, 
it  captures  material  gradients  of  all  fields.  One  should  note  that  the  source  term  in  eq. 
(26a)  has  no  energetic  contents.  Furthermore,  contrary  to  common  use,  even  the  entropy 
equation  (11b)  is  source  free.  This  means  that  in  absence  of  material  inhomogeneities,  all 
equations  obtained  are  strict  conservations  laws,  hence  the  qualification  of  ” dissipationless 
theory”.  In  this  rather  strange  -  we  admit  it  -  approach,  the  entropy  flux  and  heat  flux 
are  derived  from  the  free  energy,  on  the  same  footing  as  entropy  density,  and  stress. 
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1.  SUMMARY 

The  problem  of  the  infinite  isotropic  wedge  under  linearly  distributed  loading  on  the  faces  is 
reduced  to  a  self  similar  problem.  The  stress  field  is  determined  using  the  equilibrium 
conditions  for  forces  and  moments.  The  proposed  solution  is  applied  to  the  elastostatic 
problem  of  a  composite  isotropic  two  materials  infinite  wedge. 

2.  INTRODUCTION 

The  stress  analysis  in  a  wedge  with  infinite  radius  within  the  classical  linear  theory  of 
elasticity  has  been  considered  by  various  investigators.  Tranter  [1]  solved  the  plane  elasticity 
problem  of  an  infinite  isotropic  wedge  by  employing  the  Airy  stress  function  and  by  using  the 
Mellin  transform.  Many  applications  of  this  technique  were  made  for  the  solution  of 
particular  problems.  Benthem  [2]  and  Baker  [3]  solved  an  anisotropic  wedge,  Matczynski  [4] 
studied  the  discontinuous  boundary  conditions  and  Absi  and  Morando  [5]  calculated  the 
stresses  in  some  particular  cases  of  loading.  Finally  Theocaris,  Tsamasphyros  and 
Andrianopoulos  [6]  confronted  the  problem  of  the  infinite  wedge,  systematizing  the  known 
results. 

In  the  present  paper  the  special  case  of  an  infinite  isotropic  wedge  under  linearly  distributed 
loading  is  considered  with  a  variable-separable  solution.  Starting  from  the  well  known 
problem  of  the  wedge  shaped  dam  [7],  we  reduce  the  elastostatic  problem  of  the  infinite 
isotropic  wedge  under  linearly  distributed  loading  on  its  faces  in  a  self  similar  problem.  It  is 
observed  that  the  linear  distributed  loading  along  the  faces  fulfills  the  self-similarity 
condition  as 

F{ar)  =  aF{r)  (I) 

In  addition  a  characteristic  dimension  is  not  introduced  and  therefore  the  stress  field  of  the 
elastostatic  problem  is  of  the  form 
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a,^r,e)=hij{r)g,j{d),  ij  =  r,e  (2) 

In  the  case  of  linear  distributed  shear  loading  along  the  faces  of  the  wedge,  we  have 

a^ir,9  =  a)  =  h^(,{r)g^{a)  =  T„r  =  r„(r) 

=  P)=  ^ei>^)gM  =  V  =  Tfir) 

Thus 

Ke{'')  =  '‘,  groia)  =  T^,  greiP)  =  Ti,  (3) 

Correspondingly,  in  the  case  of  normal  loading 

he„{r)  =  r,  g«,(o:)  =  Ar„,  ggo{p)=N^  (4) 

Using  the  equilibrium  conditions  for  forces  and  moments,  the  unknown  functions  hy{r)  in 

the  stress  field  expressions  are  determined.  Selecting  appropriate  terms  from  the  Michell 
tables  [8],  the  stress  function,  the  gij{9)  functions  and  the  stress  field  are  easily  obtained. 

Finally  applying  the  boundary  conditions,  the  unknown  coefficients  of  the  stress  field  are 
determined. 

The  advantages  of  the  proposed  solution  are: 

(i)  the  use  of  self-similarity  property  in  the  wedge  elastostatic  problem  not  only  for 
concentrated  loads  at  the  apex  but  also  for  distributed  loads  along  the  faces. 

(ii)  the  determination  of  the  stress  function  from  the  Michell  tables  according  to  the  self¬ 
similarity  property. 

The  proposed  solution  is  applied  to  the  elastostatic  problem  of  a  composite  isotropic  two 
materials  infinite  wedge  under  a  linearly  distributed  loading  along  the  external  faces  of  the 
wedge 

3.  BASIC  THEORY-PROBLEM  SOLUTION 

It  is  considered  an  infinite  isotropic  wedge  under  linearly  distributed  shear  loading  along  its 
faces  (Fig.l).  From  the  equilibrium  of  the  forces  in  the  jc,y -directions  at  the  sector 

[a'A  BB'a)  ,  it  is  resulted 


grriO)<xisede-r‘ 


T„cosa-TgCOsP  j  ,  v  .  „ 

- -  +  jgj0)smed0 


fgj0)cos0d0 


7V  cos  a -f.  cos  J3  ?  ,  .  . 

^ +  J  g,,(0)sin  m 


rfijr)j  gj0)sin0cie-r- 


7^  sin  or  -  sin  p 


T^sma-Tpsinp 


Igrri^hmOdO- 

a 

The  system  (5)  is  valid  only  in  the  case  that 
rh„ir)  =  «  h„{r)  =  h^{r)  =  r 


-lgrei^)cos9de 


and 


r  /  X  T^cosa-Tgcosp  ?  . 

j  grr{^)cos6d9  = - - - +  ]  g,Q{9)sm6dO 

a  « 


From  the  equilibrium  of  the  moments  at  the  sector  {A'ABB'B)  occurs 
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^gre{e)cie=o 


(8) 


The  Michell  stress-function  [8]  ensuring  the  required  order  of  r  is 

M(r,0)  =  r,  COS0  +  sin  6  +  F,/^  cos(30)  +  sin(30)  (9) 

Thus,  the  stress  field  is 

=2F,  I  A*  cos  6  -\-2T{/  sin  0  -6F32A'  cos(30)  -6F32A*  sin(30) 
a^o  (^5^)  =2F,  /  sin  0  -2F' r  cos  0  +6F32r  sin(30)  ”6F3'2A'  cos(30)  ( 1 0) 

Gqo  ('*,0)  =6F,  ^r  cos  0  -I-6F,' r  sin  0  +6F32A*  cos(30)  +6F32A'  sin  (30) 

and  the  displacement  field  is 

2jUM^(r,0)  =  -2)(f,,  COS0  -h  F,',  si  0)  ~3(F32  cos3ft+  F32  sin30)] 

IjiiUfj  (r,0)  =  a"^[(k:  +2)(Fj  ,  sin  0  -  F,',  cos  0)  +3(F32  sin30  -  F3'2  cos30)] 


where  jj.  is  the  shear  modulus,  K  =  (3“4v)  for  plane  strain,  K  =  (3-  v)/(l+  v)  for  generalized 
plane  stress,  v  being  the  Poisson’s  ratio  and  F,j,F,'|,F32  and  F3'2  are  unknown  coefficients  to 
be  determined 

The  boundary  conditions  along  the  faces  of  the  wedge  (Fig.  1 )  are 


0 

0  =  a  =  -^;  cr^  =  Lir)  =  Tj ,  =0 

^  =  i3  =  y;  Crs  =  ?’,)('')  =  V’ 


(12) 


Taking  into  consideration  relations  (10)  and  (12),  we  finally  obtain 


r„=- 


(7;-7),)cos[3 


I  2 


32sin— cos’  — 
2  2 


F'  =- 
^  11 


(7;+7>)sin[3| 

„  .  3  00  ^ 

32sin  —  cos  — 
2  2 


r33  =  - 


„  .  00  2  00  ’ 
32sin-f-cos  — 

2  2 


r'  = 

*  32 


r.  +  r„ 


„  .  2  00  00 

32sin  —  cos  — 
2  2 


(13) 


In  a  similar  way,  in  the  case  of  a  linearly  distributed  normal  loading  along  the  faces  of  the 
wedge,  it  is  obtained 
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(14) 


4.  APPLICATION  IN  THE  CASE  OF  A  BIMATERIAL  WEDGE 

It  is  considered  the  case  of  a  bimaterial  isotropic  wedge  (Fig.2).  The  wedge  (1)  with 
mechanical  properties  occupies  the  sector  with  angle  ^(=-a)  while  the  wedge  2, 

with  mechanical  properties  ,  occupies  the  sector  with  angle  02(=  P)- 

In  the  bimaterial  wedge  the  self-similarity  property  is  valid  as  the  equilibriums  of  forces  and 
moments  are  only  used.  Taking  into  consideration  the  compatibility  of  displacements  along 
the  interface  (Fig.  2) 

Mf^(r,0)  =  wp^(r,0),  i  =  r,e  (15) 

the  unknown  distributions  of  normal  and  shear  stresses  along  the  interface  (OF )  are  given 


(16) 


(17) 

where 


uy 


N  (r)  =  N  r’  N  = — ^ 


T^(r)^T/\  ?;  = 


in  case  that 


2sin6t 

Ak+i) 


Eo 


+r. 


Ai,(K-2+i)r 


2sin  61, 


F  = 

®  2sin0i/g0, 


Mk+^) 


2sin  O^tgOj 


N,  +37^ 


(18) 
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(k-,-3) 


K-,  +1 


— - 1 - + - 1 - 

tg^  tg^i 

jU,(K-,+l)  m(x'2+1) 

ee, 


('^2-3)-^ 
^ '  ’  tg\ 
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Figure  2:  Composite  two  materials  wedge  under  linearly  distributed  loads  on  its  faces 
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1.  SUMMARY 

An  one-dimensional  gradient-dependent  linear  beam  theory  with  intrinsic  length  scales  is 
introduced  for  the  description  of  the  behaviour  of  rock  materials,  like  marble.  The  theory  is 
calibrated  with  the  aid  of  a  series  of  three  point  bending  tests  and  is  proved  to  predict 
accurately  the  failure  as  well  as  the  size  effect  exhibited  by  the  fracture  load. 


2.  INTRODUCTION 

A  fundamental  concern  in  most  problems  involving  stressed  materials  is  the  prediction  of  their 
failure.  For  ideally  elastic  or  perfectly  plastic  materials,  a  stress  analysis  indicates  no 
dependence  of  the  failure  load  and  the  failure  strain  on  scale:  structures  of  different  sizes  are 
assumed  to  fail  at  the  same  maximum  stress. 

One  of  the  first  attempts  to  explain  size  effects  is  credited  to  Weibull,  who  investigated  the 
statistics  of  failure  based  on  fracture  extension.  By  applying  the  concept  of  the  “weakest  link”, 
he  showed  that  the  strength  of  materials  is  a  function  of  the  volume  of  the  specimen.  However, 
this  theory  may  be  inadequate  because  it  ignores  the  stress  redistribution  due  to  localized 
damage  at  the  scale  of  rock  grains  or  crystals  prior  to  maximum  stress  or  strain. 

Towards  this  direction  an  one-dimensional  special  gradient-dependent  linear  beam  theory 
with  intrinsic  length  scales  is  proposed  in  the  present  work  for  the  description  of  the  bending 
beha-viour  of  rock  type  materials,  like  marble.  After  being  calibrated,  with  the  aid  of 
experimental  results,  available  from  various  sources  [1-4],  the  theory  is  applied  for  the 
prediction  of  the  failure  load  of  Dionysos-Pentelikon  marble  under  three-point  bending  (3PB) 
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and  it  is  proved  that  it  predicts  the  size  dependency  exhibited  by  both  the  critical  extension 
strain  and  the  failure  load. 

3.  THE  GRADIENT  DEPENDENT  BENDING  THEORY 
Theoretical  considerations 

In  the  present  case  the  bending  problem  is  studied  in  two  dimensions.  The  beam  is  assumed 
to  have  rectangular  cross  section  and  the  deformation  quantities  are  assumed  to  be  of 
infinitesi-mal  magnitude.  The  longitudinal  section  of  the  beam  is  referred  to  a  Cartesian 
coordinate  system  Oxz  positioned  on  the  neutral  axis  of  the  beam  with  z  denoting  the  distance 
from  the  neutral  surface.  The  corresponding  displacements  are  denoted  as  u  and  w,  respectively 
(Fig.l).  The  kine-matic  quantities  of  the  axial  strains  Cxx*  £yy  and  the  engineering  shear  strain  Yxw 
are  defined  as  usual: 


p 


e..  =  u,. 


=  “>x+'^’x 


=  W., 


(1) 


where  partial  differentiation  with  respect  to  x  or  z  is  indicated  as  usual  by  a  subscript  x  or  z 
preceded  by  a  comma.  Next,  the  following  kinematic  assumption  is  introduced: 

u  =  tp(x)z  «  z  (2) 

where  \|»(x)  denotes  the  rotation  of  the  normal  cross-section  of  the  beam.  Then  Eq.(l)  yields: 

T'xz  =  V  +  w,,  (3) 

In  the  present  work  a  special  one-dimensional  gradient-dependent  linear  beam  theory  with 
intrinsic  length  scales  is  introduced  with  an  elastic  strain  energy  density  of  the  form: 


Wb  =  2EI 


2  1  2  2 
K  +_Ky 


(4) 
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where  E  is  the  modulus  of  elasticity  of  the  material,  I  is  the  second  moment  of  area  of  the 
cross-section  of  the  beam  (I=BHV12)  and  k  is  the  bending  curvature  defined  as: 

K  =  e.^=i|/.^.  e  =  e^^  (5) 

Concerning  the  strain  energy  density  function,  introduced  in  Eq.(4),  it  is  noted  that  it  consists 
of: 

(i)  The  familiar  energy  term  due  to  the  bending  moment,  i.e.  k^EI/2,  and  two  additional 
terms: 

(ii)  One  accounting  for  the  correction  of  shear  by  employing  a  meso-structural  length  scale, 
^  V,  introduced  by  Timoshenko  and 

(iii)  One  accounting  for  surface  energy  [1-3]  by  employing  a  micro-material  length  scale,  C  s- 

Eq.(4)  yields  the  following  constitutive  relations  for  the  shear  force  Q  and  bending  moment 
M: 


Q  = 


dy 


^  1  1  ^ 

3w. 

r  1  ^ 

=  e 

\  s  ^  ) 

,  M  =  -r-^  =  EI 
9k 

1 

-1- 

(6) 


By  substituting  into  the  equilibrium  equation  -Q-i-(dM/dx)=0  the  values  of  Q  and  M  as  given 
by  Eq.(6)  it  is  obtained: 


1  1 


V  s  y 


=  0  (7) 

V  V  ^  I  I  ^  ' 

V  V  s  / 

By  recourse  to  Eq.(3)  and  taking  into  account  the  familiar  relation  k=-w  Eq.(7)  becomes: 


-w'"  +  |-w"-4-w'  +  ^v|/'-4\j/  =  0 


(8) 


wherein  (.)'^/dx.  The  solution  of  the  above  differential  equation  with  respect  to  y  is  written  as: 

X,,  =  -w' + ey'  -  (e\  -  u\W'  -  (9) 

with  Thus,  the  engineering  shear  strain  may  be  determined  from  Eqs.(3)  and  (9)  as 

follows: 


Y  =  Y  =  w'  + 1|/  =  (l  -  la^Yy  -  ^(k  - 


(10) 


where  it  was  set  that: 

Substituting  Eq.(lO)  into  the  second  of  Eqs.(6)  the  constitutive  relation  for  M  is  derived  as: 

M  =  (EI)[(1  -  a^)K  +  (1  -  2a^)^X  + 

In  the  limiting  case  of  vanishingly  small  microstructural  length  (i.e.  a=0)  the  above 
relation-ship  degenerates  to  the  classical  formula  M=(EI)k  provided  by  the  conventional 
Bernoulli-Euler  beam  bending  theory.  In  view  of  Eq.(12)  and,  also,  of  the  familiar  relation  for 
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the  moment  distribution  M=PL[l-(2x/L)]  (valid  for  x>0)  it  is  obtained  for  the  case  of  a  3PB 
test: 


TlV+(l-2a^}ilV+(l-a^)k  =  l-2^,  (13) 

with  ^=xyL,  T|^=  i  JL,  Ap:PL/4EI  and  k=K/X.  The  approximate  solution  of  Eq.(13)  reads  as 
follows: 


a 


,  ,  2nni-2a^) 

(1-2O+ .  .  ..2  ’ 


1  -  a 


0  <  ^  < 1/2 


(14) 


Subsequently,  the  expression  for  the  deflection  of  the  beam  can  be  obtained  from  the  relation 
w  xx=-A,k  by  two  successive  integrations  of  Eq.(14)  with  respect  to  x.  The  result  is  finally  read 
as: 


w=- 


2L^(l-a^) 


2ti^(1-2oc^) 


(15) 


The  constants  Ci  and  C2  are  determined  from  the  boundary  conditions  w(^2)=0,  w'(0)=0.  The 
ma-ximum  extension  strain  at  the  bottom  fiber  at  midsection  (i.e.  ^=0,  z=H/2)  is  then 
obtained  as: 


e^  =  PLH(l+4Ti^)/8EI 


(16) 


Parameter  identification 

The  meso-structural  length  scale 
can  be  determined  directly  by  the 
following  formula  for  the  shear  force 
correction,  introduced  in 

Timoshenko’s  technical  beam 

bending  theory  [5]: 


S  /  i}  =  (1  +  V)(H  /  L)^  /  5 

where  v  is  the  Poisson’s  ratio.  Com¬ 
bining  relation  x^=EJL  with  Eq.(17) 
the  relative  length  ratio,  a,  is  obtained: 

a  =  ri^/p  (18) 


The  length  ratio  a  is  determined  by  Tl 

suitable  back  analysis  of  either  bend- 

ing  curvature  or  deflection  expert-  Figure  2:  Normalized  central  deflection  by  the  gradient 
mental  data.  Fig.2  illustrates  the  va-  Timoshenko’s  theories,  vs.  the  length  ratio  n- 

riation  of  the  normalized  central  de-  Varta-tion  of  the  material  length  ratio,  a,  is,  also, 
flection  of  the  beam,  ©(0),  with  res-pect  to  the  material  length  ratio  t|  for  constant  aspect  ratio 
of  the  beam,  L/H=4  and  Poisson’s  ratio  v=0.3.  For  comparison  reasons  the  predi-ction  of 
Timoshenko’s  theory  for  the  maximum  deflection,  of  the  beam  is  also  displayed  in  the 
same  figure  [5]: 
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co^  =  H-2.85(H/L)"  (19) 

The  dimensionless  deflections  co,  coy,  mentioned  in  previous  paragraph  were  defined  as: 

co  =  w/(12X/l2)  (20) 

By  studying  Fig.2  the  following  conclusions  can  be  drawn:  (a)  as  increases  the  length  ratio 
a  increases  being,  however,  always  lower  than  unity  for  ti<0.35  in  order  for  the  strain  energy 
of  the  beam  to  be  a  positive  definite  quantity,  (b)  The  special  gradient  theory  introduced  in 
the  present  study  predicts  an  increasing  maximum  deflection  as  the  length  ratio  q  increases, 
whereas  Timoshenko’s  theory  predicts  constant  central  deflection,  and  (c)  Both  shear-bending 
theories  (i.e.  gradient  dependent  and  Timoshenko’s)  result  always  in  higher  central  beam 
deflections  than  the  classical  Bernoulli-Euler’s  one  that  gives  (o=l.  This  is  attributed 
obviously  to  the  fact  that  the  strain 
energy  density  expression  in  the 
two  shear-bending  theories  is 
enhanced  with  additional  terms. 

Deflection  measurements 
The  calibration  procedure  for  the 
estimation  of  the  numerical  value 
of  the  length  ratio,  q,  and  subse¬ 
quently  of  the  surface  energy  ratio, 
a,  by  using  Eq.(18)  and  the  expe¬ 
rimental  deflection  measurements 
close  to  the  midspan  of  the  beam 
[6],  is  displayed  in  next  Fig.3.  The 
numerical  values  of  the  parameters 
that  were  used  in  the  present  cali¬ 
bration  procedure  were:  E=85  GPa, 
v=0.3,  p=7.45,  P=:31.7  kN,  and  h= 

0.000614.  The  optimum  fit  of  the  '  Figure  3:  The  deflection  along  the  beam  semi-axis  at 
experimental  results  was  obtained  for  level  P=31 .7  kN  for  a  marble  beam  of  length  L=0.4  m. 
the  following  numerical  values  of  the 
unknown  parameters: 

q=0.22,  a-0,37  for  L=0.4  m  (21) 

3.  SIZE  EFFECT 

In  the  case  of  3PB  the  beam  always  fails  at  midspan  according  to  the  well  known  Saint 
Venant’s  hypothesis,  stated  as:  "fracture  of  a  brittle  material  initiates  when  the  total  extension 
strain  in  the  material  exceeds  a  critical  value,  characteristic  of  the  materiaV  [7],  or 
equivalently: 

e  =£f  at^  =  0,  z  =  H/2  (22) 

where  £f  is  the  critical  extension  strain,  considered  as  material  property  by  rock  mechanicians. 
However,  very  careful  measurements,  performed  in  the  present  work,  at  three  length  scales, 
namely  L=0.16  m,  0.4  m,  and  1  m,  preserving  the  similarity  of  the  beams  (constant  aspect 
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ratio  of  the  beam,  L/H=4),  gave  the  diagram  of  Fig.4  where  Ef  is  expressed  by  the  following 
equation: 


9'^F  - 

Ef  =  179E-6  +  ^ 

where  8as  is  the  failure  strain  for 
beams  of  infinite  length.  It  is 
seen  clearly  the  size  effect 
exhibited  by  the  critical 
extension  strain  of  marble 
beams,  which  cannot  be 
considered  as  a  material  property. 

It  is  seen  from  Eq.(23)  that  the 
size  effect  is  pronounced  in 
rather  small  length  scales  and 
then  it  attenuates  quickly 
inversely  pro-portional  to  the 
length,  L,  of  the  beam,  to  the 
asymptotic  value  Sas=  179  ps. 

Then  according  to  the  ele¬ 
mentary  beam  theory  and,  also, 

Saint  Venant’s  hypothesis,  the  1 
lure  load  is  given  by  the  formula: 

=(8EI/LH)£^  (24) 

By  virtue  of  size-dependency  of  failure  strain  given  by  Eq.(23)  and  using  Eq.(24)  it  is  con¬ 
cluded  that  the  failure  load  increases  as  the  beam  length  decreases.  This  is  indeed  the  case  as 
it  is  illustrated  in  Fig.5,  where  the  experimental  failure  load  is  plotted  versus  the  beam  length. 
In  the  same  figure  the  asymptotic  value  of  the  failure  load  for  large  L’s  corresponding  to  the 
value  8as=179  ps  is  also  displayed.  It  is  seen  that  the  two  loads  are  the  same  for  large  beam 
lengths.  It  can  be  proved  that  the  size  dependency  of  the  failure  load  of  marble  in  3PB,  reduced 
over  the  respective  one  predicted  by  the  classical  theory,  is  described  by  the  equation  (Fig.  6): 

o 


-6 


or  —  =  1  + 


0.13 


(23) 


fai- 


Figure  4:  The  size  effect  of  the  failure  extension  strain. 


Pf /P  =  0.91 +  (0.08/ L) 


(25) 


146 


where  the  asymptotic  value  of  0.91  is  due 
to  the  slight  bimodularity  of  the  specific 
marble  (Dionysos-Pentelikon)  [1,2,8-10]. 

It  is  interesting  to  note  at  this  point  that 
both  the  relative  failure  extension  strain 
and  the  relative  failure  load  depend  in  an 
inversely  proportional  manner  on  the 
beam  length,  in  direct  contrast  to  the 
predictions  of  the  elementary  beam  theory. 
This  (1/L)  dependency  is  probably  due  to 
the  fact  that  the  surface  energy  necessary 
to  create  the  fracture  at  the  midspan  of  the 
beam  is  pro-portional  to  whereas  the 
elastic  strain  energy  stored  in  the  beam 
until  failure  is  proportional  to  L^. 


200  — 1 


0.0  0.2  0.4  0.6  0.8  1.0 

L(m) 


Figure  5:  Failure  load  of  Dionysos  marble  beams 
characterized  by  the  same  aspect  ratio  L/H=4 
and  different  lengths  L. 


Figure  6:Size  dependency  of  the  reduced  failure  load  ratio. 


4.  CONCLUSIONS 

A  gradient-dependent  linear 
beam  theory  with  intrinsic 
length  scales  was  introduced 
in  the  present  study  to  des¬ 
cribe  the  mechanical 
behaviour  of  rock  type 
materials  under  bending.  As 
it  is  shown  below,  in  Fig.7, 
and  in  contrast  to 
Timoshenko’s  theory  which 
contains  only  one  intrinsic 
length  scale  that  is 
proportional  to  the  aspect 
ratio  of  the  beam,  H/L,  the 
present  special  linear 


gradient-dependent  beam  the-ory  is  capable  to  capture  the  size  effect  of  failure  load  ratio,  with 
the  preservation  of  similarity  of  beams,  since  it  is  enhanced  with  the  extra  length  scale  referring 
to  surface  energy  (note  that  Namely,  from  the  following  approximate  formula 

that  is  obtained  in  the  framework  of  the  present  theory: 


l  +  4aV(l  +  v)/5(H/L)8^ 


(26) 


and  in  combination  with  Eqs.(23)  and  (25)  it  is  derived  for  an  aspect  ratio  L/H=4: 

a  =  0.2(9L  +  5)/(9L  +  l)  (27) 


The  above  relationship  means  that  in  order  to  capture  the  size  effect  on  both  failure  load  and 
failure  extension  strain  the  relative  length  ratio,  a,  should  depend  on  the  beam  length.  From 
Eq.(27)  the  following  asymptotic  values  of  a  can  be  obtained: 
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(28) 

In  order  to  check  the  validity  of  the  above  Eq.(27)  the  value  of  a  for  L=0.4  m  is  estimated: 

a  -  0.38  (29) 

The  above  estimated  value  for  the  parameter  a  is  in  full  agreement  with  the  respective  value 
of  the  same  parameter  estimated  from  the  deflection  measurements  for  the  beam  with  L=0.4 
m,  that  was  a=0.37  (Eq.(20)). 

Finally,  the  size  effect  exhibited  by  the  ratio  of  failure  load  to  the  load  at  the  same  maximum 
extension  strain,  as  it  is  predicted  by  the  conventional  Bernoulli-Euler  bending  theory,  based 
on  Eq.(26)  for  the  surface  energy  ratio,  is  displayed  in  Fig.7.  For  comparison,  Timoshenko’s 
prediction  is,  also,  presented  in  the  same  figure  by  the  thin  line.  This  size  effect  is  in  accord¬ 
ance  with  experimental  results  for  Dionysos-Pentelikon  marble  [3,11,12]. 


L(m) 


Figure  7:  The  size  effect  exhibited  by  the  dimensionless  failure  load 

It  is,  also,  noted  that  the  predictions  of  the  theory  introduced  in  the  present  work  are  in  very 
good  agreement  with  the  experimental  results  not  only  for  the  failure  load  but,  also,  for  the 
critical  extension  strain.  This  can  be  concluded  from  Fig.4  in  which  the  continuous  line 
depicting  the  predictions  of  the  present  theory  almost  coincides  with  the  experimental  results. 
The  line  was  drawn  using  Eqs.(25)  and  (26)  and  considering  the  asymptotic  value  for  the 
failure  strain  constant  equal  to  eas=179  ps  [11,12] 
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1.  SUMMARY 

Theories  with  intrinsic  or  material  len^h  scales  find  applications  in  the  modeling  of  size- 
dependent  phenomena,  such  as  the  localization  of  plastic  flow  into  shear  bands.  In  gradient- 
type  plasticity  theories,  length  scales  are  introduced  through  the  coefficients  of  spatial 
gradients  of  one  or  more  internal  variables.  In  elasticity,  length  scales  enter  the  constitutive 
equations  through  the  elastic  strain  energy  function,  which,  in  this  case,  depends  not  only  on 
the  strain  tensor  but  also  on  gradients  of  the  rotation  and  strain  tensors.  In  the  present  paper 
we  focus  our  attention  on  the  strain-gradient  elasticity  theories  developed  by  Mindlin  and  co¬ 
workers  in  the  1960's.  In  such  theories,  when  the  problem  is  formulated  in  term  of 
displacements,  the  governing  partial  differential  equation  is  of  forth  order.  If  traditional  finite 
elements  are  used  for  the  numerical  solution  of  such  problems,  then  C  displacement 
continuity  is  required.  An  alternative  “mixed”  finite  element  formulation  is  developed,  in 
which  the  displacement  and  displacement  -gradients  are  used  as  independent  unknowns  and 
their  relationsnip  is  enforced  in  an  “integral-sense”.  The  resulting  finite  elements  require  only 
C°  continuity  and  are  simple  to  formulate.  The  proposed  technique  is  ^plied  to  a  number  of 
model  problems  and  comparisons  with  available  exact  solutions  are  made. 


2.  INTRODUCTION 

Classical  (local)  continuum  constitutive  models  possess  no  material/intrinsic  length  scale.  The 
typical  dimensions  of  length  that  appear  are  associated  with  the  overall  geometry  of  the 
domain  under  consideration.  In  spite  of  the  fact  that  classical  theories  are  quite  sufficient  for 
most  applications,  there  is  ample  experimental  evidence  which  indicates  that,  in  certain 
applications,  there  is  significant  dependence  on  additional  length/scale  parameters.  A  first 
attempt  to  incorporate  length  scale  effects  in  elasticity  was  made  by  Mindlin  [4]  and  Koiter 
[3].  More  recently,  a  variety  of  ‘gradient-type’  theories  have  been  used  in  order  to  introduce 
material  length  scales  into  constitutive  models  (Aifantis  and  co-workers  [1,7]).  In  the 
following  we  summarize  briefly  a  family  of  strain-gradient  elasticity  theories  introduced  by 
Mindlin  and  co-workers  [5,  6]  and  present  a  variational  formulation  which  is  used  together 
with  the  finite  element  method  for  the  numerical  solution  of  boundary  value  problems. 


3.  A  REVIEW  OF  STRAIN-GRADIENT  ELASTICITY  THEORIES 
Let  u  be  the  displacement  field.  The  following  quantities  are  defined: 

=  "(/.J)  =  |("Ay  +  =  strain. 


(1) 
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=  =  =  rotation  tensor, 

ft)y  = — (Vxu)^  =  —  j  =  -  -  =  rotation  vector  (axial  vector  of  Q), 

2  2  2 

iCy  =  cOjj  =  rotation  gradient,  =  0, 

Kyk  =  Ukjj  =  Cjkj  +  £kij  “  ^ij,k  =  =  second  gradient  of  displacement, 

%  =  |(‘'/«  +  "*  J' )  =  ^arf/ey?/, 

^IJk  ^ J.U  ~^(rij.k  ^ JkJ  j)  -  K jn  =  =K'*(/  = 

=  symmetric  part  of  or  Ky^ 

where  eyk  is  the  alternating  symbol. 

The  above  quantities  are  related  by  the  following  expressions  (Mindlin  and  Eshel  [5]): 

2_  2_ 

^ijk  -  ^ijk  +  ^jki  ^ kij  “  ^ijk  +  ^  g  ^JP^P^^' 


1/..  ^  =  1_  1 


X  _  X  _ 

i/^  “  3  ^Jp^kip  ~  2  ^kp^jip 

-  _i~ 

~  2  ^ipk^Jpk  ^ plk^Jpk' 


^  1/- 
Xy/l.  —  _  1  X/yl.  +  X  + 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 


The  alternative  forms  of  the  strain-gradient  elasticity  theory  given  by  Mindlin  [4]  are 
summarized  in  the  following.  The  strain  energy  density  IT  is  written  in  three  equivalent 
forms:  W  =  lT(e,  k)  =  W(z,  k)  =  IT(e.  k.  1).  (1 1) 

Mindlin  refers  to  the  description  IT=  IT(e.  ic)  as  “Type  I”,  to  W=[V(e,  k)  as  “Type  11”,  and 
to  W-W(z,  K,  k)  as  “Type  III”.  Mindlin  and  Eshel  [5]  present  the  most  general  form  of  W, 


W  and  IT  for  an  isotropic  linear  elastic  material  and  derive  the  relationships  among  the 
material  constants  that  appear  in  these  three  equivalent  descriptions. 

Using  the  above  forms  of  the  elastic  strain  energy  density,  one  defines  the  following 
quantities: 


dW  dW  dW 


_  dW 


dSjj 


de, 


=  a 


-  _  SW'  _  - 


ijk 


l^ijk 


dW  . 

O^ijk 


=  _3iT_=  _=  _  = 

%  “  ^  ~^J>k-  l^ikj  ~  l^kjr 

Of^ijk 


(12) 


(13) 


It  is  worthy  of  note  that  Oy,  fiy^,  fiyk,  fly  and  ^y^  are  introduced  as  “conjugate”  quantities  to 
£y,  iCyk ,  Kjjk ,  iCy  and  ^y^ ,  and  their  relationship  to  “true”  couple  stress  is  not  obvious. 

Let  Gy  be  the  usual  stress  tensor  and  py  the  couple-stress  tensor.  On  an  infinitesimal  area 
with  unit  normal  vector  n ,  the  traction  vector  t  and  the  couple  vector  m  are  related  to  0  and 
n  by  t,  =  njaj,  and  nii^njfij,. 


If  the  body  force  per  unit  volume  is  /y  and  the  body  moment  per  unit  volume  is  Mj  =  eyk^y^]  • 
then  the  principles  of  linear  and  angular  momentum  lead  to  the  well  known  equations 
aj,j+f,  =  0  and  (T,,y,  +  |y/^jpe^y+0|,y]=O, 

where  O  is  the  “body  double  force”  per  unit  volume. 


(14) 
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Mindlin  and  Eshel  [5]  have  shown  that  the  true  stress  a  is  related  to  a ,  p, ,  p ,  \i  and  \i  by 
the  expressions 

^{ij)  (%*,*  +  P'Jki.k  P-klj,k  )  “  ^{ij)  - 

~^{f^ijk.k  +  P'Jki,k  +  f^kij.k )  “ ^{ij)  -^ij~ Pijk.k  ~ »  (1 5) 

421 


and  the  true  couple  stress  p  is 


--^fiikp^jkp  -~^l^kpi^jkp  -  ^ij- 


4.  VARIATIONAL  FORMULATION 


A  given  boundary  value  problem  in  strain-gradient  elasticity  can  be  formulated  in  any  of  the 
three  equivalent  ways  discussed  in  the  previous  section.  Here  we  discuss  the  Type  III 
formulation  and  emphasize  the  calculation  of  true  stresses  and  true  couple  stresses. 


The  governing  equations  in  V  are: 

Gjj  =  Ojj  +  o\p ,  - 1  ejj„pp^^p , 

1 

^ij  ==  ^(A7) •  ~  2  ~  ’ 

_  _dW  ^  _dW  =  _  dW 
dfcy' 


(18) 

(19) 

(20) 
(21) 
(22) 


The  corresponding  boundary  conditions  are 

Uy  =  l7y  on  5u,  (28) 

coj=d}l  on  5^,  (25) 

njJI^jj  +  2ii^njnj,pj,jpe^j  =  ^-  on  Sq,  (26) 

njnjEjj  -E  on  5^ ,  (27) 

ni«j«kPm  =  ^ 

U;  =  uf  on  C^,  (29) 

ll^Sjp''  +  ejn^{p^i  +  n^n^ppjt)]]  =  l^  on  C|.  (30) 


where  p°  =  iiiiijpij ,  (u,  P,ra',Q',e.  ^.u“,E“)  are  known  functions,  5„U5p  =  5„U55  = 
=  5,U5j,  =  5.  5„n5p  =  5^n55  =  S,n5j,  =  0,  CUC2  =  C“.C?nq=0,  DA  =  n,Aj,  and 
D/A  =  A,  -n,DA  =  Aj  -  n,njAj  =  {S/j  -  n,nj)Aj . 

We  recall  that,  if  we  omit  the  terras  involving  ?  in  (V,  set  p  =  0  and  S^  =  Sg=0,  then  we 
recover  the  standard  boundary  value  problem  of  “micropolar  elasticity”  (Kolter  [3] ,  Mindlin 
and  Tiersten  [6]). 
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In  the  following  we  present  the  variational  formulation  of  the  problem,  in  which  u ,  © ,  c  and 
are  viewed  as  primary  unknowns.  In  particular,  the  quantities  u  ,  ©  and  8  are  considered 
as  independent  variables  subject  to  suitable  side  conditions.  These  side  conditions  are: 

i)  the  kinematical  equations  Uj  j  =  e^j  -  in  the  entire  body,  and 

ii)  the  expression  of  the  tangential  part  of  the  £y  -  on  the  entire  surface  5  in  terms  of 
the  tangential  derivatives  DjUj  of  the  displacement,  i.e.. 


DJU,  =  [e,J-elJ^(o^^  =eij-eij^(o^-enn^nj-e,^(Otn^nj  on  5. 
The  integral  form  of  the  aforementioned  equations  is 

+ ctJ? ) ^  +  /;  UjdV+j^P,-nj - 


~  [(  ^p"p  )"J~  +  "i"p"pPkpj  )|  U;‘  dS  + 

+  + 1 jni,{nju  +  n,n^ppji, )ll| «; rfs = 0, 

j  ( +  P jrj  )(P‘idV+ "jP'ji  -  2n,njni,p )wydS  =  0. 

V 

JHw  +Pm.»)^f/d^+j  "i"jntPm)npn/p,dS=0. 

V 

j[u,j-{e,+a,)yp-dv=o. 

V 

^[DjU,-[eij  -  e,ji,w^ -e,tn„nj  +  X^dS  =  0, 


(31) 


(32) 

(33) 

(34) 

(35) 

(36) 


where  X';j  =  T^ij^  +  .  \,j^=  /r"=n  n  n  and  4,(co)  =  -ej*®*. 

Equations  (32)-(36)  are  required  to  hold  for  all  u*  g  £  such  that  u*  =0  on  5„  and  ,  for  all 
(o*e£  such  that  ©*^=0  on  5^,  for  all  e*  e  £  such  that  n -8*  11  =  0  on  5^ ,  and  for  all 
X*  e  £ ,  where  £  is  the  space  of  square  integrable  functions. 


After  integration  by  parts  we  arrive  at  the  weak  statement  of  the  problem,  which  is  as  follows. 
Find  a)  u(\)e  satisfying  u|^  =u  and  u|^=u“  (where  //*  is  the  space  of  functions  with 

square-integrable  derivatives  through  order  k),  b)  ©(x)e satisfying  ©'|^  =©^ 

c)  8(x)  =  8^(x)e satisfying  n  11  =  8,  and  d)  a^^^(x)Gi?,  such  that  for  all  u  e 

satisfying  u1  -u\  =0,  for  all  ©’e//^  satisfying  ©*1  =0,  for  all  8* e//’  n  s*!  11  =  0 

on  5^ ,  for  all  e  £  and  for  all  p”*  e  £: 

J {pj<  +  )  P.jdP + J ("(/j)  -  + 

V  s 

+ J  ^P''vljn,dS = J  f/u]  dV+ jp,UjdV+^j)E^u,  ds, 

S  V  5/.  «  Cf: 


(37) 
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^ fx  nfo^^dS  ^ QjCOf  d 

V  S  Sq 

j  [-a^pl  +  U,j,r,j,  )  rfl' + j  +  n,nj  n^n/^)  </5  =  J  ^,/7/;rf5. 

V  s  Sr 

V 

J[uj/j)  ~  -  ^laJn|,^gU^|,g^  -  (e/j  +  Injn^en^p  - 

s 

j(^e,jtU^jn^-(o,n,\i"’dS=0. 


T'mds=o. 


(38) 

(39) 

(40) 

(41) 

(42) 


5.  APPLICATIONS 

As  an  example,  we  consider  the  special  case  where 

__  I  [2  _ 2 _ 

W'(e,k,k)  =  - +  nefy  +  -{X+Zn)Kfy--XKgK 


1__  __  2-  _  = 


SO  that 


_  dw  9ii'  an'_,..„  ,  ^ 

Ojj=  - —  =  ■:; - -r - 2/16, y  +  Xejj,0,j 

^  de,j  de,j  de,j 

fiji  =  ~ “^[3 ( A- 2Xkji  +  3Aeyj.x^p J , 


Uijt  =  ^  =  |-[3^{^M^/y  +  ^ppiS Jt  +  ^PPpu) + +2Ax„(5;ye^j  +  Sj^e^, + S^e^)].  (46) 
dKyk  9 

For  the  gradient  model  presented  here,  a  number  of  boundary  value  problems  have  been 
solved  anal3dically,  so  that  comparisons  with  exact  solutions  can  be  made  (Exadaktylos  [2]). 


An  infinite  plate  with  a  hole 

We  consider  the  problem  of  an  infinite  plate  with  a  hole  of  radius  a  subjected  to  biaxial 
tension  p.  With  couple-stresses  taken  into  account,  the  stress-concentration  factor,  instead  of 
having  the  usual  value  2,  depends  both  on  Poisson’s  ratio  and  the  ratio  of  the  radius  of  the 
hole,  a ,  to  the  material  constant  i . 

The  exact  solution  of  this  problem  has  been  developed  by  Exadaktylos  [2]  and  is  of  the  form, 

where 

and  K„{x)  are  the  well  known  “modified  Bessel  functions  of  the  second  kind". 

The  problem  is  solved  by  using  a  nine-node  isoparametric  element.  The  quantities 
(Ui,U2,o)i,ei,.e22,2£,2)  are  used  as  degrees  of  freedom  at  all  nodes  and  the  quantities 
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additional  degrees  of  freedom  at  the  comer  nodes.  A  bi-quadratic 

Lagrangian  interpolation  for  («,.U2,co3,e„,e22.2ei2)  and  a  bi-linear  for 
are  used  in  the  isoparametric  plane. 

Figure  1  shows  the  results  of  the  finite  element  calculations  with  the  exact  solution  for  the 
variation  of  o,,  and  Oqq  along  the  radial  line  0  =  2.25°  (i.e.,  along  the  radial  line  passing 
through  the  centers  of  the  row  of  elements  close  to  the  ;tj-axis).  The  numerical  solution 
agrees  well  with  the  analytical  solution  for  the  infinite  plate. 


Figure  1:  Variation  of  a,,  and  Oqq  for  the  plate  with  a  hole. 
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1.  SUMMARY 

A  contact  boundary  value  problem  that  has  significant  practical  applications  in  soil  and  rock 
foundations  engineering  and  penetration  mechanics  is  the  elastic  punch  problem.  This 
problem  is  revisited  here  in  the  frame  of  the  proposed  Hooke-Cauchy-Casal-Mindlin  higher 
order  elasticity  theory.  The  closed-form  solution  is  achieved  by  virtue  of  the  theories  of 
complex  potentials  and  Fourier  transforms,  as  well  as  the  theory  of  Fredholm  integral 
equations. 

2.  INTRODUCTION 

The  proposed  grade-2  (or  strain-gradient)  elasticity  theory  may  be  viewed  as  a  generalization 
of  Hooke-Cauchy  grade-1  elasticity  theory  by  including  apart  from  the  classical  Lame 
constants  X,\itwo  additional  material  length  scales  ^,^'as  it  was  proposed  previously  by 
Casal  [1].  The  length  scale  i  is  associated  with  molecular  forces  of  cohesion  whereas  ^'is 
associated  with  the  surface  energy  of  the  material.  The  generalization  of  the  present  grade-2 
theory  is  based  on  Mindlin’s  general  theory  of  elasticity  with  microstructure  [2].  It  is  worth 
noticing  that  the  consideration  of  the  surface  energy  in  the  present  theory  leads  to  a 
constitutive  character  of  the  boundary  conditions.  This  strengthens  Aifantis’  [3]  conjecture  of 
the  constitutive  character  of  boundary  constraints  in  materials  with  microstructure.  1. 
Vardoulakis,  noting  this  fact,  states  [4]:  \..The  problem  of  constitutive  boundary  conditions  is 
open  and  deserves  further  attention  from  the  theoretical  as  well  as  the  experimental  point  of 
view../.  Furthermore,  A.  Pearson  in  his  opening  lecture  at  the  lUTAM  Symposium  on  ‘Non- 
Linear  Singularities  in  Deformation  and  Flow’,  in  Technion,  Haifa  in  1997  [5],  states:*.. .The 
full  constitutive  nature  of  boundary  conditions  is  often  neglected  in  many  continuum  models 
and  so  oversimplified  forms  are  imposed  in  physical  models...*. 

This  study  is  a  sequel  to  a  previous  investigation  [6]  concerning  the  half-plane  problem  under 
concentrated  edge  forces  and  under  a  uniform  distribution  of  shearing  tractions.  Both 
problems  involve  load-induced  concentrations  of  displacement  and  strain,  respectively,  and  it 
is  illustrated  elegantly  how  the  proposed  higher  order  elasticity  theory  can  remove  these 
physically  undesirable  singularities.  It  is  mentioned  here  that  this  elimination  of  the 
logarithmic  singularities  on  normal  and  tangential  displacements,  respectively,  has  been  first 
performed  in  [7]  by  employing  a  Hooke-Mindlin  special  grade-2  theory. 

In  the  frame  of  the  proposed  higher  elasticity  theory  we  revisit  here  the  elastic  punch 
problem.  It  is  shown  that  this  mixed-mixed  plane  strain  boundary  value  problem  is  reduced  to 
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a  regular  Fredholm  integral  equation  of  the  second  kind  that  can  be  solved  analytically  or 
numerically  by  standard  methods. 

3.  BASIC  EQUATIONS  OF  GRADE-2  ELASTICITY  THEORY 

In  several  previous  papers  [8,9]  we  have  shown  that  the  solution  of  the  static  problems  in 
linear,  isotropic,  gradient-dependent  solids  requires  the  solution  of  the  following  set  of 
equations  (A),  (B)  and  (C),  namely: 

(A)  The  stress  equilibrium  equation  in  the  volume  V 

ajOjj+fpo  (1) 

where  fj  is  the  body  force  per  unit  volume  and  Ojj  may  be  called  Cauchy  stress. 

(B)  In  the  case  of  a  plane  boundary  the  traction  and  double  traction  boundary  conditions  on 
the  surface  3V  of  the  considered  volume  V  simplifies  as  follows 

^j^jk  ”^k’  ^i*^jM^ijk  “^k  (^) 

wherein  nj^  is  the  owtward  unit  normal  on  the  boundary  3V  and  t  =  n  o  is  the  Cauchy  stress 
vector  associated  with  the  Cauchy  stress  tensor  ct  .  In  relation  (2)  the  third  order  stress  tensor 
,  which  is  dual  in  energy  to  the  strain-gradient  is  called  the  “double  stress”  [2]. 

(C)  The  constitutive  relations  for  the  Cauchy  stress  and  double  stress  tensors,  respectively 

Oij  =  XSijEkk  +  2^eij  -  « (x5ijekk  +  2^6^  ) 

t^kij  ■k2|XEjj)+^  3]j(x.6jjE£^  +2nEjj) 


where  is  the  Kronecker  delta,  V  denotes  the  Laplacian  operator,  ey  is  the  symmetric 
part  of  the  displacement  field  defined  as  follows 


^ij  —  2  ^^j^i  ^ 


(4) 


and 


4=^'Vk.  V|,Vk=l  (5) 

is  a  director.  In  relationship  (4)  uj  is  the  Cartesian  component  of  the  displacement  vector  and 
=  ^  /  3x|^ ,  with  Xk  to  denote  space  coordinates. 


4.  DISPLACEMENT  AND  COMPLEX  POTENTIALS  OF  GRADE-2  THEORY 
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By  substituting  in  stress  equilibrium  equation  (1)  the  constitutive  relations  for  the  stresses 
given  in  the  first  of  (3)  and  expressing  the  strains  in  terms  of  displacements  through  (4)  it  van 
be  proved  that  any  solution  u  of  the  displacement-equation  of  equilibrium  in  a  region  V 
bounded  by  a  surface  3V ,  can  be  expressed  by  the  following  Generalized  Neuber-Papkovich 
representation 


•b^-hb 


c 

0 


f2vV-B‘=+u+; 

y 


=0,v2b^  =0,d2u+  =0, 


(6) 


where  k  =  (X -h 2[x) / p  -  2(1  - v) /(I - 2v) , v  is  Poisson’s  ratio,  B^ ,Bq  denote  the  Neuber’s- 
Papkovitch’s  functions  of  classical  elasticity  when  f  =  0,  the  bold-typed  letters  denote 

vectors,  V  is  the  gradient  operator,  V  •  is  the  divergence  operator,  and  the  operator  D  ^  is 
defined  as  follows 

D2=i-^2y2 

Thus,  the  extra  unknown  displacement  vector  u'*’  have  to  be  estimated  from  the  double- 
traction  boundary  conditions  prescribed  by  the  second  of  relations  (3),  It  is  possible  to  take 

one  of  Bj^,  B  2  equal  to  zero,  but  a  more  elegant  theory  may  be  derived  by  virtue  of  the 

complex  function  theory  which  has  been  developed  in  a  rigorous  manner  by  Muskhelishvili 
[10].  It  has  shown  in  [9]  that  the  following  complex  representation  for  the  displacements 
holds  true 

2G(ui +iu2)  =  K(|)(z)-\j7(z)-z(])'(z)-4^^$"(z)  +  (ui'  +iu2)  •  (8a) 


with  the  identities  0/3z  =  (l/2)(0/0xi -i0/3x2)  and  3/8z  =  (l/2)(3/3xi +  i0/0x2) , 
z  =  X|  -  ix2  is  the  complex  conjugate  of  z  =  xj  +  ix2 ,  the  prime  denotes  differentiation  with 
respect  to  z,  and  i  =  ^f^.  is  the  usual  imaginary  unit.  Also,  in  relation  (8a)  \|/(z)  denote 

the  Kolosov-Muskhelishvili  analytical  complex  functions  that  correspond  to  the  relevant 
classical  traction-boundary-value  problem,  and  k  =  3-4v  is  Muskhelishvili’ s  constant  for 
plane  strain  conditions. 


Then,  the  strains  and  stresses  referred  to  the  Cartesian  coordinates  xi,  X2  can  be  found  as 
follows  [9] 


2p(eii  +622)-  (K-l){<j)'  (z)+  (t)'(z)}  +  (u^  +U2,2)j 

+  <^22  =  2[<t>'  (z)  -h  (|)'(z)], 

022  -<7ll  +2iCi2  =  2[z(l)"(z) -h  Xj/' (z)j. 


2fi(e22  “^11  +2iei2)  =  2]\);'(z)-i-z(])"{z)-h4f^(ti'"(z)- 


(8b) 
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The  following  complex  representation  can  be  also  found  for  the  double  stresses 
Pyyy ,  p,yyx  whicli  euter  into  the  boundary  conditions  [9] 


1^222  +*1^221  -  2(1  -  2v)  ^  + 

^\\f'  (z)  +  z(|)^^(z)  +  4£^(|)^"(z)j  +  ^ 2v)  +U2,2)--^(U]'  -iu2)l 


(8c) 


5.  THE  SMOOTH  FLAT-ENDED  PUNCH  PROBLEM 


Let  us  consider  the  mixed-mixed  plane  strain  problem  of  a  weightless  geomaterial  that  is 
pressed  in  frictionless  contact  and  at  right  angles  to  its  bounding  edge  by  a  rigid  flat-ended 
footing  or  punch  of  width  2a  (Fig.  1).  This  problem  is  governed  by  the  following  boundary 
conditions 


0,2=0, 


-oo<X|<oo,  X2  =0, 


3u2 


3x 


=  0, 


(xi,0) 
O22(xi.0)=0, 
1^221  =  1^222  =0, 


0<|x,|<a, 

a<|x||<o°, 

“Oo<Xj  <oo,  X2  =  0, 


which  are  accompanied  with  the  following  load  and  regularity  conditions  at  infinity 


(9) 


a 

j<722(xi.0)dxi  =P, 

-a 

<^ij.M-ijk  ->0  as  +X2 
where  P  is  the  total  punch  pressure. 


(10) 


Figure  1 :  Smooth  flat-ended  punch. 
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The  classical  representations  of  the  complex  functions  for  problems  possessing  xi-axis 
symmetry  are  given  by 

2f(z)  =  Zi,  vi/'(z)  =  -2f'(z)  (11) 

where  Zj  denotes  the  Westergaard  stress  function.  The  function  for  the  classical  boundary 
value  problem  at  hand  that  is  prescribed  by  the  first  three  conditions  (9)  is  the  following  [11] 


wherein  Jq  is  the  zero-order  Bessel  function  of  the  first  kind.  Finally,  from  equations  (8a) 
and  (11)  we  find 

2iJ,u,  =  (l-2v)Re(Zi)-X2lm(Z,)-2^^Re(Z{)+U]‘, 

2|j,U2  =  2(1  -  V)  Iin(  Z] )  -  X2  Re(Zi )  +  2^^  Im(Zi )  +  uj 

where  Re()  and  Im(  )  denote  the  real  and  imaginary  parts,  respectively,  of  what  they 

enclose.  The  unknown  gradient  displacement  functions  u^(xi,X2) ,  U2(xi,X2)  may  be 
found  from  the  solution  of  Helmholtz’s  equations  [e.g.  (6)]  subjected  to  the  double  traction 
boundary  conditions  given  by  the  last  of  equations  (9).  The  general  solution  of  the  functions 

uj*',U2  for  the  half-plane  X2  ^0,  considering  the  regularity  conditions  at  infinity  and 
symmetry  relations  furnishes  * 

{u+(xi,X2),u+(xi,X2))  =  jFs[{u(^)e’‘2a©;^->xi],Fe[{i)(4)e’‘2a®;4^Xi]} 

X2  <0, 

In  the  above  expressions  ^  is  a  real-valued  transform  parameter,  the  function  a  is  defined  as 
follows 

o<^<~  (15) 

and  we  have  adopted  the  following  Fourier  transform  notations 


0<  X  < a 


(12) 


Zi  =-Jjo(a4)e  = 
n  •' 

0 


FJf(x);x^^]^ 


f(x)cos(x^)dx, 


Fs[f(x);x-^^]^ 


f(x)sin(x^)d 


X. 


(16) 


Proceeding  formally  if  we  substitute  the  values  of  the  Westergaard  terms  and  expressions 
(14)  appearing  in  the  right-hand-side  of  equation  (8c)  the  following  system  of  equations  is 
obtained  in  the  transform  domain 
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(r+^2aJ(l-v)au+v^u]  =  -J^(l-2v)-[f'-2r£2^2_2f4^3],^(pj^)_ 

V2  n 

(r  +  ^2a);au  - ^T)]  =  2  j|- ^  ? 2^ - 2r^  V  - )o («^).0  ^  ^ 

\  dC  IZ 

The  solution  of  the  above  system  of  simultaneous  linear  equations  and  its  subsequent 
inversion  by  virtue  of  Fourier  transform  formulae  gives 


ahW|-‘ 


U2(xi,X2)=-- jg(ri)dqj 


X^sin(x| 

x^cos(x j X2  ^0. 


0  0 


where  we  have  set 


2|g(x])dxi  =P, 

0 

g(x])=0  a<|xi|<~,  g(-xi)=g(xi)  0<|x||<a 

Next  the  second  of  the  boundary  conditions  (9)  is  satisfied  if  and  only  if 

o..3u2/-„  n\_20-v)?  g(r|)dTi  ,  4^2  “  g(Ti)dii  , 


9xi  7t  4  (X|  -Tjj 


(xi  -Tl)' 


^  I  g(Tl)dnJpfe)sin(xi -4)d4. 


•a  0 


[(^  2v)l2^'^4^  +  ^  ^  A,  0<^<oo  (21) 

t42+(,_v)a2]r+£2„) 

Next  we  assume  the  following  Riemann-Liouville  fractional  integral  representation  for  the 
function  g(x) 


g(xi)= 


MVa2-x2  iVt2-x2 


0<  xj  <  a 
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where  A  and  co  are  an  as  yet  undetermined  constant  and  an  undetermined  function, 
respectively.  Substituting  (22)  into  (20)  and  considering  the  xi-axis  symmetry  of  function  g 
we  obtain  the  following  nonhomogeneous  singular^  integral  equation  for  the  unknown 
function  co 


cx  OO  oo 

J  ®(t)dt  j  [2(1  - v)+  y(0Ji  0  (^«)sin  =  - J  [2(l  -v)+  7(0]l o  (^a)sin  ^xd^,  0  <  x  <  a 


0  0 


0 


(23) 


in  which 

0<^<co  (24) 

The  above  integral  equation  Fredholm  integral  equation  of  the  first  kind  may  be  transformed 
into  an  Abel  equation  for  the  unknown  function  co  as  follows 


(o(t)dt 


J 


=  f(x), 
fa 


0  <  X  <  a, 


(25) 


f  (X)  =  -  s  I J  “(t)dt  j  y(4)J 0  (^t)  sin  ^xd^  +  J[2(i-v)+Y(^)JroM  sin  ^xd^ 

V  y  [o  - 


Finally,  the  above  singular  integral  equation  takes  the  following  form  of  a  Fredholm  integral 
equation  of  the  second  kind  with  a  symmetric  kernel 


a  oo 

“(t)  =  -  J  “('i:)dT  J  ^y(4)i  0  0  (^t)d^  - 

«  «  (26) 

OO 

X  J ^[2(1  - v)+ Yfe)]J 0  0  0  <  t  <  a, 

^  '^0 

The  integral  equation  (26)  may  be  solved  analytically  or  numerically.  The  solution  permits 
the  evaluation  of  the  function  g  by  virtue  of  (22).  Subsequently  the  gradient  displacements 
may  be  found  from  relations  (18)  and  the  total  displacements  via  equations  (13).  Finally  the 
strains  and  double  stresses  can  be  estimated  through  relations  (8b,c). 

Acknowledgements:  This  article  is  a  partial  result  of  research  supported  by  funds  of  GSRT  of 
Hellas  through  the  programme  PENED  99  ED  642. 


'Since  the  kernel 

0 


is  divergent  at  the  upper  limit  for  t=x 
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1.  SUMMARY 

The  problems  of  bending  and  buckling  of  Bernoulli-Euler  beams  are  solved  analytically  on 
the  basis  of  the  simple  linear  theory  of  gradient  elasticity  due  to  Aifantis.  The  governing 
equations  of  equilibrium  for  bending  and  buckling  are  obtained  by  combining  the  basic 
equations  of  the  problem.  All  the  possible  boundary  conditions  (classical  and  non-classical) 
are  obtained  with  the  aid  of  the  method  of  weighted  residuals  for  both  bending  and  buckling. 
Two  boundary  value  problems  (one  for  bending  and  one  for  buckling)  are  solved  and  the 
gradient  elasticity  effect  on  the  response  of  the  flexural  beam  and  its  critical  (buckling)  load 
is  assessed. 

2.  INTRODUCTION 

The  importance  of  linear  gradient  elastic  theories  for  the  description  of  the  mechanical 
behavior  of  materials  with  microstructure  has  been  briefly  stated  in  another  work  of  the 
authors  in  these  Proceedings  [1]. 

In  this  paper  the  problems  of  bending  and  buckling  of  Bernoulli-Euler  beams  are  solved 
analytically  on  the  basis  of  the  simple  linear  theory  of  gradient  elasticity  due  to  Aifantis  [2,3]. 
All  the  possible  boundary  conditions  (classical  and  non-classical)  are  obtained  with  the  aid  of 
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the  method  of  weighted  residuals.  Thus,  general  boundary  value  problems  of  bending  and 
buckling  of  beams  can  be  easily  solved,  as  demonstrated  by  the  solution  of  two  representative 
examples  for  which  the  gradient  effect  is  also  identified  and  assessed. 

The  special  case  of  pure  bending  of  Bernoulli-Euler  circular  cylindrical  beams  has  been 
briefly  considered  by  Tsagrakis  [4]  on  the  basis  of  the  simple  gradient  elasticity  theory  of 
Aifantis  and  a  gradient  elasticity  theory  with  surface  energy.  Vardoulakis  et  al  [5]  have 
considered  bending  of  Timoshenko  beams  on  the  basis  of  gradient  elasticity  theory  with 
surface  energy  in  an  effort  to  explain  experimental  results  for  marble,  which  could  not  be 
explained  by  classical  elasticity  theory.  Thus,  the  present  paper  presents  a  more  systematic 
and  general  treatment  of  bending  of  beams  than  in  references  [4,  5]  and  in  addition  considers 
buckling  of  beams. 

3.  GOVERNING  EQUATION  AND  BOUNDARY  CONDITIONS  FOR  BENDING 

Consider  a  straight  prismatic  beam,  which  is  subjected  to  a  static  load  ^(a)  distributed  along 
the  longitudinal  axis  x  of  the  beam,  as  shown  in  Fig.  1.  The  cross-section  is  characterized  by 
its  two  axes  y  and  z  with  the  latter  one  being  its  axis  of  symmetry.  The  loading  plane 
coincides  with  the  plane  xz.  It  is  assumed  that  the  bending  is  not  influenced  by  the  presence 
of  shear  forces.  It  is  further  assumed  that  in  accordance  with  the  Bernoulli-Euler  theory,  plane 
cross-sections  before  deformation  remain  plane  after  deformation.  Finally,  it  is  assumed  that 
the  material  obeys  the  linear  gradient  theory  of  elasticity  due  to  Aifantis  [2,  3]. 


Figure  1  :Geometry  and  loading  of  a  prismatic  beam  in  bending 

On  the  basis  of  the  above  assumptions,  one  can  write  down  the  basic  equations  of  a  gradient 
elastic  beam  in  bending.  The  non-trivial  equations  of  equilibrium,  read 

£  o^dA  =  0 ,  za^dA  =  -M  ( 1 ) 


dx  dx 


(2) 


where  A  is  the  cross-sectional  area,  and  M  and  V  the  bending  moment  and  shear  force, 
respectively.  The  strain-displacement  relation  involving  the  normal  strain  ,  reads 


d^u 

dx^ 


--ZU 


ft 


(3) 


while  the  normal  stress-strain  equation  has  the  form 


dx^  ] 


(4) 
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where  u  is  the  lateral  beam  deflection,  E  the  modulus  of  elasticity,  the  gradient 
coefficient  (for  g  =  0  Eq.  (4)  becomes  the  classical  Hooke’s  law)  and  primes  indicate 
differentiation  with  respect  to  x.  Substituting  of  Eq.  (4),  with  taken  from  Eq.  (3),  into 
Eqs  (l)i  and  (1)2  one  obtains  first  that  the  axis  x  passes  through  the  centroid  of  the  cross- 
section  and  second  that 

M  =  El{u  - g'^u")  (5) 

where  /  is  the  moment  of  inertia  about  the  y  axis.  Use  of  Eq.  (5)  into  Eq.  (2)i  yields 

V  =  £/(«'- gV)  (6) 

and  subsequently  use  of  Eq.  (6)  into  Eq.  (2)2  yields  the  governing  equation  of  beam  bending 

£/(«''' -gV')= -9  (7) 

The  solution  of  Eq.  (7)  is  the  sum  of  the  solution  of  the  homogeneous  part  of  Eq.  (7),  i.  e.,  the 
one  with  ^  =  0 ,  and  a  particular  solution  of  Eq.  (7).  The  former  part  of  the  solution  is 

M/,  =  +  c^x  +  C4  +  sinh(x/g)+  c^^g^  co±{xl g)  (8) 

where  c,  -  are  constants  to  be  determined  by  the  boundary  conditions  (classical  plus  non- 
classical)  of  the  particular  boundary  value  problem.  All  possible  boundary  conditions  can  be 
determined  with  the  aid  of  the  method  of  weighted  residuals,  which  here  reads 


f ^  {eIu^^  - g^Elu^^  +  q\v dx  =  Q 

J  0 


(9) 


where  w  =  w(x)  is  a  weighting  function  and  L  is  the  length  of  the  beam.  Integration  by  parts 
of  the  first  term  of  the  integrand  of  Eq.  (9)  twice  and  the  second  one  three  times  brings  Eq. 
(9)  to  the  form 


(eIu^'^  “ g^Elu^^  +  <3')w dx  =  El^^u'w'^dx  +  g^El^^u'w'^dx 
+  J  qwdx  +  El -  M V'U  “  g^EI +  =  0 


(10) 


Assuming  w-8u,  where  5  denotes  variation,  one  can  finally  rewrite  Eq.  (10)  in  the  form  of 
the  variational  statement 


,  2  (  »\2  , 


dx 


=  -  g^EIu^^  +  q)5udx 


+  £/[(«'-  >4  -  El[{u^-g^u^  +  g^El[u^Su’l  =  0 

Thus,  the  boundary  conditions  satisfy  the  equations 

\u{l)- g^u"'  (l)J5m'(l)-  Im'(0)-  g^u"'  (0)^m'(0)=  0 

[u%L)- g\''  iL)^{L)- [u’{Q)-g^u''  (0)>«(0)  =  0 


(11) 


(12) 
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u%)3ii\Lyir{0)8u{Q)=0 

For  example,  conider  a  simply  supported  beam  for  which  one  has  that  deflections  and 
bending  moments  at  the  two  ends  are  zero  (classical  boundary  conditions).  These  imply  that 
5«(l)  =  5w(0)=  0  and  g^w^'^(L)=  w"'(0)- =  0  and  Eqs  (12)  1,2  are  satisfied. 

Assuming  as  extra  (non-classical)  boundary  conditions  w''(l)  =  ^""(0)  =  0 ,  Eq.  (12)3  is  also 
satisfied. 


4.  GOVERNING  EQUATION  AND  BOUNDARY  CONDITIONS  FOR  BUCKLING 

Consider  the  beam  of  the  previous  section  without  lateral  load  subjected  to  an  axial 
compressive  force  P,  which  can  cause  flexural  buckling  for  a  certain  value  of  P  called 
elastic  buckling  load  or  critical  load  to  be  determined.  The  presence  of  P  creates  the 
additional  term  Pu  in  Eq.  (5)  for  the  moment  and  Pu  in  Eq.  (6)  for  the  shear  force.  The 
governing  equation  of  the  problem  can  be  obtained  from  that  of  a  beam  in  bending  (Eq.  (7) 
with  ^  =  0 )  by  simply  adding  the  additional  term  Pw'  due  to  the  axial  load  P .  Thus  one  has 

£/(«'*' )+/>»'  =  0  (13) 

The  solution  of  Eq.  (13)  is  of  the  form 

w  =  Cj  jc  +  q  +  C3  sin  (^  +  C4  cos<^'  +  sinh  Qx  +  cosh  Ox  ( 1 4) 

where 

e  =  (\/^\j\+^+4g^k^  (15) 

k^  =  PjE! 

and  Cj  -  are  constants  of  integration  to  be  determined  from  the  boundary  conditions  of  the 
problem  at  hand. 

All  posible  boundary  conditions  can  be  determined,  as  in  the  previous  section,  with  the  aid  of 
the  method  of  weighted  residuals,  which  here  reads 

f  (£'/«'*'  -g^Eht'"  +  Pu')wdx  =  0  (16) 


The  first  two  terms  of  the  integrand  of  Eq.  (16)  are  treated  in  exactly  the  same  way  as  in  the 
previous  section.  The  third  term  is  integrated  by  parts  once  and  on  the  assumption  that 
w  =  5u  one  can  finally  obtain  from  Eqs  (II)  and  (16)  the  variational  statement  for  buckling 
in  the  form 


5 y  {u'f  +  s ^  Y - y  («')’  dx  =  £  {eIu -  g^EIu'"  +  Pu')Sudx 
+  EI%i’  -  g'^u‘''Yu  \  -  El^i"  -  g^u'  +  Pu%i\  +  g^  El[i’8i'\  =0 


(17) 
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Thus,  the  boundary  conditions  satisfy  the  same  equations  as  in  bending  (Eqs  (12))  apart  from 
the  fact  that  inside  the  two  brackets  of  Eq.  (12)2  one  should  add  the  terms  Pu{l)  and  Pw'(0), 
respectively. 


5.  SOLUTION  OF  BOUNDARY  VALUE  PROBLEMS 

This  section  deals  with  the  solution  of  two  boundary  value  problems,  the  first  for  bending  and 
the  second  for  buckling.  Consider  a  cantilever  beam  of  length  L  with  its  built  in  end  at  x=0, 
subjected  to  a  static  uniformly  distributed  load  q.  The  classical  boundary  conditions  are 
m(0)=m'(0)  and  M(l)  =  V(l)=0  implying,  the  first  two  that  5m(0)=(5w'(0)  =  0,  and  the 
second  two,  on  account  of  Eqs  (5)  and  (6),  that  (l)=  0 ,  Thus, 

Eqs  (12)  1,  2  are  satisfied.  The  non-classical  boundary  conditions  are  assumed  to  be 
u'^{0)=u\l)-0,  which  satisfy  Eq.  (12)3  •  Use  of  the  above  boundary  conditions  in 

conjunction  with  a  particular  solution  ={ql24El)x* ,  enable  one  to  determine  the 
constants  of  the  homogeneous  part  of  the  solution  m,,  given  by  Eq.  (8).  They  are 

c,  =-qLl6EI,  c^  =  {ql^Elifi  c,=-g^qLlEI 


L 

—  e 


Ug 


+  1 


c 


6 


=  {-qLlEl) 


Figure  2  shows  the  variation  of  the  beam  deflection  u{^ )  along  the  dimensionless  distance 
^  —  xjL  for  various  values  of  the  gradient  coefficient  g  including  the  value  g  =  0 ,  which 
corresponds  to  the  classical  elasticity  case.  It  is  observed  that  the  deflection  increases  for 
increasing  values  of  g  . 
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Figure  2:  Variation  of  the  deflection  of  the  cantilever  beam  along  its  length  for 
various  values  of  the  gradient  coefficient 

Consider  a  simply  supported  beam  under  the  action  of  an  axial  compressive  force  P .  The 
classical  boundary  conditions  are  m(0)  =  m(l)=0  and  M(0)=M(l)  =  0  implying,  the  first 
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two  that  5w(0)=  5w(l)=  0  and  the  second  two,  an  account  of  Eq.  (5),  that 
{^)=u'{l)~ g^u'^ {l)  =  ^ .  Thus,  Eq  (12)i,2  are  satisfied.  The  non-classical 
boundary  conditions  are  assumed  to  be  m'(0)=  m'(l)=  0 ,  which  satisfy  Eq,  (12)3  and  further 
imply  that  (o)  =  (l)  =  0 . 

Thus,  the  boundary  conditions  of  the  problem  are  w(0)=  m(l)=:  0,  u%0)  =  u''{l)-0  and 
w^'^(0)=  0  and  serve  to  determine  the  constants  c,  -c^  of  Eq.  (14).  Indeed  one 

easily  finds  that  =  C2  =  =  Cf^  =  0,  the  buckling  shape  has  the  form 

w(x)=C3sin^  (19) 


i.  e.,  the  same  as  in  the  classical  case  and  the  buckling  condition  reads 
sin^L  =  0 


(20) 


Equation  (20)  is  satisfied  for  ^L  =  n7i  (n-  1,2,... )  and  in  view  of  Eq,(15)i  one  can  obtain  the 
first  critical  load  for  «  =  1  in  the  form 


2 

-1 

ii  J 

This  expression  for  g  =  0  reduces  through  a  limiting  process  to 
Pl=n^Elll} 


(21) 


(22) 


which  is  the  critical  (buckling)  load  of  the  classical  case.  Figure  3  depicts  the  variation  of  the 
ratio  Pc,  ! Pa-  - 1  a  function  of  the  gradient  term  g^n^  jl}  .  It  is  apparent  that 

the  buckling  load  increases  for  increasing  values  of  the  gradient  coefficient  in  a  linear 
manner. 


Figure  3:  Buckling  load  of  a  simply  supported  beam  versus  the  gradient 
coefficient 


6.  CONCLUSIONS 

On  the  basis  of  the  preceding  discussion,  the  following  conclusions  can  be  stated  : 
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1)  Using  the  simple  theory  of  gradient  elasticity  due  to  Aifantis,  the  governing  equations  of 
beam  bending  and  buckling  and  the  corresponding  boundary  conditions  (classical  and 
non-classical)  have  been  derived. 

2)  The  boundary  conditions  have  been  derived  from  a  variational  statement  constructed  with 
the  aid  of  the  method  of  weighted  residuals  without  knowledge  of  the  strain  energy, 
which  is  obtained  here  as  a  byproduct  of  the  present  approach. 

3)  A  characteristic  boundary  value  problem  of  beam  bending  has  been  solved  and  its 
gradient  elastic  solution  for  the  beam  deflection  has  been  found  to  increase  for  increasing 
values  of  the  gradient  coefficient  with  the  classical  elastic  solution  being  an  upper  bound. 

4)  A  characteristic  boundary  value  problem  of  beam  buckling  has  been  solved  and  its 
gradient  elastic  solution  for  the  critical  (buckling)  load  has  been  found  to  increase  for 
increasing  values  of  the  gradient  coefficient  with  the  classical  elastic  critical  load  being  a 
lower  bound. 
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1.  SUMMARY 

We  study  a  nonlinear  vibration  isolation  system  capable  of,  (a)  isolating  its  upper  part  (the 
‘machine’)  from  periodic  disturbances  generated  at  its  base;  and  (b)  simultaneously  isolating 
its  base  from  periodic  disturbances  generated  at  the  level  of  the  machine.  By  making  use  of 
essentially  nonlinear  (e.g.  nonlinearizable)  stiffness  elements  we  completely  eliminate 
resonances  close  to  linearized  modes,  thus  achieving  vibration  isolation  over  an  extended 
frequency  range.  Instead,  we  prove  the  existence  of  branches  of  localized  steady  state 
motions  in  the  frequency  domain.  The  vibration  isolation  performance  achieved  by  the 
nonlinear  system  considered  has  no  counterpart  in  linear  theory. 

2.  INTRODUCTION 

We  induce  localized  nonlinear  normal  modes  (NNMs)  to  a  vibration  isolation  system.  NNMs 
were  introduced  in  previous  works  [1].  These  are  free  oscillations  of  discrete  or  continuous 
undamped  nonlinear  systems  where  all  coordinates  vibrate  in  unison,  reaching  their 
maximum  and  minimum  values  simultaneously.  Hence,  NNMs  are  similar  to  the  normal 
modes  of  classical  linear  vibration  theory.  In  contrast  to  the  linear  case,  however,  the  number 
of  NNMs  can  exceed  in  number  the  degrees- of-freedom  (DOF)  of  a  nonlinear  system,  due  to 
NNM  bifurcations  that  increase  in  complexity  as  the  DOF  increase.  Moreover,  a  subset  of  the 
bifurcated  NNMs  are  localized  since  they  correspond  to  spatial  confinement  of  vibrational 
energy  [2].  A  subset  of  the  localized  modes  are  stable,  and,  thus,  physically  realizable.  This 
last  result  permits  the  use  of  nonlinear  mode  localization  for  vibration  and  shock  isolation  of 
structures. 
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3.  THEORETICAL  ESTIMATION  OF  THE  STEADY  STATE  RESPONSE 

Consider  the  three  DOF  system  depicted  in  Figure  1.  There  are  two  strongly  (essentially) 
nonlinear,  and  one  weak  [of  0(e),  |£|«1]  stiffness  connecting  the  various  components  of  the 

system  with  each  other  and  with  the  base.  The  upper  mass  m,  represents  a  ‘machine’, 
whereas  the  other  masses  of  the  system  are  purely  auxiliary.  Two  distinct  types  of  excitations 
are  considered  for  this  system,  namely,  periodic  forces  Fc(t)  generated  at  the  level  of  the 
machine,  and  base  (support)  excitations  yg(t)  generated  at  the  base  and  transmitted  to  the 

system  from  below.  The  problem  that  we  wish  to  address  in  this  work  focuses  on  dual  mode 
vibration  isolation,  and  can  be  formulated  as  follows: 

Design  this  system  so  to  isolate,  (a)  its  base  from  force  disturbances  generated  at  the 
level  of  the  machine,  and  simultaneously,  (b)  the  machine  from  excitations  generated 
at  the  base,  with  each  of  these  disturbances  applied  separately  from  the  other. 

Assuming  weak  viscous  damping,  the  equations  for  the  system  of  Figure  1  are  given  by, 

m,X,  +£Ci(Xi  -X2)  +  f(xi  -X2)==Ft.(t) 

1112X2  +£^1(^2  +  “X,)+8k(x2  -X3)=0  (1) 

1113X3  +ec2[x3  -yg(t)]+g(x3  -yg(t))+ek(x3  -X2)  =  0 

where  f  (•)  and  g(*)  are  strongly  nonlinear  stiffnesses  (not  linearizable),  dot  denotes  time 
derivative,  and  |£l«l.  We  introduce  the  new  variables,  u  =  xi-x2,  v  =  miXi +1112X2,  and 
w  =  x3,  and  assume  that  the  force  and  ground  disturbances  are  harmonic  of  frequency  co, 
F^(t)  =  P,  sin  cot  and  yg(t)  =  Yg  sin  cot .  Then  set  (1)  is  expressed  as: 

u  +  £6,u  +  F(u)  =  Fsincot  +  E(a,v-a2U-a3w) 

v  =  miFsincot  +  £(-piV  +  p2Vi  +  p3w)  (2) 

w  +  £52(w  -  coYg  cos  cot)  +  G(w  -  Yg  sin  cot)  =  £(yi  v  -  72U  -  73  w) 


where. 


Cl  = — ; - r>  ^2  = — 1x3=- 

m2(mi+m2)  1112(1111 +ni2)  n 

P|=,  V.  P3=k, 

(nil +1112)  (nil +012) 


*  m3(nii+m2)’  ^  1113(1111+012)’  m3’ 

The  normalized  stiffness  forces  in  (2)  are  defined  as 


k  ^  ^  1  ,  1  ^  ^  _  ^2 

—  ,  Oi=Ci( —  + - ),  62-  — 


F=P./m, 


F(u)  =  (— +  — )f(u),  G(w)  =  — g(w) 
m,  m-,  m^ 


At  this  point  we  assume  a  specific  form  for  the  nonlinear  stiffnesses  by  setting, 

F(u)  =  CiU^,  G(w)  =  C3W^  (3) 

Since  the  stiffnesses  are  nonlinearizable  of  cubic  form,  they  are  strongly  nonlinear.  It  is  clear 


that  for  this  type  of  problems  the  standard  analytical  techniques  from  nonlinear  dynamics 
[such  as,  the  method  of  multiple-scales  or  the  standard  method  of  averaging  [3]  are  not 
directly  applicable  and  a  new  approach  must  be  followed. 
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Forcing  Mode  I:  Forcing  at  the  Machine  Level 

Setting  Yg  =  0 ,  we  wish  to  study  periodic  steady  state  vibrations  of  the  above  set  with 

frequency  co,  e.g.,  equal  to  that  of  the  forcing  term.  We  resort  to  the  complexification 
technique  introduced  in  [4]  and  define  the  new  complex  variables, 

U(t)  =  u(t)  + j(Du(t) ,  V(t)  =  v(t)  + jci)v(t)  ,  W(t)  s  w(0  + jO)w(t)  (4) 

in  terms  of  which,  the  equations  of  motion  complexify.  Since  we  seek  steady  state  vibrations 
of  approximate  frequency  co,  we  express  the  new  complex  variables  as  follows, 

U(t)  =  {p(t)e^^“  U*  =  (p*  e”-*''”,  U  =  +  jco(pe^^‘” 

V(t)  =  a(t)  ej“'  =>  V*=a*e“j'^  V  =  aej‘'’‘+jcoae^"”  •  (5) 

W(t)  =  X(t)  ej"”  =>  W*  =  W  =  Xej"'  +j(o>.eJ''’' 

were  (p(t),  a(t)  and  A,(t)  represent  slowly-varying  complex  envelopes  (or  modulations)  of  the 
steady  state  motion.  Hence,  the  response  of  the  system  is  decomposed  into  a  fast’  oscillation 
with  frequency  co  and  a  'slow’  amplitude  modulation,  that,  in  essence,  represents  the 
envelope  of  the  fast’  oscillation.  Retaining  only  terms  of  frequency  to  in  the  equations  of 
motion  we  obtain  a  set  of  complex  modulation  equations  that  govern  the  slow  dynamics  (e.g., 
the  envelope)  of  the  response.  To  seek  steady  state  periodic  solutions,  we  set  (p=  0,  d=  0, 
and  1=  0  and  obtain  a  set  of  non-homogeneous  algebraic  that  govern  the  amplitudes  and 
phases  of  the  envelope  modulations  at  steady  state: 


Finally,  we  represent  the  complex  unknowns  in  terms  of  real  and  imaginary  parts, 
(p=  X,  +  jx2,  a  =  yi  +  jy2  and  =  +jz2.  Setting  separately  the  real  and  imaginary  parts  equal  to 

zero  we  obtain  a  set  of  six  real  nonhomogeneous  nonlinear  algebraic  equations  governing 
X],  X2,  y,,  y2,  ziand  Z2 .  This  last  set  we  solve  numerically  for  fixed  system  parameters  and 
varying  frequency  of  excitation  co  in  order  to  obtain  the  frequency-amplitude  and  frequency- 
phase  plots  of  the  steady  state  motion  corresponding  to  the  first  mode  of  forcing.  Once  a 
solution  (po.Oo  and  Xq  for  the  complex  amplitudes  is  determined,  the  steady  state  responses  in 
terms  of  the  original  coordinates  are  given  by, 

u(t)  =-1^  sinfwt +  0^.),  v(t)  =  -L2l  sin((Ot  +  0(j) ,  w(t)  =  sin(o)t  +  0;^ )  (7) 

CD  ^  CO  CO 

where  bars  denote  amplitudes,  e.g.,  |tpo|  =  (xf  +  xjI^^  and  0  phases,  e.g.,  0^  =  arctan(x2 /x, ). 
We  note  that  as  a  result  of  the  previous  approximations  we  have  omitted  from  the  steady  state 
response  components  with  frequency  different  than  co.  The  error  resulting  from  this 
approximation  is  not  expected  to  be  large  for  the  fundamental  frequency  amplitude  plots  that 
we  discuss  here.  The  stability  of  the  derived  steady  state  solutions  (7)  is  determined  by  direct 
numerical  integrations  of  the  original  equations  of  motion  (2),  with  initial  conditions  identical 
to  the  ones  predicted  by  the  theoretical  analysis. 
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Forcing  Mode  II:  Base-Induced  Motion 


A  similar  analysis  is  performed  for  the  case  when  there  is  base  excitation  of  the  system. 
Setting  Pc  =0  and  Yg  9^  0  and  performing  a  similar  analysis  we  obtain  the  following  algebraic 

set  of  nonlinear  equations  that  govern  the  steady  state  amplitudes  and  phases: 
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4.  NUMERICAL  RESULTS 

The  numerical  solutions  were  derived  for  the  following  values  of  the  system  parameters: 
ai=13.333,  a2=13.333,  a3=20.000,  p, =6.666,  p2=6.666,  p3=10.000,  Yi=13.333, 

72=13.333,  73=20.000,  e=0.1,  =5.000,  Yg  =  5.000,  Cj  =5.000,  €3=5.000,  m,  =1.000. 
Unless  indicated  otherwise  these  numerical  values  hold  throughout  the  rest  of  this  work. 
Considering  first  Forcing  Mode  I,  the  approximate  frequency-amplitude  and  frequency-phase 
plots  for  the  system  with  e6i  =  0.6  and  e52  =  0.4  are  depicted  in  Figure  2.  Branch  1  is  unstable 
for  low  frequencies  but  becomes  stable  as  frequency  increases.  Branches  2,  3,  4,  and  6  are 
unstable,  whereas,  branches  5  and  7  are  stable.  In  the  low  frequency  regions  where  no  stable 
steady  branch  exists  the  system  settles  into  either  subharmonic  or  irregular  (chaotic  or  quasi- 
periodic  of  high  period)  motions.  There  are  three  localized  branches  satisfying, 
u  and  V  are  0(1)  quantities,  and  w  is  a  quantity  of  0(e)  .  Of  these,  branches  5  and  7  are  stable  (and, 
hence,  physically  realizable),  whereas  branch  6  is  unstable.  The  actual  steady  state  solution 
were  the  motion  eventually  settles  depends  on  the  domains  of  attraction  of  the  stable  steady 
states  and  on  the  initial  conditions  of  the  system.  However,  numerical  simulations  (shown 
below)  indicate  that  when  the  system  starts  from  rest  the  eventual  steady  state  reached 
corresponds  to  the  localized  branch  7. 

Considering  now  Forcing  Mode  II  operation,  in  Figure  3  we  depict  the  approximate 
frequency-amplitude  plots  of  the  system  with  the  same  numerical  values  for  the  parameters 
and  forcing  parameters  P^.=0  and  Yg  =  5.000.  Branches  1,2  and  4  are  whereas 

branches  3  and  5  are  stable.  There  exist  three  localized  branches  corresponding  to 
u  and  V  of  0(1),  and  w  of  0(e)  ,  namely  branches  3,  4  and  5.  Note  that  in  this  case  we  seek 
localization  of  the  steady  state  motion  close  to  the  base  of  the  motion  and  away  from  the 
machine  mj .  Of  the  localized  branches,  3  and  5  are  stable,  whereas  4  is  unstable. 
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5.  CONCLUSIONS 

By  using  essentially  nonlinear  stiffness  elements  (with  no  linear  parts)  we  avoid  completly 
the  occurrence  of  three  nonlinear  resonances  close  to  linearized  normal  modes  of  this  three 
degree-of-freedom  system.  Such  nonlinear  resonances  (that  are  counterproductive  as  far  as 
localization  and  vibration  isolation  is  concerned)  were  detected  in  a  previous  work  [5]  where 
a  similar  system  was  considered  with  weakly  nonlinear,  linearizable  stiffnesses.  The.se 
resonances  cannot  be  eliminated  by  parameter  selection,  and  their  placement  in  the  frequency 
domain  is  determined  by  the  linearized  structure  of  the  system.  The  use  of  the  nonlinearizable 
stiffnesses  introduces  new  localized  steady  state  branches  that  are  beneficial  to  the  vibration 
isolation  objectives.  Indeed,  the  localized  steady  branches  are  primarily  responsible  for 
fulfilling  the  dual  mode  vibration  isolation  objective.  Clearly,  such  localization  is  solely  due 
to  the  nonlinearities  used  and  cannot  be  realized  in  a  purely  linear  setting. 
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Figure  2.  Approximate  frequency-amplitude  and  frequency-phase  plots  of  the  system  with 
e8,  =  0.6  and  eSj  =  0.4  (Forcing  Mode  I). 
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Figure  3.  Approximate  frequency-amplitude  plots  of  the  system  with  e6i  =0.6  and  e52  =0.4 
(Forcing  Mode  II).  Due  to  scaling  differences  between  certain  steady  state  branches,  two 
separate  plots  for  each  variable  are  depicted,  namely  for  l  <  co  <  25  and  25  <  ox  26 . 
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1.  SUMMARY 

Molecular  dynamics  (MD)  is  a  well-established  method  for  simulating  materials  at  the  atomic 
scale.  During  MD  simulations  several  quantities  are  calculated  giving  place  to  quite  a  number 
of  time  series.  Time  series  analysis  of  several  physical  properties  of  systems  can  provide 
insight  to  the  behavior  of  the  system.  In  the  present  work  we  present  an  analysis  of  time 
series  of  instantaneous  temperature  and  pressure  produced  during  micro  canonical  (constant 
energy)  MD  simulations.  Simulations  were  applied  to  a  nickel  oxide  grain  boundary  for  a 
temperature  range  O.lS-O.SOTm,  Tm  being  the  melting  point  of  the  system.  We  performed  a 
series  of  analysis  for  these  time  series  including  test  for  randomness,  power  spectrum  and  the 
structure  function  test.  The  obtained  results  show  evidence  of  fractional  Brownian  motion. 
Pressure  and  temperature  time  series  presents  1/f"  noise  over  the  whole  range  of  frequencies 
of  the  system.  The  origins  of  this  observed  behavior  are  discussed.  A  comparison  also  is 
made  with  results  already  obtained  from  constant  temperature  MD  simulations. 


2.  INTRODUCTION 


Molecular  Dynamics  (MD)  is  a  well-established  simulation  method  used  especially  in 
materials  science  and  is  based  on  an  atomic  description  of  matter.  Matter  is  described  as 
atoms  which  interact  through  a  potential  function.  It  is  appropriate  for  the  description  of 
transport  properties,  structure  properties  as  it  can  provide  insight  into  microscopic 
mechanisms  not  easily  accessible  by  experiment  and  it  is  widely  used  in  Solid  State  Physics, 
Material  Physics,  Chemical  Physics,  Fluid  physics.  Biological  systems  [1].  MD  simulations 
provide  us  with  a  set  of  trajectories  of  the  atoms  we  simulate,  as  they  are  determined  by  the 
interactions  between  the  ions  and  Newton’s  law  of  motion.  Useful  information  is  obtained 
about  the  system’s  properties  through  statistical  mechanics  as  it  is  possible  to  relate  nearly 
any  experimentally  observed  property  to  the  motion  of  atoms  [1]. 

Let  consider  a  system  of  N  interacting  particles  in  a  volume  V.  In  the  absence  of  external 
forces  acting  on  the  system  the  total  energy  of  the  system  is  conserved  : 


N  -2 

fi  =  Y— 

'S2m, 


(1) 
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where  rj  are  the  positions  of  the  atoms  and  pi  the  corresponding  conjugate  momentum  and  U 
the  potential  energy  of  the  system.  We  explore  then  the  system  properties  in  the 
microcanonical  ensemble  (NVE).  At  every  instant  the  motion  of  an  atom  is  determined  by: 


F,  =m, 


dr. 


(2) 


As  one  can  see  for  a  system  of  N  particles  with  three  degrees  of  freedom  for  each  particle,  we 
must  solve  simultaneously  3N  coupled  differential  equations.  There  are  several  methods  used 
in  MD  to  integrate  the  equations  of  motion  [2].  In  the  present  study  we  used  the  Verlct 
algorithm  [3]  which  is  accurate  and  quite  stable: 

r.  (t  +  dt)  =  2r.  {t)  -r.{t-  dt)  +  ^  )  (3) 

m. 

The  choice  of  the  timestep  dt  is  a  compromise  between  accuracy,  stability  and  efficiency.  In 
general  we  choose  dt«l/fniax  where  f^ax  is  the  highest  phonon  frequency  of  the  system.  In 
general  dt  is  of  the  order  of  some  femtoseconds.  An  indication  of  the  good  choice  of  dt  is  the 
conservation  of  the  total  energy.  The  time  accessible  by  this  type  of  simulations  are  of  the 
order  of  nanosecond.  So  one  has  to  limit  to  phenomena  with  characteristic  time  less  than  this 
limit. 

The  physical  model  of  the  system  is  characterized  by  the  choice  of  the  potential  function 
describing  the  interaction  between  the  component  particles.  These  interactions  arise  for  a 
number  of  reasons:  in  ionic  systems  the  ions  carry  charges;  all  atoms  repel  each  other  on 
close  approach  due  to  overlap  of  their  electron  orbitals.  A  model  to  describe  interactions  is 
the  rigid-ion  model: 


<pinj) 


Wj 

nj 


+  A  exp 


(4) 


A,  p,  C  are  parameters  derived  by  fitting  calculated  quantities  to  experimental  data.  The 
details  for  the  parameters  are  the  same  as  in  [4]. 

During  MD  simulations  several  quantities  are  calculated  and  times  series  produced.  We 
examined  two  of  them: 


•  Pressure 


p=i^kj 


•  Temperature  T 

The  <>  mean  temporal  average. 


9,.  ) 

(5) 

'N  \ 

Im/vf) 

(6) 

3.  COMPUTATIONAL  DETAILS 

The  MD  simulations  were  performed  on  an  NiO  (310)[001]  grain  boundary  in  the 
microcanonical  ensemble.  A  grain  boundary  is  a  region  of  the  material  where  two  crystallites 
meet,  and  plays  an  important  role  in  determining  several  physical  properties  such  as  creep, 
sintering,  and  corrosion.  For  a  review  on  grain  boundaries  and  their  properties  see  the 
excellent  book  of  Sutton  and  Baluffi  [5]. 
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The  simulation  box  containing  the  grain  boundary  is  a  parallelepiped  with  edges  parallel  to 
the  directions  x:[310],  y:[l-30]  and  z:[001].  The  simulated  system  contains  12  (001)  planes 
along  the  z  direction  thus  resulting  a  total  of  2160  ions  (1080  cations  and  1080  anions). 
Periodic  boundary  conditions  are  applied  in  the  three  directions  x,  y,  z.  The  dimensions  Lx,  Ly 
Lz  of  the  simulation  cell  at  T=0K  are  equal  to  41.89,  19.77  and  25.01  A  respectively.  They 
vary  with  temperature  as  a  function  of  the  lattice  parameter.  Further  technical  details  for 
performing  the  simulation  runs  are  the  same  as  in  [5]. 

We  perform  MD  simulations  at  five  temperatures  in  the  range  0.15-0.80Tm  to  examine  the 
behavior  of  these  time  series  as  the  behavior  of  the  material  become  more  anharmonic  with 
rising  temperature.  The  runs  were  10'^^  s  long  and  all  relevant  quantities  were  saved  every 
lO'^^s.  The  grain  boundary  is  stable  all  along  the  temperatures  studies  as  has  been  observed 
over  very  long  runs  already  performed  in  [4,  6]. 


4.  RESULTS  AND  DISCUSSION 

Characteristic  times  series  of  instantaneous  temperature  and  pressure  are  presented  in  fig. la 
and  lb  respectively.  The  following  subsections  are  presented  the  results  of  the  various  tests 
performed  using  the  obtained  time  series. 


Time  Time 


Figure  1  Instantaneous  temperature  (a)  and  pressure  (b)  time  series  produced  during  NVE 
MD  simulations  at  about  O.SOTm. 


4.1  The  above  and  below  test  for  randomness 

Let  us  now  recall  the  above  and  below  median  test  used  to  examine  whether  a  time  series  is 
coming  from  a  random  process  [7].  Let  us  denote  by  T(i),  /=!,.. .,A,  the  time  series  and  M  the 
corresponding  median.  We  construct  a  sequence  of  three  symbols,  denoted  by  -1,0,+1 
according  to  whether  a  member  of  the  time  series  is  less,  equal  or  bigger  than  M.  Let  Ni 
(resp.  N2)  be  the  cardinality  of  the  set  of  the  symbols  {+1}  (resp.  {-!))  and  V  the  total  sign 
change  from  {-1 }  to  {+1 }.  Then,  we  test  with  a  confidence  interval  5%,  whether  the  sequence 
of  symbols  Ni  (resp.  N2)  obeys  a  Gaussian  distribution.  Hence  we  calculate  the  mean  value 
and  the  standard  deviation  of  a  binomial  distribution  for  the  Ni,N2,  through  the  formulas: 


2N,N,(2N,N,-N,-N,) 

(N,+N,)(N,+N,-1) 


Finally,  we  calculate  the  formula  for  a  variable  z  expected  to  obey  a  gaussian  distribution 
(with  mean  value  my  and  variance  5^/): 


(8) 
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If  z  is  found  -1.96<  z  <1.96  we  may  conclude  that  the  time  series  is  characterized  by  a 
randomness  behavior  with  a  confidence  interval  of  95%. 

In  Table  1  we  present  the  results  of  this  test  for  the  temperature  (T)  and  the  pressure  (P)  time 
series,  which  suggest  that  these  series  exhibit  strong  evidence  of  a  random  behavior.  In  order 
to  get  more  insight,  we  now  proceed  to  calculate  the  power  spectrum  of  these  time  series. 

Table  1.  Results  of  the  above  and  below  median  test  for  the  Temperature  (T)  and  Pressure  (P) 
series  as  a  function  of  system  temperature  (expressed  as  percentage  of  the  melting  point). 

T  series  P  series  _ 


T 

V 

z 

V 

z 

0.14T,„ 

121 

-0.98 

855 

-0.83 

0.29T,n 

73 

-0.99 

1092 

-0.78 

0.43T„, 

73 

-0.99 

555 

-0.89 

0.57T,„ 

97 

-0.98 

383 

-0.92 

O.SOTn, 

113 

-0.98 

501 

-0.90 

4.2  Power  spectrum 

In  this  section  we  calculate  power  spectra  P{j)  by  applying  the  discrete  Fourier  transform  [8]: 

n/)=A'K/)ir 

where  II  A(f)  II  is  the  modulus  of  the  complex  number 

In  Fig.2fl  and  b  we  present  the  power  spectrum  of  the  temperature  time  series  nad  pressure 
respectively  for  a  given  system  temperature.  We  observe  a  somewhat  different  behavior  of 
the  two  time  series:  while  pressure  seems  to  follow  a  l/f“  law  over  the  whole  frequency 
region  studied,  the  temperature  series  seems  to  present  a  two  regime  behavior.  At  low 
frequencies  it  behaves  like  a  nearly  Brownian  motion  while  for  higher  frequencies 
(f  >  2x1  o' ^  Hz)  it  follows  a  power  law  with  exponent  ranging  from  0.41  up  to  1.20.  In  table  2 
we  present  the  obtained  exponents. 


Table  2  Power  spectrum  exponents  of  temperature  time  series  and  pressure  time  series. 


T 

T  series  (low  frequncies) 

T  series  (high  frequncies) 

P  series 

0.14T„, 

2.07 

0.41 

0.86 

0.29T,,, 

2.01 

1.20 

1.19 

0.43T„. 

1.98 

0.69 

1.24 

0.57T„, 

1.97 

0.81 

1.28 

0.80T„, 

1.90 

0.63 

0.86 

(9) 


(10) 


This  l/f“  behavior  has  been  related  e.g.  to  self-critical  phenomena  by  Bak  et  al  [9,10]  and 
constitutes  strong  evidence  for  complex  temporal  behavior  if  a  is  not  large.  Actually  1/f  noise 
can  be  related  to  the  intimate  disordered  structure  and  is  expected  to  be  substantially 
independent  of  the  details  of  the  system  under  analysis.  It  has  also  been  suggested  that  1/f 
noise  is  a  common  characteristic  of  dynamical  systems  with  extended  spatial  degrees  of 
freedom  revealing  conversely  self  similarity  in  space  [9,  10]. 

The  physical  origin  of  this  difference  in  the  behavior  of  the  temperature  and  pressure  time 
series  could  be  explained  perhaps  if  we  take  into  account  the  following:  The  presence  of  1/f 
noise  indicates  a  memory  effect  for  high  frequencies  i.e.  small  time  scales.  Pressure, 
therefore,  seems  to  behave  similarly  at  all  time  scales.  In  the  case  of  temperature,  we  have  a 
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Brownian  motion  for  low  frequencies  (high  time  intervals)  and  l/f“  with  a  ranging  from  0.41 
up  to  1.20  for  higher  frequencies  which  means  that  for  small  timescales  memory  effects  are 
present  but  at  higher  timescales  we  have  resemblance  to  a  Brownian  motion. 


Figure  2(a)  power  spectrum  of  the  temperature  time  series  for  O.SOTm  (b)  power  spectrum  of 
the  pressure  time  series  at  about  O.SOTm 


We  remind  here  that  temperature  depends  on  the  squares  of  the  velocities  of  the  independent 
particles  Vi  (Eq(6))  which  are  the  derivatives  of  the  displacements  of  the  ions.  On  the  other 
hand,  pressure,  as  on  can  see  from  Eq  (5),  depends  on  the  average  temperature  of  the  system 
but  also  on  the  relative  displacement  of  atomic  pairs  and  their  corresponding  forces  according 
to  the  potential  (eq.5).  This  second  term  apparently  influences  the  behavior  of  the  pressure  in 
an  important  way,  giving  rise  to  a  nearly  1/f  noise  behavior  over  the  whole  frequency  range. 
This  means  that  in  the  pressure  time  series  memory  effects  are  present  over  the  whole 
temperature  region.  The  1/f"  behavior  of  the  power  spectra  of  the  temperature  and  pressure 
are  often  indicative  of  what  has  been  termed  fractal  noise  or  fractional  Brownian  Motion  if 
a^2[ll]. 

It  is  of  interest  to  compare  with  the  results  obtained  for  the  same  time  series  produced  during 
constant  temperature  molecular  dynamics  [12].  In  that  case  the  temperature  presented  also  a 
two  regime  behavior  but  for  low  fr^uencies  it  presented  a  white  noise  behavior  while  for 
higher  temperature  it  presented  a  1/r  noise  behavior  with  a  increasing  with  temperature,  a 
being  grater  than  1. 


4.3  The  structure  function  test 

Next  we  apply  the  structure  function  test,  developed  by  Provenzale  et  al  [11],  in  order  to 
support  and  extend  the  results  obtained  in  the  previous  subsection  indicating  the  presence  of 
fractional  Brownian  motion  in  our  time  series.  This  test  was  originally  developed  as  a  tool  for 
distinguishing  between  a  deterministic  and  a  stochastic  origin  of  time  series  whose  power 
spectrum  displays  scaling  behavior.  Let  us  consider  a  time  series  T  with  a  finite  length  equal 
to  N.  For  every  n,  1  <n<N,  the  structure  function  associated  with  T  is  defined  as  follows: 


N-n 

l{n)=  ^[r((<  +  n)Af)-r('iAfJp  (H) 

i  =  \ 

where  At  denotes  the  sampling  rate  of  T.  According  to  Mandelbrot  [13],  for  a  time  series  T 
with  a  power-law  spectrum  ^f)  oc  l/f«, where  a  is  positive  real,  one  expects  a  scaling 
behavior  of  the  form  E(n)oc  n^H  for  small  values  of  n,  where  H  is  called  the  scaling  exponent. 
In  the  case  of  a  fractal  noise  we  have  that  cx=2H-i-l  [11]. 

In  figs  3a  and  3b  we  show  that  the  graph  of  log(2:(n))  versus  log  (n)  for  the  time  series  studied 
here  exhibit  indeed  a  behavior  like  fractal  noise.  Results  are  presented  only  for  the  highest 
temperature  as  in  this  case  the  behavior  is  quite  similar  for  the  other  temperatures. 
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Figure  3  Results  of  the  structure  function  test  for  the  timeseries  of  temperature  (a)  and 
pressure  (b)  obtained  at  about  0.80  Tm 


5.  CONCLUSIONS 

In  this  work  we  have  performed  an  analysis  of  time  series  of  instantaneous  temperature  and 
pressure  produced  during  constant  energy  molecular  dynamics  simulations  on  a  model  of  a 
grain  boundary  of  NiO.  These  time  series  were  obtained  for  different  temperatures  of  the 
system  ranging  from  0.15T,n-0.80Tm,  Tm  being  the  melting  point  of  the  system.  Direct 
measurements  present  strong  evidence  that  both  time  series  exhibit  strong  evidence  of  a 
random  behavior.  The  l/f“  behavior  of  the  power  spectra  of  the  temperature  and  pressure  are 
indicative  of  fractal  noise  or  fractional  Brownian  Motion  a  ^2. 
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1.  SUMMARY 

In  this  communication  we  present  results  concerning  the  study  of  the  vibrational  properties  of 
a  E5(310)[001]  NiO  grain  boundary  by  Molecular  Dynamics  simulations.  The  phonon  density 
of  states  of  the  cation  and  anion  sublattice  in  the  boundary  region  is  calculated  at  T=300K  in 
the  directions  parallel  and  perpendicular  to  the  boundary  plane.  The  obtained  results  are 
compared  with  those  obtained  for  the  bulk  and  the  differences  are  discussed.  We  have  also 
calculated  the  mean  square  displacements  of  the  cations  and  the  anions  in  the  grain  boundary 
region  as  a  function  of  temperature  in  the  direction  perpendicular  and  parallel  to  the  boundary 
plane  and  the  results  are  compared  with  that  of  the  bulk.  The  combination  of  the  above  results 
lead  to  some  conclusions  about  the  binding  of  the  atoms  in  the  boundary  region. 


2.  INTRODUCTION 

Grain  boundaries  (GBs)  have  attracted  a  great  interest  in  ceramics  since  these  materials  are 
often  used  in  polycrystalline  form  as  many  technologically  interesting  ceramic  materials  are 
prepared  by  powder  sintering.  GBs  may  seriously  affect  several  properties  such  as 
conductivity,  brittle  fracture,  creep  etc.  The  knowledge  of  the  atomic  structure  in  the 
boundary  region  as  well  as  the  dynamic  properties  of  the  atoms  in  this  region  helps 
understanding  such  effects.  For  a  review  on  grain  boundaries  and  their  properties  one  can 
consult  the  excellent  book  of  Sutton  and  Balluffi  [1  ]. 

Atomistic  simulations  are  well  suited  for  such  studies  since  they  can  provide  macroscopic 
properties  but  also  a  detailed  microscopic  description  of  the  phenomena.  Such  methods 
include  lattice  statics,  lattice  dynamics  and  Molecular  Dynamics  (MD).  In  all  cases  matter  is 
treated  at  the  atomic  scale  and  the  atoms  interact  through  an  appropriate  potential  function. 
Lattice  statics  and  lattice  dynamics  do  not  take  into  account  temperature  effects  explicitly. 
Molecular  Dynamics  takes  into  account  explicitly  temperature  effects  and  can  provide 
information  on  time  dependent  properties  so  it  is  better  suited  for  the  study  of  vibrational 
properties.  The  equations  of  motion  are  solved  at  each  timestep  and  we  obtain  successive 
points  of  the  system  in  the  phase  space.  From  the  set  of  positions  and  velocities  obtained  we 
can  calculate  several  properties  through  the  formalism  of  Statistical  Mechanics  [2]. 

The  choice  of  the  material  (NiO)  and  the  boundary  (E5(310)[001]  lies  on  the  fact  that  NiO 
has  a  relative  simple  structure  (fee)  and  there  is  earlier  work  showing  the  stability  of  the 
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given  boundary  [3-6].  From  a  computational  point  of  view  the  relatively  small  periodicity  of 
the  given  GB  let  us  simulate  a  relatively  large  system. 


3.  COMPUTATIONAL  DETAILS 

The  simulations  were  carried  out  in  the  NVT  ensemble  using  Nose’s  method  for  constant 
temperature  MD  [7].  In  order  to  describe  the  atomic  interactions  a  rigid  ion  potential  fitted  on 
experimental  properties  of  NiO  [8]  was  used  which  has  already  been  employed  for  the  study 
of  structural  and  diffusional  properties  of  NiO  GBs  [6,  9]  and  surfaces  [10,  11].  The  form  of 
the  potential  is: 


f 

-f-Aexp 

\ 


(1) 


where  A,  p,  C  are  parameters  derived  by  fitting  calculated  quantities  to  experimental  data,  qi, 
qj  are  the  charges  of  the  ions  i,  j  and  their  corresponding  distance.  The  atomic  interactions 
are  truncated  with  a  cut-off  radius  r^  =  1.6667  a  (a  being  the  lattice  parameter).  The  details  of 
the  computation  have  already  been  described  in  a  previous  study  [6],  some  relevant 
characteristics  are  briefly  reviewed  here.  The  Ewald  method  [12]  was  used  to  calculate 
Coulomb  forces  and  the  parameters  are  as  follows:  the  convergence  parameter  a  is  equal  to 
5.0/2rc,  the  range  of  variation  of  the  integers  defining  the  reciprocal  space  vectors 

is  given  by  the  following  relations  -5<nx,ny,nz<5,  0<n  2 +n  2  +n  ^  <27. 

The  simulation  box  containing  the  GB  is  a  parallelepiped  with  edges  parallel  to  the  directions 
x=[310],  y=[l30]  and  z=[001].  The  system  contains  2160  ions  (1080  cations  and  1080  anions) 
and  the  dimensions  of  the  simulation  cell  are  equal  to  a(3  VIo  +2d ),  3a  Vio  /2  and  6  a  respectively. 
The  lattice  parameter  a  is  set  equal  to  4. 168 A  at  T=0K  and  ad  is  the  distance  between  the  two 
grains  of  the  GB.  Periodic  boundary  conditions  are  applied  in  the  directions  parallel  (y,  z)  and 
perpendicular  (x)  to  the  GB  and  they  generate  a  second  grain  boundary  in  the  system  as 
shown  in  figure  1.  The  length  of  the  simulation  box  in  the  [310]  direction  has  been  chosen 
large  enough  to  avoid  interactions  between  the  two  boundaries.  We  have  verified  that 
between  the  two  GB,  there  is  a  region  where  the  properties  are  very  close  to  that  of  the  bulk. 
For  this  purpose  we  have  calculated  the  local  values  of  the  nearest  neighbor  distances  [13]. 
The  region  where  we  obtain  bulk  values  extends  over  10  [310]  interplanar  distances. 


Figure  1-  Schematic  representation  of  a  (001)  plane  normal  to  the  boundary  axis.  Full  and 
empty  circles  correspond  respectively  to  cations  and  anions.  Anions  and  cations  exchange 
positions  in  successive  planes. 
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The  starting  configuration  is  obtained  by  putting  together  two  crystallites  with  perfect  (310) 
surfaces  facing  each  other.  The  GB  generation  then  requires  the  calculation  of  the  distance  d 
between  the  two  surfaces  and  the  determination  of  possible  rigid  displacements  in  the 
boundary  plane  (parallel  or  perpendicular  to  the  tilt  axis).  To  do  that,  the  potential  energy  of 
the  system  is  minimized,  not  only  with  reference  to  the  atomic  positions  but  also  with  respect 
to  rigid  displacements.  The  relaxation  is  performed  using  Bennett’s  method  [14].  Once  the 
relaxed  configuration  is  obtained  is  then  heated  step  by  step  in  order  to  reach  the  desired 
temperature.  Once  the  temperature  required  for  the  computations  is  attained  we  perform  an 
MD  run  of  3  ps  in  order  to  reach  an  equilibrium  configuration.  The  equations  of  motion  were 
solved  using  Verlet’s  algorithm  [15]  and  a  timestep  of  10'^  ^s. 

The  phonon  DOS  were  obtained  from  the  Fourier  transform  of  the  velocity  autocorrelation 
function  following  the  methodology  of  [16]  over  a  duration  of  10  ps  at  T=300K  where 
velocities  where  saved  every  5  timesteps. 

Mean  square  displacements  were  calculated  at  various  temperatures  using  equation: 


i,2\ 


(2) 


where  <  >  indicate  an  average  on  time  performed  over  particles  i  located  in  the  corresponding 
region  (in  our  case  bulk  or  grain  boundary  region^  and  p  indicates  the  corresponding 
direction  in  space,  T  is  the  time  increment.  We  covered  a  temperature  range  from  300  K  to 
2800  K.  At  each  temperature  we  used  the  lattice  parameter  that  corresponded  to  zero  pressure 
for  the  bulk  system. 

In  order  to  calculate  grain  boundary  properties  we  take  into  account  ions  located  on  sites  like 
the  ones  presented  in  figure  2.  This  choice  lies  on  the  fact  that  from  a  previous  study  [6]  it 
was  found  that  GB  diffusion  was  limited  mainly  to  these  sites  and  the  size  of  this  zone  (about 
10  A)  is  compatible  to  the  GB  width  of  7  A  deduced  from  diffusion  experiments  in  NiO  [17]. 


Figure  2  Sites  considered  as  boundary  region  (projection  in  the  (001)  plane,  open  circles 
correspond  to  anions  and  full  circles  to  cations).  Anions  and  cations  exchange  positions  in 
successive  planes  along  the  [001]  axis. 


4.  RESULTS  AND  DISCUSSION 
Phonon  Density  of  States 

In  figures  3a-b  we  present  the  phonon  density  of  states  (DOS)  at  T=300K  obtained  for  the 
cationic  and  anionic  sublattice  in  the  bulk.  It  is  interesting  to  notice  that  similar  results  are 
obtained  for  the  region  located  between  the  two  GBs  indicating  that  we  have  indeed  bulk 
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properties  in  the  region  between  the  two  GBs.  We  can  see  that  cations  contribute  mainly  to 
low  frequencies  while  anions  contribute  to  high  frequencies. 

In  figure  3c  we  present  results  concerning  the  phonon  DOS  for  the  cation  sublattice  of  the  GB 
region  calculated  for  the  directions  normal  to  the  boundary  plane  and  parallel  to  it.  By 
comparison  with  figure  3a  we  can  see  that  in  the  direction  normal  to  the  boundary  plane  we 
have  a  shift  of  the  pic  of  7  THz  toward  lower  frequencies.  This  is  an  indication  that  the 
cations  located  in  the  boundary  region  are  more  loosely  coupled  than  the  bulk  cations. 
Another  remark  is  that  there  is  an  enhancement  of  frequencies  located  in  the  region 
10-11  THz  for  both  directions,  although  it  seems  to  be  less  important  than  the  observed  shift 
towards  lower  frequencies. 

As  far  as  the  anionic  sublattice  is  concerned  by  comparison  of  figure  3b  with  3d  we  can  see 
that  there  is  a  enhancement  of  lower  frequencies  in  the  region  0-7THz.  The  enhancement  of 
lower  frequencies  indicates  that  the  anions  are  more  loosely  coupled  in  the  GB  region  than  in 
the  bulk,  especially  in  the  direction  normal  to  the  boundary  plane.  We  can  see  also  that  there 
seems  to  exist  a  slight  enhancement  of  frequencies  in  the  high  frequency  region  in  the 
direction  parallel  to  the  boundary  plane. 

As  we  can  see  both  for  the  anion  and  cation  sublattices  in  the  GB  region  there  are  some 
differences  in  the  DOS  in  the  directions  normal  and  parallel  to  the  boundary  plane.  A 
common  characteristic  is  that  the  DOS  normal  to  the  boundary  planes  is  shifted  towards 
lower  frequency  more  than  the  DOS  parallel  to  the  boundary  plane.  As  a  result  we  expect  an 
anisotropic  behavior  in  the  vibrational  behavior.  These  findings  are  reinforced  by  the  results 
obtained  from  the  mean  square  displacement  of  the  atoms. 


frequency  (THz) 


Figure  3  Phonon  DOS  obtained  at  T=300K  (a)  bulk  cation  sublattice  (b)  bulk  anion  sublattice 
(c)  grain  boundary  region  cation  Sublattice  (d)  grain  boundary  region  anion  sublattice  ((310) 
corresponds  to  the  boundary  plane). 


187 


Mean  square  displacements 

The  vibrational  behavior  of  the  surface  is  also  characterized  by  the  mean  square 
displacements  of  the  atoms.  We  have  calculated  the  mean  square  displaceinents  for  the  cation 
and  anion  sublattice  in  the  case  of  the  bulk  and  in  the  GB  region  as  a  function  of  temperature. 
The  temperature  region  explored  extends  from  300  K  up  to  2800  K. 

As  we  can  see  in  figure  4a  at  low  temperature  the  mean  square  displacements  on  the  cation 
sublattice  are  just  slightly  higher  than  that  of  the  bulk  and  nearly  the  same  in  the  direction 
parallel  and  normal  to  the  boundary  plane.  However  as  temperature  rises  we  observe  that 
while  the  mean  square  displacement  parallel  to  the  boundary  plane  is  quite  close  to  that  of  the 
bulk,  the  mean  square  displacement  in  the  direction  normal  to  the  boundary  plane  becomes 
significantly  higher  giving  rise  to  an  increasing  anisotropy.  A  similar  behavior  is  observed  in 
the  case  of  the  anion  sublattice  as  we  can  see  in  figure  4b. 

The  observed  anisotropy  is  indicative  of  the  fact  that  the  ions  are  more  loosely  coupled  in  the 
direction  normal  to  the  boundary  plane  than  parallel  to  it.  This  is  in  accordance  with  the 
indications  obtained  from  the  phonon  DOS  results.  In  addition  we  see  that  as  it  was  expected 
the  anisotropy  is  small  at  low  temperatures. 


Temperature  (K)  Temperature  (K) 


Figure  4  Mean  square  displacements  calculated  for  the  cation  sublattice  (a)  and  the  anion 
sublattice  (b).  Empty  circles  correspond  for  atoms  in  the  bulk  region  while  full  circles 
correspond  to  the  direction  normal  to  the  boundary  plane  and  full  squares  to  the  direction 
parallel  to  the  boundary  plane. 


5.  CONCLUSIONS 

Using  molecular  dynamics  simulations  we  have  studied  the  vibrational  properties  of  the  GB 
region  in  a  S5(310)[001]  grain  boundary  of  nickel  oxide.  We  calculated  the  phonon  density 
of  states  at  T=300K  for  the  cation  and  anion  sublattice  both  in  the  grain  boundary  region  and 
in  the  bulk.  The  grain  boundary  DOS  present  a  shift  toward  lower  frequencies  especially  in 
the  direction  normal  to  the  boundary.  They  also  present  some  differences  in  the  two 
directions  studied  indicating  an  anisotropy  in  the  vibrational  properties.  This  is  confirmed  by 
the  mean  square  displacements  calculated  as  a  function  of  temperature  for  both  sublattices  in 
the  grain  boundary  region  and  in  the  bulk.  In  fact  the  amplitude  of  vibration  is  higher  in  the 
direction  normal  to  the  boundary  plane  than  in  the  direction  parallel  to  it  and  both  are  higher 
than  that  of  the  bulk.  This  anisotropy  is  small  at  low  temperatures  but  it  becomes  more 
pronounced  as  temperature  rises.  The  above  results  indicate  that  the  ions  are  more  loosely 
coupled  in  the  direction  normal  to  the  boundary  plane  than  in  the  direction  parallel  to  it. 


188 


6,  REFERENCES 

[1]  Sutton  A,  P.  and  Balluffi  R.  W.,  Interfaces  in  crystalline  Materials  (Oxford  : 
Clarendon  Press)  (1995). 

[2]  Allen  M.P.  TJ.  Tildesley,  Computer  Simulation  of  liquids  (Clarendon  Press,  Oxford) 
(1987). 

[3]  Duffy  D.  M.  and  Tasker  P.  W.  Phil.  Mag.  A  47,  817  (1983). 

[4]  Harding  J.  H.,  Parker  S.  C.  and  Tasker  P.  W.,  in  Non-Stoechiometric  Compounds 
Surfaces,  Grain  Boundaries  and  Structural  Defects,  J.  Nowotny  and  W.  Weppner  (Ed), 
(NATO  ASI  Series  C276)  (1989)  337. 

[5]  Meyer  M.  and  Waldburger  C.,  Grain  boundary  structure  of  NiO,  Temperature 
Evolution  :  a  molecular  dynamics  study,  Materials  Science  Forum  126-128,  229  (1993). 

[6]  Karakasidis  T.  and  Meyer  M.,  Grain-boundary  diffusion  of  cation  vacancies  in  nickel 
oxide:  A  molecular-dynamics  study,  Physical  Review  B  55,  13853-13864  (1997). 

[7]  Nose  S.,  A  unified  formulation  of  the  constant  temperature  molecular  dynamic  method, 
J.  Chem  Phys.  81,  51 1-519  (1984). 

[8]  Massobrio  C.  and  Meyer  M.,  Rigid-ion  potential  models  for  NiO  and  CoO  :  a 
comparison  between  experimental  and  calculated  thermal  expansion,  J.  Phys.  :  Cond. 
Matter  3,  279-284  (1991). 

[9]  Karakasidis  T.  and  Meyer  M.,  Molecular  dynamics  simulation  of  the  atomic  structure 
of  a  NiO  tilt  grain  boundary  at  high  temperature,  Modelling  and  Simulation  in 
Materials  Science  and  Engineering  8,  117-132  (2000). 

[10]  Karakasidis  T.  and  Evangelakis  G.,  A  molecular  dynamics  study  of  cationic  vacancy 
diffusion  on  NiO(OOI)  surface”,  Surface  Science  436,  193-201  (1999). 

[11]  Karakasidis  T.E.,  Papageorgiou  D.G.  and  Evangelakis  G.A.,  Structure  and  dynamics  of 
NiO(OOl)  and  Ni/NiO(001)  surfaces  by  molecular  dynamics  simulation.  Applied 
Surface  Science  162-163,  233-238  (2000). 

[12]  Ewald  P.P.,  Ann.  der.  Physik  64,  253  (1921). 

[13]  Karakasidis  T.  1995  Ph.D.  Thesis  (University  Paris  6,  France),  CEA  Report  CEA 
R5723  (1996). 

[14]  Bennett  C.H.  in  Diffusion  in  Solids  A.S.  Nowick  and  J.J.  Burton  (Ed)  (New  York  : 
Academic  press)  (1975)  73. 

[15]  Verlet  L.,  Computer  experiments  on  classical  fluids.  I.  Thermodynamical  properties  of 
Lennard- Jones  molecules,  Physical  Review  159,  98-103  (1967). 

[16]  Papanicolaou  N.  E.,  Lagaris  I.E.,  Evangelakis  G.A.,  Surf.  Sci.  337,  L819  (1995). 

[17]  Atkinson  A.  and  Taylor  R.I.,  Philos.  Mag.  A  43,  979  (1981). 


ANALYTICAL  SOLUTION  OF  THE  NONLINEAR  DAMPED  DUFFING 

OSCILLATOR 


D.  Panayotounakos 

Department  of  Applied  Mathematics  and  Physics,  National  Technical  University  of  Athens, 

GR-157  73,  Athens,  Greece 


G.  Exadaktylos 

Department  of  Mineral  Resources  Engineering  -  Laboratory  of  Mine  Design  and  Mechanics, 
Technical  University  of  Crete,  GR-73100,  Chania,  Greece 


A.  Vakakis 

Department  of  Applied  Mathematics  and  Physics,  National  Technical  University  of  Athens, 

GR-157  73,  Athens,  Greece 


1.  SUMMARY 

In  this  paper  a  systematic  study  of  the  Duffing  differential  equation  that  describes  nonlinear 
oscillations  with  damping  is  performed.  First,  the  2"^  order  non-linear  differential  equation  is 
transformed  into  a  simpler  equivalent  Abel  equation  of  the  2^^  kind  by  virtue  of  appropriate 
functional  transformations.  In  a  second  step  the  Taylor  series  solution  of  Abel’s  equation  and 
the  error  estimation  are  given.  Finally,  the  comparison  of  the  numerical  solution  with  the 
proposed  analytical  solution  for  a  given  initial  condition  is  presented. 


2.  INTRODUCTION 

The  solution  of  special  forms  of  the  Duffing  differential  equation  that  describes  the  nonlinear 
oscillator  without  damping  is  well  known  [1-4]  in  terms  of  elliptic  integrals  and  functions. 
Further,  for  the  general  case  of  oscillating  systems  with  damping  numerical  solutions  by 
recourse  to  any  of  the  various  forms  of  finite  difference  schemes  have  been  achieved  by 
previous  investigators  [e.g.  2].  However,  up-to-date  there  is  no  analytical  solution  of  this 
equation  and  from  what  it  seems  there  do  not  exist  known  functions  that  can  form  its  solution 
in  an  analytic  manner. 

In  this  work  a  first  attempt  is  performed  for  the  construction  of  analytical  solutions  of  the 
Duffing  equation  by  virtue  of  appropriate  Taylor  series  form.  It  is  demonstrated  that  the 
proposed  solutions  can  successfully  converge  to  the  true  solution  obtained  by  special  finite 
difference  scheme.  A  proposition  is  made  for  the  efficient  construction  and  convergence  of 
the  analytical  solution  in  terms  of  Taylor  series.  Finally,  the  comparison  of  the  numerical 
solution  with  the  proposed  analytical  solution  for  a  given  initial  condition  is  presented 
graphically. 
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3.  THE  NONLINEAR  DUFFING  OSCILLATOR  WITH  DAMPING 

The  ordinary  differential  equation  (ode)  that  governs  the  problem  of  nonlinear  damped 
oscillations  with  damping  in  dimensionless  form  is  the  following  [5]: 

where  x  =  x(t) denotes  the  space  variable,  xt(t)  =  dx/dt  ,  t  is  the  time  and  X],X2are 
constants  pertaining  to  the  damping  and  the  resistance  factor  of  the  system,  respectively.  The 
solution  of  the  above  ode  for  =  Oin  terms  of  elliptic  integrals  and  functions  is  well  known 
[5].  Also,  for  A-i  ^  Othe  numerical  solution  with  any  of  the  various  forms  of  finite  difference 
schemes  have  been  achieved  by  many  investigators  [1,2].  However,  there  is  no  analytical 
solution  of  this  ode  for  X\,'k2^  there  are  no  up-to-date  known  functions  that  can  form 


the  solution  of  the  aforementioned  equation  (1). 

The  initial  conditions  of  the  problem  are  postulated  as  follows: 

For  t  =  0,  x(0)  =  xo  and  Xt(0)  =  xo  (2) 

or 

For  t  =  0,  x(0)  =  0  and  x  ^  (0)  =  1  (3) 

Herein  the  following  non-linear  initial  boundary  value  problem  is  studied  and  solved: 

Yxx +^iyx =0,  (4) 

For  X  =  0,  y(0)  =  0  and  y'^  (0)  =  yo- 
By  virtue  of  the  transformation 

y'x  =  p(y)  ==>  y'xx  =  =  PyP 

the  Duffing  equation  (4)  obtains  the  form: 

pPy  P  A2y^  =  0  (^) 


The  above  ode  may  be  transformed  into  a  more  convenient  form  if  we  apply  the 
transformation: 

p(y)  =  -arife).  4  =  Py  =>  Py  =  -“Pn'fe) 

in  which  a,  P  are  constants  to  be  determined.  By  recourse  to  relationships  (7)  equation  (6) 
takes  the  form: 

a^pqil?  -  aAiri  -H  =  0 


(8) 
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Next,  by  taking: 

a2p  =  aX,i,  aX,i=^  «  “  =  P  =  -^  (9) 

P  V^2  ^1 

Therefore,  the  final  transformation: 

y'x  =  p(y)  =  — %  =  -^y  (lo) 

V^2 

reduces  the  nonlinear  equation  (6)  into  the  following  Abel  equation  of  the  second  kind 

TiTi|--n  =  -^3 

According  to  (10)  and  (11)  at  each  value  of  ^  the  above  differential  equation  (11)  prescribes 
the  slope  of  the  solution  (if  q  is  known).  The  numerical  solution  of  (11)  may  be 

performed  by  the  Fehlberg  fourth-fifth  order  Runge-Kutta  method  [6,7].  Integration  is 
performed  starting  from  the  closer  of  two  points  to  the  desired  output  point.  These  points  are 
chosen  from  the  initial  point  or  the  most  recently  generated  mesh  point.  In  the  event  of  an 
error  being  returned,  the  next  attempt  at  integration  will  start  from  the  initial  point.  A 
graphical  representation  of  the  numerical  solution  of  (1 1)  is  illustrated  in  Fig.  1. 


Fig.  1.  Numerical  solution  of  Abel*  s  ode  (11). 
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4.  THE  SOLUTION  OF  ABEL’S  EQUATION  AS  TAYLOR  SERIES 

We  proceed  next  to  express  the  solution  of  the  Abel  equation  (11)  in  Taylor  series  in  the 
variable  We  assume  that  the  solution  q  in  the  neighborhood  of  some  point  y  can  be  written 
as  the  following  Taylor  series: 


oo 


v=0 


(12) 


When  this  series  is  substituted  in  equation  (11)  and  the  coefficients  of  equal  powers  are 
equated,  the  following  solution  is  obtained  for  the  N-terms  truncated  series: 

N  3N+1  /  X 

T|t(4)=  A+  ^  X^v,kY''“’(^-Y)''  +o|^-yF+')  (13) 

v=1  k=l 


in  which  r|T(Y)=  ^  •  The  explicit  values  of  the  sequences  of  coefficients  dy  through  N=10 
that  is  v=l,...,10  and  k=l,...,31  are  given  in  the  following  manner: 


^l,k  L 
^2,k" 


1,0,0.- j,0, 0,0, 0,0 


0,0, 0,0, 0.0, 0,0, 0,0, 0.0, 0,0, 0,0, 0,0, 0,0, 0,0 


0,0, -“,—,0,0, -^^,0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0 

2  jtI  2  j^2  2 

0,0, 0,0 

0,0, 0,0, 0,0, 0,0 


LL  IJ-  1-L  ilJ-  — —  0  -—  — —  0  0-- 


0,0, 0,0, 0,0, 0,0, 0,0, 0.0, 0,0, 0,0,0 


^5.k= 


1  1 


3  1  3  1  7  1  1  1  89  1  81  1  77  1  39  1  287  1 


5^2-  5^3 -5^4’  4^3  5^5 ’20/ 


20/  ’60/  ’ 


40/’ 


^  a’ 


-/^.J^.O.O,-— .0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,0 

A  A  -A 
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‘1111  7  1  11 

469  1  11 

797  1  607  1 

105  1 

29  1 

3983  1 

h43’2/’“8^3-2^5 

’120  ^4  ■*'6^6’ 

“120  ^5  ’120  ^6 

-16  ^5 

-20^7 

240  ^6 

74  JL  ^J_  im_  ?1J_  243  1  ZZ_i_  n  n  21  1 

"5^7'  90  ^8’"  16  ^7  '  5  ^8 '■  36  ^9  '  ’  16  ^9  ’  16^10 16^11’^'°’°'°’ 

o,o,o,o.o,o,o.ol 


Ik 


"1  1 

11  3  1 

41  1  3  1 

61  1 

11  121  1 

1  831  1 

.V’ 

".l3 

’20^4^7^6’- 

■10^5- 

'7^7’  14/’ 

1411 

1  223  1  2153  1 

701  1 

325 

1  241  1 

825  1 

137 

1 

60 

/  140/’  60 

28/’ 

16 

.’16 /’- 

3 

2519 

1  385  1  759  1 

125  1 

189  1 

143  1 

33  1 

180 

^10  16  ^9  ’  20 

-  8  /I 

■»  0 

■-16  /!■ 

16  ^12  ■ 

,0 ,  - 

■16/3’ 

0,0, 

0,0, 0,0, 0,0,0 

r  1 

1  1  1  97  1 

3  1 

53  1 

3 

1  919  1 

1  1  123 

1 

2343  1 

[  32 

/-8/’160/' 

’-16/- 

-8/ ’112/" 

8/’- 32 

^5" 

'  224  ^7  ’ 

1793  1  1703  1  25367  1  481  1  211397  1  3405  1  _  10573  1 

80  ^6  224  ^8  ’  “  480  ^7  ”280^9  ’  3360  ^8  ’  128  _^7  280  ^9  ’ 

63913  1  10219  1  69961  1  40909  1  ^J_  7^  1  92829  1  8199  1 

640  ^8  1120  ^  ”  480  ^9  ’  420  ^10  8  ^9  ~  288  ^11  ’  640  ^10  64  ^11  ’ 

22451  1  ^J_  10725  1  ^_1_  „  ^J_  „  ^JL  n 

576  ^12  64  ^11  ’  128  ^12’  64  ^13  32  ^13  ’  128  ^14 128^15 

o,o.o,o,ol 


"7  1  11 

181  1 

1  1  1153  1  1  1 

1 

1 

5135  1 

1  1  2377  1  2035  1 

_90/"9/’ 

-180/ 

-3/’  252  /"i/’ 

-32/ 

1 

o 

■kI 

9  ^9  ■  160  ^6  "  168  /  ’ 

3745  1  6217  1  1444091  1  4609  1  825  1  2952199  1  32519  1  59191  1 

72  ^7  “  840  ^9  ’  15120  ^8  '^2520^10  32  ^7  “  30240  ^9  ’  240  ^8  1120  ^10  ’ 

46691  1  59753  1  9698711  1  12355  1  169487  1  2045681  1  738881  1 

160  ^9  ■  5040  ^11  ’  30240  ^10  128  ^9  ”  945  ^11  ’  5760  ^10  18144  ^12  ’ 

485947  1  664807  1  1197  1  213983  1  49049  1  21637  1  176891  1 

960  ^11’  2016  ^12’”  8  ^11  ”  2592  ^13’  128  ^12’“  64  ^13’  1728  ^14’ 

7161  1  23309  1  11011  1  1287  1  12155  1  715  1  ] 

64  ^13’  128  ^14’”  144  32  ^15’  384  ^16 128^17 
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^io.k- 


79  1  _  1  1  ^J_  ^J_  3^J_  2._L  19^79  1  60701  1  J 

600  ^5  10  ^7  ’  280  ^  10  ^8  ’  ”  <5^  ^5  ~  560  ^7  ”  10  ^9  ’  2880  ^6  5040  ^8  '*'  10  ^10  ’ 


255049  1  22889  1  607699  1  67411  1  605  1  5103061  1  4861  1 

7200  ^7  “  1680  ^9  ’  6300  ^8  *  8400  ^10  ’ "  32  ^7  “  33600  ^9  '  2520 

129943  1  4698383  1  5867183  1  39301  1  199513957  1  249821  1 

960  33600  ^10’"  14400  560  ^11’  302400  ^10 16800  ^12  ’ 

31801  1  7328653  1  2386373  1  15069769  1  918607  1  1337237  1 

256  12096  ^11’  3840  ^10  50400  ^12’“  720  ^11  "  21600  ^13’ 

809954431  1  79695  1  30967387  1  6525233  1  5667805  1  7638631  1 

604800  ^12’“  256  ^11  "  43200  ^13’  5760  ^12'^  36288  ^14’”  4800  ^13’ 

4567277  1  48279  1  649649  1  79695  1  30967387  1 

4480  128  ^13"  2592  ^15'  256  ^11  "  43200  ^13’ 

6525233  1  5667805  1  7638631  1  4567277  1  48279  1  649649  1  620477  1 

5760  ^12  *  36288  ^14  ’ '  4800  ^13’  4480  ^14’"  128  ^13”  2592  ^15'  640  ^14’ 

41041  1  2229227  1  30459  1  250393  1  5291  1  19305  1 

48  ^15’  8640  ^16'"  128  ^15’  640  ^16’"  32  ^17'°’"  256  ^17’ 

46189  1  2431  1 

768  ^18  256  ^19 


Next,  the  following  proposition  for  the  construction  of  the  analytical  solution  is  postulated: 

Proposition:  The  sequence  of  successive  Taylor  series  solutions  of  the  Abel  equation  (11)  is 
produced  by  the  following  convergence  criterion 

V  ^k=^;  k  =  0,...,v,  3e>o(E  =  ot^k+l-^kf’| 

hTfek+O-TlxC^k)!  <  £  ^  ^k  s  [O'^o] 

wherein  :  T|x(^o)  =  0  ^0  ^he  Taylor  series  expansion  around  zero 

for  the  given  initial  condition. 

•As  an  example  of  the  efficiency  of  the  proposed  analytical  solution  (13)  and  the  above 
proposition  for  e=0.03,  we  construct  the  following  diagram  -  with  the  numerical  solution 
superimposed  in  the  same  diagram  -  for  the  initial  condition 

Il(0)  =  10  (15) 

In  the  same  figure  some  of  the  points  around  which  the  Taylor  series  solution  was  applied  for 
the  first  and  the  second  branch  of  the  curve  are  also  displayed.  A  total  number  of  31 
successive  Taylor  series  solutions  were  employed  for  the  complete  solution  of  Abel’s 
equation  (11)  with  the  given  initial  condition  and  maximum  absolute  error. 
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Fig.  2.  Comparison  of  analytical  with  numerical  solution  ofAbeVs  equation  (11)  with  initial 

condition  T|(o)=10. 
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ABSTRACT 

An  orthogonal  footing  is  considered  resting  on  linearly  elastic  base  and  loaded 
axisymmetrically  by  a  vertical  load.  The  relation  between  the  loading  eccentricity  and  the 
rotation  of  the  footing  is  derived,  with  emphasis  on  the  case  that  the  load  acts  outside  the  core 
of  the  footing  area  (uplift).  Then  a  column/footing  system  is  considered,  with  elastic  supports 
and  arbitrary  loading  at  the  column  top,  resting  on  elastic  base,  as  above.  The  rotation  of  the 
footing  versus  the  column  load  is  studied,  along  with  the  stability  of  the  system,  and  its 
buckling  load  is  evaluated.  The  bifurcation  of  equilibrium  of  the  system  is  also  investigated. 


1.  INTRODUCTION 

The  study  of  stability  of  prismatic  columns  is  very  important  in  the  analysis  of  structures.  The 
basis  of  stability  of  impressive  columns  is  the  Euler  buckling  load,  the  value  of  which  among 
others  depends  on  the  kind  of  the  supports.  Considering  elastically  fixed  supports  we  obtain 
very  good  approximation  of  the  real  conditions 

[1-5].  Generally,  in  the  case  of  elastic  fixing,  linear  relation  between  rotation  and  moment 
holds.  A  rigid  footing  on  elastic  base  does  not  fall  into  the  case  of  linear  elastic  fixing,  when 
the  load  acts  out  of  the  core  of  the  resting  area.  In  this  case  the  appearance  of  working  portion 
and  neutral  portion  (uplift)  renders  the  relation  between  rotation  and  moment  nonlinear. 

In  this  work  the  above  nonlinear  relation  is  established  and  used  in  the  study  of  the  deflection 
of  a  column/footing  system,  with  elastic  supports  and  a  general  loading  at  its  top,  which  rests 
on  elastic  base.  The  buckling  load  of  this  system  is  evaluated  and  found  to  be  smaller  than  the 
Euler  critical  load.  A  parametric  study  is  carried  out  and  the  conditions  of  bifurcation  of 
equilibrium  of  the  column/footing  system  are  investigated. 
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2.  THE  ROTATION  OF  THE  FOOTING 

Consider  a  rigid  footing-plate  of  rectangular  plan  with  dimensions  ^xh  loaded  by  a  vertical 
force  P  acting  in  the  one  plane  of  symmetry  with  eccenticity  e .  The  footing  is  resting  on  a 

linearly  elastic  base  with  coefficient  of  subgrade  reaction  c[A7V//w^]  (Winkler  model).  It  is 
valid  that 

(7  =  C'U,  (2.1) 

where  v[m\  is  the  vertical  displacement  of  the  footing-base  interface  at  which  compressive 
stresses  ct[A7V/w^]  are  developed.  Fig.  la  shows  the  vertical  displacement  and  the  rotation  of 
the  rigid  footing,  as 

well  as  the  working  and  the  neutral  portion  in  the  case  that  the  load  P  acts  out  of  the  core  of 
the  area  (uplift)  [^|6<  H) .  Fig.  2a  depicts  the  compressive  stresses  in  the  working  area  for  the 
above  mentioned  case  (uplift).  The  rotation  (p  of  the  footing  is  given  by  the  relation 

<P  =  u.ax/3(V2-|el)  =  (J^l2C{el2  -|e|) .  (2.2) 

An  analogous  relation  is  valid  in  the  case  that  P  acts  inside  the  core  (|e|S  ^/6).  Expressing 
the  stresses  a  in  terms  of  the  parameters  P;e\bJ ,  one  obtains 

(p=:\2PelCM\  if  -^/6<e<^/6,  (2.3) 

and 

<p  =  sgn(e)8/’/9C(f -2|e|)' b  ,  if  e<-ij6  ot  e/6<e.  (2.4) 

Finally,  we  introduce  the  moment  M-P  e  of  the  load  P  with  respect  to  the  center  of 
gravity  of  the  area,  as  well  as  the  length  L  and  the  flexural  rigidity  Ej\KNnf'\  of  a  column 
that  will  be  used  in  the  next  section. 

Introducing  the  following  quantities  for  nondimensionalization 
a  =  [PLjEJ^^^  =  vertical  load; 

fi  =  MLjEJ  =  moment  with  respect  to  the  center  of  gravity  of  the  footing  plan; 
c  =  CbtjEJ  =  coefficient  of  subgrade  reaction;  (2.5) 

£  =  =  eccentricity; 

q  =  ^lL-  length  of  the  footing  plan 

and  solving  equations  (2.3)  and  (2,4)  for  ju((p) ,  one  obtains 

li[(p)  =  cq^  jXlip  ,  if  “  (p*  <  (p  <  <p* 


and 


(2.6) 
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H{(p)  =  sgn{(p)a^q 


1  a 

3^ 


2 

c\(p 


1/2 


,  if  9  <  -(p*  or  (p*  <(p 


(2.7) 


respectively. 

In  these  relations  (p*  denotes  the  value  of  the  angle  (p  developed  when  the  load  P  acts  on 
the  limits  of  the  core.  Fig.  2a  shows  the  graphics  of  equations  (2.6)  and  (2.7)  involving 
several  specific  characteristics,  while  Fig.  2b  depicts  the  influence  of  the  vertical  load  “a” 
(/’)  on  the  dimensionless  bending  moment  “/z 


3.  ANALYSIS  OF  THE  COLUMN-FOOTING  SYSTEM 

In  Fig.  3  a  column-footing  system  is  shown  consisting  of  a  column  of  length  L  and 
flexural  rigidity  EJ ,  connected  at  its  top  with  the  rest  structure  which  can  be  represented  by 

an  horizontal  spring  of  stiffness  g[a:A^//w]  and  a  rotational  spring  of  stiffness  c\KNmlrad\. 
Also,  the  column  is  loaded  by  a  vertical  load  F,  an  horizontal  force  Hq  ,  and  a  moment  M^. 
The  bottom  end  of  the  column  is  fixed  into  the  prescribed  footing  of  eccentricity  .  The 
deflection  of  the  column  is  governed  by  the  known  linear  ODE 

£7y'^  +  F/'  =  0,  (3.1) 

The  general  solution  of  this  equation  is 

y{x)  =  CyCOs(axl  C2S\r\{axj  L)-^  c-^(xl  .  (3.2) 

where  q  (/  =1,...,4)  are  constants  and  a  is  given  in  equations  (2.5). 


The  boundary  conditions  accompanying  the  ODE  (3.1)  are: 

(i)  Horizonal  force  equilibrum  at  the  top  of  the  column 

Gy{(i)  +  Mo)  +  EJy"’((i)  =  H,  (3,3) 

(ii)  Moment  equilibrium  at  the  top  of  the  column 

Cy{0)-EJy"{Qi)=M,  (3,4) 

(iii)  Horizontal  displacement  of  the  lower  end  of  the  column 

y{L)  +  hy'{L)-^Q  (3,5) 

(iv)  Moment  equilibrium  of  the  footing 

EJy"{L)  +  EJhy'"(L)  +  M{<p)  =  Pej  .  (3,6) 


Substituting  Eqn.  (3.2)  into  Eqns  (3.3)  ■5-(3.6),  nondimensionalizing  by  using 

/?o  =  HqI}  jEJ  =  top  column  applied  horizontal  force; 

=  MoL/E/  =  top  column  applied  moment; 
g  =  GI^  I  EJ  =  top  column  horizontal  spring; 

s  =  C^L/E  =  top  column  rotational  spring;  (3.7) 

l^~  eccentricity  of  the  footing; 
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^  =  height  of  the  footing 

Ki=cjL=^  coefficients  of  the  general  solution, 

and  employing  the  obvious  relation 

(p  =  y  ( L)  = -c,  —  sin  a  +  C2 -r  cos  dz  +  — , 

L/  L4  Li 

one  obtains  the  following  system  of  transcendental  equations 

+  Ks=K> 

+  kfis  +  =  /i(, ; 

A,  cosa  +  ^  sin  a  +  ^3  +  ^4  +  rq^  =0 ; 

-  ^iflsin  a  +  Ajflcosa  -  A3  -  ^  =0 ; 

A3  (1+  rq)  +  A4  +  tl{<p)l a^=qey. 


(3.8) 


(3.9) 


In  the  last  equation  it  holds  that 


n{<p)(a^  =  cq\l\2a^ ,  if  <p‘  (pl 


(3.10) 


or 


4^)/a'  =  sgn((p)9 


<  ~  ^ 

1/2“ 

1  \a 

2 

2~3q 

■ 

[c(pj 

,  if  (p  <  (p*  or  (P2  <  (p 


(3.11) 


One  observes  that  if  the  values  for  a  or  (p  are  given,  then  solving  the  system  (3.9),  one  can 
evaluate  the  parameters  (p-.K^^K^^K^’^K:^ ,  or,  a;K^;K2\K^;K4,  respectively.  In  any  case  the 
selection  of  the  proper  of  the  equations  (3.10)  or  (3.11)  which  will  be  used,  depends  on 
which  of  the  inequalities 


<p  <  la^jcq^  or  <p  >  la^jcq^ 


(3.12) 


holds,  as  Fig.  2a  shows. 

The  evaluation  of  the  maximum  value  of  the  load,  for  which  the  system  loses  its 
equilibrium,  is  obtained  by  the  differentiation  of  the  system  (3.9)  in  combination  with  the 
condition 

dald(p=^,  (3.13) 

This  procedure  leads  to  a  system  of  ten  transcendental  equations  with  equal  unknowns 
<PiTiax>  dKjdrp  (/■  =1,...,4),  the  solution  of  which  furnishes  the  values  and  (p^,^ . 
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4.  RESULTS  AND  CONCLUSIONS 

In  the  system  (3.9)  the  parameters  of  geometry  {ej\q\r^,  the  parameters  of  elasticity  (c;g;.s), 

and  the  parameters  of  the  applied  actions  are  involved.  For  various  values  of  the 

dimensionless  vertical  load  a  one  deduces  the  values  for  the  angle  (p  and  vice  versa.  The 
results  are  shown  in  Figs  4  and  5.  Fig.  4  holding  for  =  /j^  =0,  shows  the  area  which 
corresponds  to  action  of  the  vertical  load  inside  the  core  of  the  footing  (area  between  the  two 
symmetric  parabolas  (p  =  2a^lcq^).  Also,  in  Fig.  4  are  shown  the  areas  corresponding  to 
action  of  the  vertical  force  P  out  of  the  core  (uplift)  (the  areas  on  the  left  and  on  the  right  of 
the  above  two  symmetric  parabolas).  Finally,  Fig.  4  depicts  the  curve  {(p,a)  corresponding 

to  a  central  footing  (sj  =o),  as  well  as  the  curves  {(p,a)  corresponding  to  a  footing  with 
eccentricities  £j  =0.05,  -0.10  and  0.15.  One  observes  that,  for  a  central  footing,  the  curve 

[(p,a)  surrounds  the  curves  which  correspond  to  any  eccentric  footing.  Also,  the  buckling 
load  for  a  central  footing  coincides  with  the  well-known  Euler  buckling  load  a^.^.  On  the 
contrary,  the  buckling  load  for  eccentric  footings  coincides  with  the  maximum  of  the 
associating  curve  {(p,a) ,  and  is  always  located  inside  the  uplift  areas.  It  is  valid  that 
as  well  as  that  is  an  increasing  function  of  the  coefficient  of  subgrade 
reaction  c ,  and  a  decreasing  function  of  the  eccentricity  £j  . 

Fig.  5  depicts  the  curves  {(p,a)  corresponding  to  £j  =  0.10,  ^  =  1.  and  7.  ,  and  =0 .  As 

in  the  case  that  =0  ,  similarly  for  9^0  ,  the  curve  (sy  =0,  =o)  surrounds  all  the  curves 

(<p,a).  For  jUo  =  1.,  one  observes  that  (p  increases  continuously  from  negative  to  large 
positive  values,  causing  instability.  In  the  contrary,  for  jJq  =  7.,  (p  increases  up  to  a 
specific  value,  and  then  decreases  up  to  large  negative  values,  thus  causing  instability. 

It  is  obvious  that  there  exists  an  intermediate  value  of  the  applied  moment,  for  which 

bifurcation  of  equilibrium  of  the  system  takes  place.  For  every  value  of  the  eccentricity  £y 
there  exists  a  value  ,  which  can  be  evaluated. 
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1.  SUMMARY 

The  non-linear  dynamic  behaviour  of  hysteretic  and  friction  base-isolators  is  investigated 
following  a  state-space  approach.  The  characteristics  of  these  systems  are  analysed  for  free 
and  forced  vibrations.  The  response  is  determined  and  technical  problems  related  to  their 
behaviour  are  discussed. 

2.  INTRODUCTION 

The  dynamic  non-linear  behaviour  of  hysteretic  Lead  Rubber  Bearing  (LRB)  and  Friction 
Pendulum  Systems  (FPS)  is  investigated  [1].  The  restoring  force  of  these  isolators  is  modeled 
using  a  modified  viscoplasticity  model.  A  single  mass-isolator  system  is  considered  with 
additional  external  damping.  The  free  vibration  of  this  system  is  governed  by  a  second  order 
ordinary  differential  equation  (ODE)  that  depends  on  a  dimensionless  hysteretic  parameter, 
which  is  governed  by  a  first  order  ODE  in  time.  The  two  equations  are  converted  into  a  state 
space  form,  i.e.  a  system  of  three  first  order  ODEs.  This  system  is  solved  numerically  using  a 
integrator  for  stiff  equations.  For  different  sets  of  initial  conditions  the  phase  portraits  are 
presented  and  their  characteristics  are  discussed. 

The  restoring  forces  in  the  x  and  y  direction  of  a  mass-isolator  system  are  not  coupled, 
whereas  the  dimensionless  hysteretic  parameters  in  x  and  y  direction  are  governed  by  a 
coupled  system  of  ODEs.  This  often  leads  to  a  coupled  behaviour  in  the  x  and  y  direction. 
Following  a  procedure  similar  to  that  of  the  one-dimensional  isolator,  a  system  of  six  first 
order  differential  equations  is  formulated  that  governs  the  response  of  the  two-degree  of 
freedom  system.  For  different  sets  of  initial  conditions  the  phase  portraits  are  presented  and 
their  characteristics  are  discussed, 

3.  HYSTERETIC  ISOLATOR 

The  restoring  force  of  a  Lead  Rubber  Bearing  (LRB)  isolator  is  given  as: 

F{f)=a^u(t)Hl-a)F^z{f)  (1) 

u, 

where,  is  the  yield  force  of  the  isolator,  is  the  yield  displacement,  a  is  the  ratio  of  post 
yielding  to  elastic  stiffness  and  z{t)  a  dimensionless  hysteretic  parameter  obeying  the 
differential  equation: 
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z{t)  =  —  [/I  -|z(0|''()^5/^n(M(02(0)+  i3)]fKO 

Uy 


(2) 


where,  A,  y,  p  and  T|  are  dimensionless  quantities  related  to  the  shape  of  the  hysteresis  loop. 
The  equation  of  motion  of  a  mass-isolator  system  with  external  damping  c  is  given  as: 

mu{t)+cii{t)+F{t)=f{t)  (3) 

where,  f(t)  is  the  excitation  force. 

Substituting  relation  (!)  into  equation  (3)  the  following  equation  is  obtained: 

F,, 

mU(t)  +  cu{t)  +  a—u(t)  +  {l-a)Fz{t)  =  f{t)  (4) 


Equations  (4)  and  (2)  are  transformed  into  a  state-space  form  as  follows: 

jCi(r)  =  «(r),  x^{t)  =  u{t),  x^{,t)  =  z{t)  (5) 


ii(r) 

•XjCO 


■^2(0 

cx^(t)  +  a—x^{t)  +  (1  -a)F^.x^  (/)  -  /(/) 


—  [(4  - 1^:3  (?)!"  (,ysign{x^  {t)x,  (t))  +  t))rj  (r)] 


(6) 


The  above  system  of  three  first  order  non-linear  ODEs  is  solved  numerically  following 
Livermore  stiff  ODE  integrator  which  is  based  on  a  “predictor-corrector”  method  [2]. 


In  fig.l  the  phase  portraits  of  an  isolator  with  parameters:  Fy=2.86  kN,  Uy=0.111  cm  A=1 
p=0.1  and  y=0,9,  while  the  mass  m  =  2.86  kNsec^/m  and  c=0,  are  presented  for  an  initial 
velocity  v=w(0)=2  cm/sec  for  different  values  of  the  post  yielding  to  elastic  stiffness  ratio  a. 
For  small  values  of  a,  as  the  system  tends  to  approach  the  perfectly  plastic  behaviour,  it 
looses  its  ability  to  return  to  its  initial  position  and  rests  at  a  displaced  position.  In  addition,  as 
the  ratio  a  increases  the  system  damps  its  motion  less  rapidly.  Similar  results  are  produced 
for  initial  displacements  or  mixed  initial  conditions. 


Fig.  1.  Phase  portraits  for  or  =0.003,  0.1, 0.25,  and  0.75 

In  fig.  2.  the  hysteretic  parameter  z(t)  is  plotted  for  different  values  of  a .  It  is  observed  that  it 
behaves  like  a  unit  step  function  followed  by  a  cyclic  function  for  elastic  displacements. 
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Fig.  2.  Dimensionless  hysteretic  parameter  for  a  =0.003, 0.1  and  0.75 

The  system  of  DDEs  and  the  hysteretic  quantity  z(t)  offers  the  ability  to  model  a  variety  of 
systems,  from  elastoplastic  to  a  general  hysteretic  one,  with  high  computational  efficiency, 
since  there  is  no  need  to  trace  the  hysteresis  loops  by  keeping  track  of  the  entire  history. 


4.  TWO-DEGREE  OF  FREEDOM  HYSTERETIC  ISOLATOR 


The  behaviour  of  a  mass  -isolator  system  in  two  directions  x  and  y  is  governed  by  a  system 
of  two  ODEs  of  second  order  in  time  (7).  These  equations  are  coupled  through  the 
dimensionless  hysteretic  variables  z^(f)and  Zy{t)  governed  by  the  system  of  non-linear 
equations  (8),  developed  by  Park  et  al,  [3]. 
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zl  (y  Signiu,  (,t)z,  (t))  +  p)  z,Zy  (y  sign{Uy  {t)Zy  (0)  +  ^)1  j (Ol 

z,z,(y'S'^«(«,(0Zx(0)+)3)  z]{7 sign{Uy{t)Zy{t))-v P) 


The  above  system  of  differential  equations  is  converted  into  a  system  of  six  non-linear  first 
order  equations  in  state  space  form  by  introducing  additional  equations  as  follows: 


x^{t) 

x^{t) 


=  X2(t)  =  U^(t),  Xj(t)  =  zJt) 

Xt(t)  =  Uy(t),  Xs(t)  =  Uy(t),  x^(0  =  Zy(t) 


1 


•*2(0 

-  -[c,Ac,  (t)  +  a,-^x,  (0  +  (1  -  aJF/x,  (t)  -  /,  (t)] 

m  ul 

{[4  -  xl  (t)('jSign(x^  (t)x,  (t))+P)}x^  (t)  -  x^  {t)x^(t){jSign{Xs  (t)Xf  (/))+  p)x^  (r)} 

x^t) 


(10) 


-UcyX,(.t)+ay  ^x,(.t)+(}-ay)F>x,  (/)-/,  (r)] 

m  ul  ^  ^  ^ 

^{{A  -  X, (t)x^  (t){')sign(^x^  {t)x^  (t))H-  P)}x^ (t)  -  xl {t){ysign(X;,  (t)Xf, (f))-l-  p)x^  (r)} 
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In  fig.  3  the  displacements  along  x  and  y  directions  are  presented,  together  with  the  phase 
portraits  in  x  and  y  directions,  for  free  vibration  with  an  initial  displacement  of  1  cm  in  the  x 
and  y  direction  and  initial  velocities  4  and  -2  cm/sec  in  the  x  the  y  directions  respectively. 
The  parameters  of  the  isolator  are:  a=0.1,  Fy=2.86  kN,  Uy=0.111  cm  A=1  p=0.1  and  y=0.9, 
while  the  mass  m  =  2.86  kNsec^/m  and  c=0  in  both  directions. 


Fig.  3.  X  and  y  displacements  and  phase  portraits  in  x  and  y  directions 

The  behaviour  of  the  isolator  in  two  directions  is  similar  to  the  unilateral  case  especially  for 
the  common  in  practice  case,  which  has  the  same  parameters  in  both  directions.  Coupling  of 
the  behaviour  is  established  through  the  hysteretic  variables. 


Fig.  4,  X  and  y  displacements,  phase  portrait  and  its  evolution  with  time  for  a  forced  motion 

In  fig.  4.  the  displacements  along  x  and  y  directions  are  presented,  together  with  the  phase 
portrait  in  the  x  direction  and  its  evolution  with  time.  This  corresponds  to  a  forcing  function 
of  /(r)  =  -mg  '0.10-sin(3-0  acting  in  x  direction,  for  an  isolator  having  the  same  parameters 

and  initial  conditions  as  the  one  in  fig.3. 

5.  FRICTION  SYSTEMS 

A  Coulomb  friction  sliding  system  requires  multiple  stick-slip  conditions  that  result  into  a 
complicated  system  of  equations,  whereas  a  modified  viscoplasticity  model  leads  to  a 
convenient  formulation.  This  describes  accurately  the  behaviour  of  a  sliding  system  [4] 
especially  for  Teflon-steel  interfaces,  where  the  coefficient  of  friction  increases  with  velocity. 
According  to  this  model  the  friction  force  is  determined  as: 

F(0=/t.,(«g)z(0  with,  F,=/max-Afexp(-a|;i(0|)  (H) 

where,  is  the  coefficient  of  friction  at  a  large  velocity  of  sliding.  A/  is  the  difference 
between  the  coefficient  of  friction  at  a  large  and  a  very  low  velocity  and  a  is  constant.  The 
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dimensionless  quantity  z(t)  follows  again  equation  (2)  and  controls  the  stick-slip  conditions. 
For  slip  conditions,  z{t)  =  ±1 ,  while  for  stick  conditions  (elastic  behaviour)  |z(r)|  <  1 . 

Substituting  the  friction  force  into  relation  (3)  the  equation  of  motion  of  a  sliding  system  is 
determined.  The  response  of  the  system  for  free  vibrations  with  an  initial  velocity  4  cm/sec 
and  in  addition  with  a  displacement  2  cm  as  initial  conditions  is  presented  in  fig.  5  for  a  =0.6, 
finax=  0.01 193,  Af=0.00927,  m=2.86,  c=0,  and  Uy=0.005  cm,  and  z(t)  of  the  second  case. 


Fig.  5.  Phase  portraits  of  a  sliding  system  and  the  dimensionless  parameter 

It  is  observed  that  the  system  slides  in  the  second  case  for  almost  2.87  cm  within  0.55  sec  and 
then  slows  down  rapidly  to  stick  to  a  displaced  position,  having  no  tendency  to  return  to  its 
initial  position.  Considering  sliding  on  a  cylindrical  surface  alters  this  behaviour  by  adding 
the  pendulum  effect  expressed  by  the  term,  -mgu{t)IR ,  in  the  second  equation  of  state  space 
ODE  system.  This  is  illustrated  in  fig.  6  for  the  above  system  having  various  radii  of 
curvature,  although  some  of  them  rest  at  a  displaced  position  close  to  the  origin. 


Fig.  6.  Phase  portraits  of  a  Friction  Pendulum  System  with  R=250, 150  and  60  cm. 

Using  the  restoring  force  equation  in  the  x  and  y  direction  a  two  d.o.f.  system  is  determined 
similar  to  that  of  equation  (10).  The  system  is  used  for  the  free  and  forced  vibrations. 


Fig.  7.  X  and  y  displacements  and  Phase  Portraits  in  x  and  y  direction 

In  fig.  7  the  free  vibration  is  presented  for  5  cm  initial  displacements  and  4  and  -2  cm/sec 
initial  velocities  in  x  and  y  respectively.  In  fig.  8  the  forced  vibrations  for  -0.04mgsin(r)  in 
X  and  -0.08mgsin(r)  in  the  y  direction  with  previous  initial  conditions  are  presented. 
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Fig.  8.  X  and  y  displacements  and  Phase  Portraits  in  x  and  y  direction 

Comparing  both  systems  it  observed  that  although  they  have  similarities  there  is  no  direct 
equivalence  between  them.  The  restoring  force  of  LRB  systems  are  characterized  by  three 
parameters  namely  Of,  Fy  and  Uy,  that  do  not  depend  on  the  mass  of  the  system.  FPS  systems 
depend  on  the  weight  they  carry,  the  radius  of  curvature  R  of  the  spherical  surface  and  the 
variable  coefficient  of  friction  that  depends  on  three  parameters  (fmax,  Af  and  a).  The 
stiffness,  a  Fy  juy  of  the  LRB  system  is  compared  with  mgIR  of  the  FPS  isolators  whereas, 

the  hysteretic  terms  differ  considerably  for  variable  coefficient  of  friction  that  depends  on  the 
velocity.  For  a  constant  coefficient  of  friction  equivalence  can  be  established  for  a  =  0.5, 
Uy  =  Rfx^  and  Fy  =  mg  although  is  difficult  to  accomplish  in  practice.  FPS  isolators  are 

characterized  by  more  abrupt  changes  in  their  response  as  compared  to  LRB  systems. 

6.  CONCLUDING  REMARKS 

From  the  above  analyses  it  becomes  evident  that  a  viscoplasticity  model  developed  by  Bouc 

[5],  Wen  [6],  Park  et  al.  [3],  and  extended  by  Constantinou  [4],  [7]  offers  a  unified  base  for 
the  analyses  of  LRB  and  FPS  isolators.  These  isolators  exhibit  similar  behaviour  but  with 
substantial  differences.  For  LRB  isolators  the  ratio  of  post  yielding  to  elastic  stiffness  cc  has 
to  be  greater  than  a  certain  amount  to  retract  the  isolator  to  zero  displacement.  For  friction 
pendulum  systems  the  radius  R  of  a  cylindrical  or  spherical  surface  has  to  be  less  that  a 
certain  value  to  succeed  to  return  to  zero  displacement.  If  this  is  not  the  case  isolators  are  left 
at  displaced  positions  interacting  with  the  superstructure  above  them. 
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1.  SUMMARY 

Every  attainable  structure  of  a  continuous  time  homogeneous  Markov  system  (HMS)  with  n 
states  and  fixed  size  is  considered  as  a  point-particle  of  s".  Thus,  the  motion  of  an  attainable 
structure  corresponds  to  the  motion  of  the  respective  point-particle  in  s".  Under  the 
assumption  that  “the  motion  of  every  particle  at  every  time  point  is  due  to  its  interaction  with 
its  surroundings”,  s"  becomes  a  continuum  (Tsaklidis  (1998,1999)).  The  evolution  of  the  set 
of  the  attainable  structures  corresponds  to  the  motion  of  the  continuum.  Given  the  rate  of 
transition  probabilities  matrix  of  an  HMS  with  two  or  thee  states,  it  is  examined  to  what 
extend  the  HMS  could  be  considered  as  a  linear  elastic  continuum. 

2.  INTRODUCTION 

Basic  results  concerning  continuous  time  Markov  process  models  in  manpower  systems  can 
be  found  in  [1],  [2],  [3],  [5],  [9],  [11]  and  [12].  The  main  problems  examined  in  connection 
with  these  models  are  the  asymptotic  behaviour,  stability,  asymptotic  stability,  control, 
variability,  attainability,  maintainability,  entropy  ([6],  [10]  for  the  discrete  time)  etc. 

In  the  present  paper  we  describe  first  the  continuous  time  Homogeneous  Markov  System 
(HMS)  with  fixed  size  (section  2).  In  the  third  section,  we  outline  the  concepts  of  stress  and 
stress  tensor  in  2  or  3  dimensions.  In  the  fourth  section  we  consider  the  set  of  the  attainable 
structures  of  a  continuous  time  HMS  as  a  homogeneous,  isotropic  linear  elastic  continuum. 
It  is  examined  whether  this  model  could  explain  the  evolution  of  the  HMS. 

In  an  example  application  considered  in  section  5,  we  take  a  closer  look  into  the  case  of  a 
two-dimensional  HMS.  Using  the  field  equations  of  a  linear  elastic  continuum,  we  evaluate 
the  explicit  form  of  the  stress  tensor  under  the  assumption  that  the  density  is  position 
independent.  Hence,  we  conclude  that  the  evolution  of  this  HMS  may  successfully  be 
interpreted  by  the  deformation  of  an  elastic  rod  having  variable  elastic  and  material  density 
properties. 
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3.  THE  CONTINUOUS  TIME  HOMOGENEOUS  MARKOV  SYSTEM  WITH  FIXED 
SIZE 

Denote  by  S={l,2,,..,n}  the  state  space  of  the  system,  where  n=2  or  3.  The  states  are 
exclusive  and  exhaustive,  i.e.  every  member  of  the  system  may  be  in  one  and  only  one  state 
at  some  time  point  t.  Let  R=(rij)ijes  be  the  matrix  of  transition  intensities,  i.e.  the 
element  rjj  represents  the  transition  intensity  for  a  member  in  the  i-  th  state  to  move  to  state  j. 
Also  let  T(t)  denote  the  size  of  the  system  at  time  t,  Po=  =(Poi)ies  the  nxl  recruitment 
probability  vector,  the  i-th  component  of  which  is  the  probability  for  a  recruit  to  enter 
the  system  in  state  i,  and  rn+i=  (rj^n+i)  i€S  the  nxl  vector,  the  i-th  component  of  which  is  the 
transition  intensity  for  a  member  in  the  i-th  state  to  leave  the  system.  Assume  that  the  size 
of  the  HMS  is  constant,  i.e.  T(t)=T,  TgR  ,  for  every  t  (this  means  that  every  leaver  (if 
anyone)  will  immediately  be  replaced  by  a  new  entrant)  and  define  the  matrix  Q=(qij)i,jes» 
where 

qij=rij+ri,n+!  -Poj,  ijeS. 

The  quantity  q^  represents  a  rate  of  “transition”  from  i  to  j,  which  corresponds  either  to  a 
direct  transition  from  i  to  j,  or  to  an  indirect  “transition”  from  i  to  j  through  the  “state”  n-i-1 
(i— >(n+l)— >j).  This  sense  of  transition  defined  by  qij  is  the  motive  for  introducing  the  idea  of 
the  “membership”  ([12]):  every  member  of  the  HMS  possesses  a  membership;  if  a  member 
leaves  the  system,  then  the  membership  will  be  transmitted  to  a  recruit,  who  can  be 
regarded  as  the  replacement  of  the  leaver.  Using  the  concept  of  the  membership,  the  HMS 
with  fixed  size  can  be  considered  as  a  closed  HMS.  The  matrix  Q  will  be  called  the  matrix 
of  transition  intensities  of  the  memberships. 

Now,  let  x(t)=(Xi(t))ies  be  the  nxl  probability  vector,  the  i-th  component  of  which  is  the 
probability  for  a  membership  to  be  in  state  i  at  time  t.  Then,  under  the  assumption  that  the 
transitions  between  the  states  follow  Poisson  processes,  we  get  that 

Xj(t-i-6t)=  Ii=, ,2 . n  Xi(t)(5ij  +  qij5t)  +  o(5t) ,  for  every  Jg  S  ,  t>0  ,  (2.1) 

where  5jj  is  the  Kronecker  delta,  having  the  value  1  when  i=j  and  0  when  i^j,  and  o(6t) 
denotes  a  quantity  that  becomes  negligible  when  compared  to  6t  as  5t  ->0;  that  is,  limst  _»o 
(o(6t )/  5t )  =  0. 

Relation  (2.1)  leads  to 

x'  (t)  =  x'  (t)  Q,  for  every  t>0,  (2.2) 

where  x  (t)  means  the  derivative  of  the  vector  x(t)  with  respect  to  t,  and  the  prime  means 
transposition  of  the  respective  vector  (or  -generally-  of  a  matrix). 

4.  THE  CONTINUUM  VIEWPOINT 

The  system  of  linear  differential  equations  (2.2)  determines  the  motion  of  a  stochastic 
structure  in  s".  Then,  the  trajectory  of  every  initial  structure  x(0)  is  given  by 

x'(t)=x'(0)e^‘,  for  t>0. 
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If  we  consider  every  structure  of  the  HMS  as  a  ‘particle’  of  the  n-dimensional  space  s",  then 
we  can  assign  material  behaviour  to  s".  Note,  from  (2.2),  that  the  velocity  x  (t)  depends  on 
the  position.  Then,  by  adopting  the  viewpoint-assumption  that 

"the  motion  of  the  particle  at  every  time  point  is 
due  to  the  interaction  of  it  with  its  surroundings" 

s”  can  be  regarded  as  a  continuum.  Now,  as  the  initial  state  vectors  x(0)  run  over  all  stochastic 
n-tuples,  we  get  the  respective  set  of  solutions  x(t)  of  (2,2),  which  is  denoted  by  and  called 
‘the  set  of  the  attainable  structures’  of  the  HMS.  Denote  by  An(t)  the  region  of  s"  defined  by 
Af  We  are  interested  in  the  motion-evolution  of  the  continuum  possessing  the  region 
An(0)c  s"  at  time  t=0  in  the  velocity  field  defined  by  (2.2).  Every  part  of  the  “material 
continuum”  An(t),  t>0,  is  supposed  to  be  subjected  to  surface  forces.  The  nxl  stress  vector 
at  some  point  P  enclosed  by  the  infinitesimal  surface  S,  is  defined  by 

t<">  =  lim  (Af/AS)  =  df/dS  , 

where  n  is  the  nxl  outward  unit  normal  of  the  surface  element  AS  of  S  (i.e.  AS  lies  on  the 
hyperplane  of  s"  which  is  perpendicular  to  n)  and  Af  the  resultant  force  exerted  across  AS 
upon  the  material  within  S  by  the  material  outside  of  S.  The  state  of  stress  at  the  point  P  is 
given  by  the  set  of  generating  from  all  the  unit  vectors  n,  according  to  the  formula 

t‘“>  =  Tn, 

where  T  is  the  (symmetric)  nxn  stress  tensor. 

5.  THE  CONTINUOUS  TIME  HMS  WITH  FIXED  SIZE  AS  A  LINEAR  ELASTIC 
CONTINUUM 

Equation  (2.2)  represents  a  system  of  n  linear  differential  equations.  Because  of  the 
stochasticity  condition  Xi(t)+X2(t)+...+Xn(t)=l,  the  variables  Xi(t),  i=l,2,...,n,  are  dependent, 
and  the  motion  takes  place  on  the  hyperplane  (11):  Xi-i-X2+...+Xn=l.  Now,  assume  -without 
loss  of  generality-  that  Q  is  irreducible.  Then,  it  can  be  easily  verified  ([1],[4]  or  [7])  that 
(2.2)  has  a  stochastic  stability  point,  which  will  be  denoted  by  7C.  Consider  at  %  an  orthogonal 
coordinate  system  {fi,  f2,...,fn},  where  fi,  f2 ...  fn-i,  belong  to  (IT)  and  fn  i(n),  and  let 

F  =  [fi,f2,...,fn]  =  [Filfn], 

where  Fi  =  [fi  I  f2  !...lfn-i  ].  Denote  by  Zi,Z2.**->Zn  the  components  of  some  point  zgE"  with 
respect  to  the  coordinate  system  {fi,  f2,...,fn}.  Since  we  are  interested  in  the  case  of  stochastic 
vectors  z,  then  ze  (O)  and  consequently  Zn=0.  Hence,  in  dealing  with  the  hyperplane  (H)  only, 
equation  (2.2)  with  respect  to  the  coordinate  system  {fi,  f2,...,  fn},  is  reduced  into  the  form 
z'  (t)  =  z'  (t)  G,  or  simply 

z'  =  z'-G  (4.1) 

where  z=(zi,Z2,...Zn_i)'  and  G=Fj'QF, .  Thus,  equation  (2,2)  is  reduced  to  (4.1);  note  that 
the  number  of  the  differential  equations  of  the  system  (4.1)  is  n-1,  while  that  of  (2.2)  is  n.  In 
what  follows  we  will  use  (4.1)  instead  of  the  (equivalent)  initial  formula  (2.2). 

Under  the  assumptions  of  section  3,  we  will  examine  if  equation  (4.1)  could  be 
considered  as  expressing  the  velocity  field  of  a  homogeneous,  isotropic,  linear  elastic 
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continuum.  For  this  purpose  it  is  necessary  for  the  respective  stress  tensor  T=(Tij), 
i,j=l,2,...,n-l,  to  satisfy  Cauchy’s  equation  of  motion  at  every  point  P  of  the  continuum,  i.e. 

p(t)a(t)=  divT ,  (4.2) 

where  a(t)  is  the  acceleration  at  the  point  P  at  time  t  with  respect  to  the  coordinate  system 
},  p(t)  the  density  of  the  region  at  P  at  time  t,  and  divT=  =(Sj=i2  n-i 
OTij/azj)),  i=l,2,...,n-l. 


Denote  by  m(t)  the  mass,  and  by  V(t)  the  volume  of  the  continuum  at  time  t.  Since 
m(t)=p(t)V(t)=const  for  every  t,  then  p(t)V(t)=p(0)V(0)  for  every  t.  Since,  V(t)=V(0)-  *e' 

(by  [7]),  then 

p(t)  ¥(0)6'"^  =p(0)V(0),  for  every  t , 

so  that 

p(t)=  p(0)e-“^ ,  t>0.  (4.3) 

Note  by  (4.3),  that  since  trG=trQ<0,  then  the  field  defined  by  (4, 1 )  is  compressible. 

As  regards  the  acceleration  a(t)  in  (4.2),  we  have  that  a(t)=9v/9t  +Vv  v,  where  the  (i,j)  entry 
of  the  (n-l)x(n-l)  matrix  Vv  is  equal  to  8vi/3zj.  Then,  from  (4.1)  we  get  a(t)=Vv  v=G'-z  = 
(G')^  z.  Hence, 

a(t)  =  a=(G^)'-z,foreveryt,  (4.4) 

where  z  is  the  position  vector  of  P. 


The  example  application  that  follows  in  section  5  may  be  considered  as  a  particular  case  of  a 
homogeneous  isotropic  elastic  material,  the  constitutive  equation  of  which  is 

T=  X  trE  I  +  2pE  .  (4.5) 

In  this  equation,  X  and  |i  are  the  Lame  coefficients,  I  is  the  (n-l)x(n-l)  identity  matrix  and 
E=(eij)  is  the  (n-l)x(n-l)  strain  tensor.  Relation  (4.5)  reflects  the  evolution  of  the  HMS 
through  a  particular  form  of  the  generalized  Hooke’s  law.  The  strain-displacement  relations 
are 


2'axj  dx/ 


or  in  matrix  notation  E=  (uV+Vu)/2,  where  u=(ui)  stands  for  the  displacement  vector. 


6.  AN  EXAMPLE:  THE  TWO-DIMENSIONAL  HMS  AS  A  LINEAR  ELASTIC  ROD 
(N=2) 


If  the  cardinality  of  the  system’s  state  space  is  two,  then  the  2x2  matrix  of  intensity  rates  has 
the  form  [1] 


Q  = 


a 

-b 


\ 

,  a,bes^ 

/ 
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The  stability  point  of  the  HMS  is  the  stochastic  left  eigenvector  tc  of  Q  associated  with  the 

b 

eigenvalue  0.  It  can  be  easily  verified  that  n  =  (  .  — ,  .  . . 

VI +  a^  VI +  a^ 


In  order  to  determine  an  orthogonal  coordinate  system  {fi,f2)  with  origin  at  7C,  let 

.V2  V2./  _/V2  ^^2Y 


Then, 


r- 


a  a 


b  -b 


(^,  -^)  =  -(a  +  b)  =  g„<0. 


2  2 
andG^=gSf  =(a  +  b)^>0. 

The  dimension  of  the  hyperplane  (IT)  is  1,  thus  the  motion  is  one-dimensional.  The  equation 
of  motion  is  v=  z  =  g^z ,  from  which  we  get 

z  =  2(0)6*^'  =  z(0)e®"*  =  z(0)e"‘“'^'’^‘ 
and 

a  =  z  =  g„z  =  g|fz  =  g?iz. 


The  strain  tensor  E  becomes  an  1x1  tensor,  namely  a  scalar,  given  by 


OZj 

and  is  independent  of  the  spatial  coordinate  z.  This  one-dimensional  strain  state  is  next 
considered  to  be  the  strain  state  of  a  certain  homogeneous  isotropic  elastic  finite  rod.  The 
corresponding  stress  state  is  then  described  by 

T=t„=  X-trE-I  +  2nE  =  (U2n)(e (5.1) 

where  k=X+2\i  is  now  a  single  elasticity  parameter  that  characterizes  the  one-dimensional 
elastic  response  of  the  rod.  Note  that,  since  tn=0  at  t=0,  the  rod  is  unstressed  at  the  beginning 
of  time.  Under  this  considerations  the  equation  (4.2)  yields 


i  =  ^  (g-(a+b)t  _  I)  _  ^ (ggl it  _  Y) 

dz  9z  3z 


or 


PgnZ 

=  _  X)  =  .^  (e8ut  _  1)  ^ 

dz  dz 

where  p=p(z,t).  It  follows  that 

^  =  PgnZ(e®^'‘  “1)-^  =  <p(z. t) , 
dz 

(5.2) 

and  therefore 

k  =  J  (p(z,  t)dz  =  F(z,  t)  +  h(t) , 

(5.3) 

where  h(t)  is  an  arbitrary  function  of  t.  In  order  to  perform  the  integration  denoted  in  (5.3)  we 
have  to  determine  the  form  of  the  material  density  p  by  solving  the  following  continuity 
equation 
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3p  0p  dw  - 

If  we  assume,  for  simplicity,  that  p=p(t),  which  means  that  p  is  position  independent  and 
therefore  the  mass  is  uniformly  distributed,  then  (5.3)  is  reduced  to 

dp 

^  +  Pgn=0, 


and  therefore 

p(t)  =  p(0)e'e"‘. 


Hence,  equation  (5,3)  yields 


2 

k(z,  t)  =  X(z,  t)  +  2p(z,  t)  = - — ^z2  4.  i,(t)  _ 

2e«"‘  d-e*"') 

where  the  arbitrary  function  h(t)  will  be  determined  by  means  of  the  zero  stress  boundary 
conditions  applied  at  the  ends  of  the  rod. 


7.  CLOSURE 

The  example  application  given  in  section  5  suggests  that  the  evolution  of  a  HMS  with  n=2 
states  may  successfully  be  interpreted  by  the  deformation  of  a  linearly  elastic  rod.  The 
constitutive  equation  (4.5)  of  an  isotropic  material  considered  in  this  example  application  is 
however  only  a  particular  case  of  the  most  general  constitutive  equation  of  a  generally 
anisotropic  elastic  material.  It  becomes  then  of  particular  interest  to  study  whether  more 
complicated  forms  of  the  constitutive  equations  of  a  linearly  elastic  body  could  further 
interpret  successfully  the  evolution  of  HMS ’s  with  n>2  states. 
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1.  SUMMARY 

We  propose  a  theoretical  approach  to  study  the  dynamic  characteristics  of  a  human  long  bone 
during  callus  formation.  The  shifting  of  the  eigenfrequency  spectrum  proves  to  be  a  major 
indicator  in  the  monitoring  and  diagnosis  of  the  healing  process.  The  bone  diaphysis  is 
assumed  to  be  a  finite  length  hollo\v  piezoelectric  cylinder  of  crystal  class  6  while  the  callus 
area  consists  of  isotropic,  elastic  material. 

2.  INTRODUCTION 

The  monitoring  of  the  bone  fracture  healing  using  non-invasive  techniques  (e.g.  wave 
propagation)  has  proven  of  great  importance  compared  to  widely  used  methods  such  as 
manual  sensing  or  x-rays.  Several  researchers  have  studied  wave  propagation  in  long  bones, 
considered  it  as  an  infinite  piezoelectric  cylinder  of  crystal  class  6  with  circular  or  arbitrary 
cross  section  [1-5].  A  limited  number  of  papers  [6-7]  address  the  vibration  of  bone  of  finite 
length.  In  Ref.  [8]  the  evolution  of  the  dynamic  characteristics  of  isotropic  elastic  bone  during 
the  healing  process  is  studied. 

In  a  previous  work  [5]  we  considered  wave  propagation  in  a  piezoelectric  bone  of  arbitrary 
cross  section.  In  this  work  we  extend  this  approach  to  study  the  dynamic  characteristics  of 
bone  during  callus  formation.  The  bone  diaphysis  is  modeled  as  a  finite  length  hollow 
piezoelectric  cylinder  of  crystal  class  6  while  the  callus  area,  which  approximately  follows 
the  same  geometry,  is  made  of  isotropic  elastic  material.  The  analysis  can  be  proven  very 
efficient  for  the  understanding  of  the  relation  between  the  stage  of  fracture  healing  and  the 
changes  in  the  eigenfrequency  spectrum  of  the  system  under  consideration. 

The  description  of  the  problem  is  based  on  the  three-dimensional  theory  of  elasticity  and 
piezoelectricity  (in  quasi-static  approximation).  The  solution  of  the  wave  equations  for  the 
piezoelectric  cylinder  is  derived  analytically  as  it  is  described  in  [2].  The  solution  of  the 
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problem  for  the  isotropic  callus  is  presented  in  terms  of  the  Navier  vector  eigenfunctions  for 
cylindrical  coordinates  [7]. 

The  boundary  conditions  on  the  plane  ends  of  the  cylinder  are  responsible  for  the  selection  of 
the  specific  solution  (odd  or  even  in  z-coordinate)  from  the  general  representation.  They 
correspond  to  those  imposed  by  the  external  fixator  used  in  the  treatment  of  long  bone 
fracture.  The  lateral  surfaces  of  the  isotropic  and  piezoelectric  parts  are  assumed  to  be  free  of 
fields  (stress  and  electric  potential),  while  on  the  contact  surfaces  of  the  layers  conditions  of 
continuity  of  the  fields  are  considered.  The  satisfaction  of  the  boundary  conditions  on  the 
lateral  surfaces  leads  to  discretization  of  the  initially  continuous  range  of  the  wave  numbers 
for  the  isotropic  and  piezoelectric  part.  The  remaining  boundary  conditions  are  satisfied  by  an 
orthogonalization  procedure,  which  finally  leads  to  the  frequency  equation. 


3.  GOVERNING  EQUATIONS 

The  geometry  of  the  system  under  consideration  is  shown  in  the  figure  below. 


Region  1  corresponds  to  the  callus  and  it  is  assumed  to  be  filled  with  isotropic  elastic 
material.  Regions  2  and  2’  correspond  to  the  cortical  bone  and  they  are  assumed  to  be  filled 
with  piezoelectric  material  having  crystal  class  6  properties,  while  regions  3  and  3’  are 
assumed  to  be  empty  (bone  marrow  is  not  included  in  our  model).  The  cylindrical 
coordinates  are  used  in  the  sequel  with  the  z-axis  along  the  axis  of  the  cylinder. 

The  equation  of  motion  for  the  isotropic  material  after  suppressing  the  time-harmonic 
dependence  is 

^2y  2u(l)  .  u^^^(r))+  =  0 ,  (1) 

where  is  the  elastic  displacement  vector  field,  r  =  (x,0,^)  is  the 

dimensionless  position  vector,  ,  C;  are  the  dimensionless  velocities  of  the  transverse  and  the 
longitudinal  waves,  respectively,  and  Q  is  the  dimensionless  frequency. 

The  elastic  displacement  vector  field  can  be  represented  using  Navier  eigenfunctions  [7]. 
In  order  to  separate  the  odd  and  the  even  eigenstates  of  the  system  under  consideration  (due 
to  the  specific  geometric  symmetry),  we  introduce  the  parameter  s  (5  =  1,  for  odd  solutions 
and  5  =  2,  for  even  solutions).  The  components  of  the  displacement  field  can  be  represented 
as 


A'  a=l  m=0  0  ^ 
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'■•“  x\x  \m  do 


r=l^l-.?a=l  m=0  0  ^  ^ 


(2) 


Zj,i(z,^.)  = 


Sin 


sinh 


J  =  h2 


where xq  =  a/^a  +  (”  0*  for  /=1,2,3,4,  with  kQ=—  for  p  =  l,t  and  A  is  the 

^  ^  ^  ^  Cp 

dimensionless  wavenumber,  ©«  (0)=  cos(m0)  for  «  =  1  and  0J^(0)=  sin(m0)  for  ^  =  2 , 

{^[^”[2]^]]  ^[^”[2]^]]  ^ 

where  2L  is  the  length  of  the  cylinder  and  [jc]  is  the  integer  part  of  x ,  and 

_  \  ^  -  1  {Bessel  function  of  br  kind )  ^  2  ^  q 

[K"*  (<3jc),  1  =  2  {Bessel  function  of  2nd  kind ) 

We  note  that  for  <3^  <0  the  Bessel  functions  are  replaced  by  the  modified  ones.  Also 
denotes  the  derivative  of  with  respect  to  its  argument. 

The  stress  tensor  for  an  isotropic  elastic  material  is  given  by  the  constitutive  relation: 

T«  =  c(^):Vy'>, 


(3) 

where  V^u  denotes  the  symmetric  gradient  of  u  and  the  components  of  the  stiffness  tensor 

(4) 


are  given  as 


^ijkl  -  ji^kl  +  jk^il  ^  jl^ik  )• 

Using  relations  (2)-(4)  we  can  calculate  the  components  of  the  stress  tensor 

The  equations  describing  the  behavior  of  a  piezoelectric  material  are  the  equation  of  motion 
and  the  Gauss  equation  given  as 

VD  =  0,  (5) 


divT^^^  =  P2 


dr 


where  is  the  displacement  field  for  the  piezoelectric  material,  p2  is  the  mass  density, 

and  D  are  the  stress  tensor  and  the  electric  displacement  field,  respectively,  given  by 
the  constitutive  relations: 

T(2)=c(2);V,u(^^+e  VV,  D  =  e:Vju(^^-e-VV .  (6) 

In  the  above  relations,  V  denotes  the  electrostatic  potential,  c  the  stiffness  tensor,  e  the 
piezoelectric  stress  tensor  and  8  the  dielectric  tensor  (for  a  piezoelectric  material  of  crystal 
class  6  are  given  in  Ref.  [2]). 


Using  the  methodology  proposed  in  Ref.[2],  we  can  find  a  wave-type  solution  in  the  form 


l^^+l  4  2  +~ 


COS 


{m6)+ 


-o”;' (;i>n5,^  kAM'nei2.i 


,(2) 


bi\n+i  4  2  +««  +~ 


^  i»  rr  /  ’ 

X  s  s  J{[ 


;=1  /=1  m=0  0 


cos(m0)+ 


a”:'  (A)m5,fJ  J3  ”•'  (X)SF}k,jj'"’‘  {k,jx%m{m9)^2.i  (z. 


4  2  +00 

„(2)=  y  ^  ^  ^  j|[a”;'(A)5i^/y'"’'(A,-jA:)jcos(m6l) 


■iOf 


*=l^r-‘^  y=l  ^=1  ^”=0  0 
+ 


(j^ln+l  4  2  +~  +“. 

''=  £  X  S  X  j{[«"’'(^)^u 


•[^;";'(A)5,P;f“’'(A,.^2c)]sin(me)}j^^2^rfA^ 


(7) 


where  the  coefficients  SfJ^kij  (/,7,  p,^  =  1,2,3,4)  depend  on  A,f2  and  the  material 
constants.  Substituting  Eqs,  (7)  into  the  constitutive  relations  (6)  we  can  calculate  the 
components  of  the  stress  tensor  and  the  electric  displacement  vector  D . 

4.  BOUNDARY  CONDITIONS 

The  unknown  coefficients  entering  the  solution  of  the  field  equations  are  determined  by  the 
boundary  conditions.  We  assume  that  the  lateral  surfaces  52 ,  53  and  54  are  stress-free  and 
that  52  and  53  are  coated  with  electrodes  which  are  shorted.  Also  it  is  assumed  that 
continuity  conditions  apply  on  5i,  while  the  plane  surface  5i'  is  stress  free.  Finally,  for  the 
surfaces  55  and  55’  we  can  impose  two  sets  of  boundary  conditions: 

(i)  ufKuf)=T^)=0, 
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It  can  be  proved  that  the  (i)  set  of  boundary  conditions  implies  that  the  parameter  /  =  1,2  in 
the  expressions  of  the  solution  (7)  (odd  solution),  while  the  set  of  boundary  conditions  (ii) 
implies  /  =  3,4  (even  solution). 

On  the  surface  ^4  the  following  conditions  are  hold: 

7’il)  =  7-i;)=r«  =  o.  (8) 

Introducing  the  solution  (7)  in  the  above  conditions,  we  are  leading  for  every  pair  mj  to  a 
system  of  algebraic  equations 

D;;5.(a,A)xi;;.(A)=o,  (9) 

where 

*uW=l«r«-*ra><aJ*  =  =  +  +  5  +  a  =  l,2 

In  order  that  the  system  (9)  to  have  non-trivial  solutions  the  following  equation  must  be 
satisfied 

det^;^((n,A)|=o  (10) 

This  equation  discretizes  the  continuous  range  of  A  in  the  expressions  (2)  to  be  transformed 
to  sums  over  the  possible  values  of  A ’s  which  form  the  sequence 

which  depends  explicitly  on  Q. . 


On  the  lateral  surfaces  ^2,  the  following  boundary  conditions  are  hold: 

7(2)  _  'r(2)  _  j(2)  _  Q  _  w 
^  XX  —  ^  zx  ~  ^  x8  y 


(11) 


When  the  appropriate  solution  for  the  stresses  and  electrostatic  potential  are  substituted  into 
these  boundary  conditions  we  obtain  for  each  pair  m,  i  the  system 

D“.(S2,A)x'2";(A)=0 


(12) 


where 


for  OT  =  0,1,2,...,  1  =  j ^ 

In  order  that  the  system  (12)  to  have  non-trivial  solutions  the  following  equation  must  be 
satisfied 

det{D^,(n,A)}=0.  (13) 

This  equation  gives  rise  to  a  sequence 

of  the  possible  values  of  A  for  every  value  of  . 

Since  the  boundary  conditions  examined  until  now,  have  discretized  the  parameter  X,  the 
corresponding  coefficients  in  the  expressions  (2)  and  (7)  depend  on  n  giving 
=  etc. 


The  remaining  boundary  conditions  are  the  following: 

(i)^„(2)  =  V  =  0.  on  5, 


221 


7^(i)_7’(2)  7^(0_7’(2)  7(i)_7’(2)  D  =0  on 

^  zx  '*zx  ’  ^  zQ  ^  z6  ^  ^  zz  ^  zz  ^  ^z  on  oj 

r«=r«=T«=o  ons,'.  (14) 


These  boundary  conditions  are  satisfied  by  making  the  solution  orthogonal  to  a  complete  set 
of  functions  where  =  1,2,...  stand  for  the  roots  of  equation  Jq{^^R)=Q  [8, 

9].  After  projecting  equations  (14)  onto  the  basis  we  obtain,  for  each  m ,  an  infinite 

system  of  algebraic  equations 

D'”(n)x'”=0,  (15) 


where 


_  _\^mXn  omXn  om,2,n  m,n  tm,n  m,« 

—  ...j,  X-  ~  P/j-  1  ^ri,j  ^^i,a  ^^i,a  J’ 


and  m  =  0,1,2,..,,  i  = 


+  5, 


+  j'  +  l. 


Truncating  suitably  the  system  (15)  we  obtain  a  sequence  of  linear  algebraic  homogeneous 
systems  of  increasing  dimension  N: 

D^(n)x^=0,  (16) 

which  lead  to  the  equations 

det|D^(a)}=0,  A/ =  1,2,3,...  (17) 

The  truncated  system  (17)  is  solved  numerically  to  provide  with  the  shown  frequency  Q.  [8], 
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1.  SUMMARY 

The  present  work  deals  with  the  development  of  mathematical  techniques,  which  are  directed 
towards  a  better  understanding  of  the  EEG  problem  for  the  human  brain.  In  fact,  we  will 
attempt  to  generalize  existing  results  from  the  simplified  spherical  brain  model  to  the  realistic 
ellipsoidal  one.  As  it  is  well  known,  the  surface  of  an  ellipsoid  is  the  simplest  closed  surface 
which  takes  under  consideration  the  complete  anisotropy  of  the  three  dimensional  space.  On 
the  other  hand,  the  ellipsoidal  coordinate  system  is  the  most  general  second-degree  system  in 
which  Laplace’s  operator  enjoys  a  spectral  decomposition.  Therefore,  every  boundary  value 
problem  that  involves  Laplace’s  operator  in  ellipsoidal  geometry  can,  at  least  partially,  be 
analytically  handled.  The  reported  results  are  applied  to  the  electric  potential,  in  the  interest 
of  reproducing  the  field  due  to  an  electric  dipole  inside  a  homogeneous  ellipsoidal  conductor. 
This  potential  field  is  experimentally  measurable  and  provides  useful  data  to  the 
understanding  and  to  the  interpretation  of  the  electroencephalographic  process. 

2.  INTRODUCTION 

Among  the  noninvasive  methods  of  investigating  the  human  brain  functioning,  the 
electroencephalography  one  has  the  widest  acceptance.  This  technique  involves  registration 
of  electric  brain  potentials  on  the  head  surface.  The  goal  of  an  EEG  interpretation  problem,  is 
to  localize  primary  bioelectric  sources  within  the  brain,  which  constitute  the  inverse  EEG 
problem.  To  solve  this  problem  we  need  to  know  the  electric  field  due  to  a  dipole  situated 
inside  a  volume. conductor.  So  far,  exact  analytical  solutions  for  the  electric  forward  problem 
are  only  known  for  special  volume  conductors,  with  the  sphere  being  the  one  that  approaches 
best  the  geometry  of  the  human  head  [1-5]. 

On  the  other  hand,  solution  for  complex  geometries  can  only  be  obtained  by  numerical 
methods,  which  carry  inherently  drawbacks  as  time  consuming,  requirement  for  large 
amound  of  disk  space,  the  possibility  to  exhibit  large  errors  on  solutions  and  so  on  [6]. 

In  the  present  work  we  consider  the  ellipsoidal  brain  model,  being  the  most  realistic 
geometrical  model,  as  the  human  brain  is  considered  to  be  an  ellipsoid  with  average  semiaxis 
6,  6.5  and  9cm.  [7],  and  we  seek  for  analytical  solution  for  the  electric  forward  problem. 


3.  STATEMENT  OF  THE  PROBLEM 


Let  S  be  the  ellipsoidal  surface 
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X?  X?  x?  . 

—  +  — +  —  =  1 

o'  o'  0 

a,  al  ai 

(1) 

where  0  <  <  a2  <  <  +«>  and  let  V“  be  the  space  interior  to  S  and 

the  unbounded 

space  exterior  to  S.  In  terms  of  the  ellipsoidal  coordinates  (p,  p,  v)  [8],  which  are  connected 

to  the  Cartesian  coordinates  (Xj,  X2,X3)  by 

'  hjhj 

.  (2) 

h.h. 

(3) 

X-j  — 

h,h, 

(4) 

where  0  <  <  h,  ^  |i^  <  hj  S  <  +“  and 

(5) 

h,=(a?-a^)''^ 

(6) 

h3=(a?-a^)''^ 

(7) 

denote  the  semifocal  distances,  the  surface  S  is  specified  by  p  =  ttj ,  the  exterior  space  by 
p  >  and  the  interior  space  V“  by  ^Ja'l  -  a]  <  p  <  Wj . 

Both  the  exterior  space  and  the  space  V"uS  are  considered  to  be  filled  with  an 
isotropic  and  homogeneous  conductive  medium  specified  by  the  physical  constants  of 
conductivity  o  and  magnetic  permeability  p,  which  take  the  values  a  =  0 ,  |J<  =  P-q  in  and 
o  >  0,  p  =  Po  V“  u  S ,  respectively. 

In  the  interior  of  the  ellipsoid,  at  the  point  Tq  ,  there  exists  an  electric  dipole  with  moment  Q 
which  generates  the  electric  potential 


Uo(r) 


ir-r,P 


(8) 


the  electric  field 


Eo(r)  =  -V,Uo(r) 


(9) 
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and  the  magnetic  field 


Bo(r)  =  ^Qx 


471  I  r  -  To  I 


3  * 


(10) 


Consequently,  in  the  region  V  we  require  a  solution  of  the  Poisson’s  equation  for  the 
electric  potential 


Au“(r)  =  — V- J(r),  re  V 
a 


where 

J(r)  =  Q5(r-r,) 

while  in  the  region  we  require  a  solution  of  the  Laplace’s  equation 
Au‘'(r)  =  0,  reV 

which  vanishes  at  infinity  and  satisfies  the  following  transmition  conditions  on  S 
u“(r)  =  u‘^(r)  ,  r  G  S 
3„u“(r)  =  0,  r  e  S 

where 

d 


a  =nV  = 


[(af-p^)(af~v^)r  ap 


(11) 

(12) 

(13) 

(14) 

(15) 

(16) 


stands  for  the  outward  normal  derivative  on  S. 

After  long  calculations  we  obtain  the  following  expressions  for  the  potential  field  u"  in  the 
interior  of  the  ellipsoid  p  =  a, 


u'(p,|x,v)  =  cS+  *’ 
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(17) 


where  —  denotes  a  measure  of  the  ratio  of  the  observation  point  to  the  geometrical 
a 

characteristics  of  the  ellipsoid.  Similarly,  for  the  exterior  solution  u'^  we  obtain 
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where  =  (Xoi,Xo2>Xo3)  is  the  point  of  singularity,  r  =  (Xj,X2,X3)  is  the  observation  point, 
the  parameters  A,  A'  are  given  by 


2  2  2\V'" 
afajag 


(19) 


and 
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i:(p)=J 


_ du _ 

[E:(u)f  (u^  -af  +a^)''^(u^  -  a?  +a3^)'^  ’ 


n  =  0,1,2...,  m  =  l,2,...,2n  + 1 


(20) 

are  elliptic  integrals.  The  functions  E|;'(u)  denote  the  Lame  functions  of  the  first  kind  [9]. 
The  above  results  can  be  reduced  in  such  a  way  as  to  recover  the  solution  of  the 
corresponding  problem  for  the  sphere  brain  model,  which  is  obtained  by  following  similar 
process  in  the  form 


u“(r,0,(l)) 


^0  ,  Q 

r-r„  1  Q'f  p 

r  V  3(3r„Q-r„QI):ff 

2 

+  0 

■fit' 

^  471(7 
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(21) 


for  the  interior  solution,  and  in  the  form 


u^(r,e,(|))  =  ac|; 
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3Q-f  ra'j 

1  5(3r„Q-r„QI):ff 

'"a'' 

3 

-hO 

''a'' 

4“ 

4naa^  r  ^ 

STiaa^ 

(22) 


for  the  exterior  solution,  where  a  is  the  radius  of  the  sphere. 
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1.  SUMMARY 

In  this  work  a  mathematical  model  governing  the  biomagnetic  fluid  flow  is  presented. 
Expressions  describing  the  variation  of  the  saturation  magnetization  of  the  fluid  with 
temperature  or  the  magnetic  field  intensity  are  also  given.  After  proper  simplifications  of  the 
above-mentioned  mathematical  model  the  flow  in  a  rectangular  channel  of  a  biomagnetic 
fluid  (blood)  under  the  action  of  an  applied  magnetic  field  is  studied.  The  results  obtained 
from  the  numerical  solution  of  this  problem,  showed  that  the  fluid  flow  is  appreciably 
influenced  by  the  applied  magnetic  field. 

2.  INTRODUCTION 

During  the  last  decades  an  extensive  research  work  has  been  done  on  the  fluid  dynamics  of 
biological  fluids  in  the  presence  of  magnetic  field  due  to  bioengineering  and  medical 
applications  [1-3]. 

A  biomagnetic  fluid  is  a  fluid  that  exists  in  a  living  creature  and  its  flow  is  influenced  by  the 
presence  of  a  magnetic  field.  The  most  characteristic  biomagnetic  fluid  is  the  blood,  which 
can  be  considered  as  a  magnetic  fluid  because  the  red  blood  cells  contain  the  hemoglobin 
molecule,  a  form  of  iron  oxides,  which  is  present  at  a  uniquely  high  concentration  in  the 
mature  red  blood  cells.  It  is  found  that  the  erythrocytes  orient  with  their  disk  plane  parallel  to 
the  magnetic  field  [4]  and  also  that  the  blood  possesses  the  property  of  diamagnetic  material 
when  oxygenated  and  paramagnetic  when  deoxygenated  [5]. 

In  order  to  examine  the  flow  of  a  biomagnetic  fluid  under  the  action  of  an  applied  magnetic 
field,  Haik  et.  all  [6]  developed  a  mathematical  model  for  the  Biomagnetic  Fluid  Dynamics 
(BFD)  in  which  the  saturation  or  static  magnetization  is  given  by  the  Langevin  magnetization 
equation.  BFD  differs  from  MagnetoHydroDynamics  (MHD)  in  that  it  deals  with  no  electric 
current  and  the  flow  is  affected  by  the  magnetization  of  the  fluid  in  the  magnetic  field.  In 
MHD,  which  deals  with  conducting  fluids,  the  mathematical  model  ignores  the  effect  of 
polarization  and  magnetization. 

The  behavior  of  a  biomagnetic  fluid  when  it  is  exposed  to  magnetic  field  (magnetized)  is 
described  by  the  magnetization  property  M.  Magnetization  is  the  measure  of  how  much  the 
magnetic  field  is  affecting  the  magnetic  fluid  and  is  a  function  of  the  magnetic  field  intensity 
H  and  the  temperature  T. 

In  the  present  work,  the  mathematical  model,  describing  the  biomagnetic  fluid  flow,  is 
presented  and  relations  are  given,  expressing  the  dependence  of  the  saturation  magnetization 
Mo  on  the  temperature  and  the  magnetic  field  intensity.  A  simplification  of  this  mathematical 
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model  is  used  to  obtain  numerical  solution  of  the  differential  equations  describing  the  fluid 
flow  (blood)  in  a  rectangular  channel  under  the  action  of  a  magnetic  field.  The  obtained 
numerical  results,  presented  graphically,  showed  that  the  flow  is  appreciably  influenced  by 
the  magnetic  field.  These  results  indicate  that  application  of  a  magnetic  field,  in  the  flow  of  a 
biomagnetic  fluid,  could  be  useful  for  medical  and  engineering  applications. 

3.  MATHEMATICAL  FORMULATION 

The  mathematical  model  for  the  Biomagnetic  Fluid  Dynamics  is  based  on  the  modified 
Stokes  principles  and  on  the  assumption  that  besides  the  three  thermodynamic  variables  P,  p 
and  T  the  biomagnetic  fluid  behavior  is  also  a  function  of  magnetization  M  [6].  Under  these 
assumptions,  the  governing  equations  for  incompressible  fluid  flow  are  similar  to  those 
derived  for  FerroHydroDynamics  (FHD)  [7],  and  are  given  by  : 

Continuity  Equation 

V.V  =  0  (1) 

Linear  Momentum 

p^  =  -Vp+pF+TiV'V  +  ^(V'V  +  2Vxa)+n„(MV)H  +  [VxH]xB  (2) 
Angular  Momentum 

pl^  =  X  H +'n'V^a)+ 2^  (V  X  V  -  2(o)  (3) 

Magnetization 

—  =  a)xM--rM-M  1  (4) 

Dt  -I 

Maxwell  Equations  (Amperes  law  and  Gauss  second  law) 

VxH  =  J  =  a(VxB)  (5) 

vb=v(h+m)=o 

Magnetization  Equations 

These  equations  describe  the  dependence  of  saturation  or  static  magnetization  on  the 
applied  magnetic  field  intensity  H  and  temperature  T  and  the  appropriate  expressions  are 
given  below. 

In  the  above  equations  V  is  the  velocity  field,  p  is  the  fluid  density,  P  is  the  pressure,  F  is 
the  body  force  per  unit  volume,  r|  and  ^  are  the  coefficients  of  dynamical  and  rotational 
viscosity,  respectively,  (O  is  the  angular  velocity,  is  the  magnetic  permeability,  M  is  the 

magnetization,  H  is  the  magnetic  field  intensity,  B  is  the  magnetic  induction,  I  is  the 
moment  of  inertia,  per  unit  mass,  r{  is  the  shear  spin  viscosity,  t  is  the  magnetic  relaxation 

time,  is  the  saturation  magnetization  and  a  is  the  electrical  conductivity  of  the  fluid. 

3.1  Equilibrium  Flow 

The  above  set  of  equations  is  a  very  complicated  system  and  simplifications  must  be  made  in 
order  to  solve  it  for  a  specific  problem. 

As  a  first  approximation  we  can  consider  that  biofluids  are  poor  conductors  and  the  induced 
current  is  negligibly  small.  Thus,  unlike  MHD,  Lorentz  forces  (the  last  term  in  eq.(2))  are 
much  smaller  in  comparison  to  the  magnetization  force  (the  last  but  one  term  in  eq.(2)).  Also, 
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for  medium  shear  rates,  like  blood  flow  in  artery,  the  diffusion  of  the  spin  term  is  much 
smaller  than  that  of  the  magnetic  torque  or  the  exchange  between  internal  and  external 
momentum. 

The  major  simplification  however,  can  take  place  if  we  consider  that  the  magnetic  fluid  has 
either  achieved  instantaneous  magnetization  or  time  has  elapsed  beyond  the  relaxation  time, 
after  the  flow  has  exposed  to  the  magnetic  field.  In  this  situation  the  flow  can  be  considered 
as  equilibrium  flow  and  once  the  particle  reaches  saturation  magnetization  it  will  not  have 
addition  magnetization  even  if  the  magnetic  field  is  further  increased.  Under  the  equilibrium 
assumption  the  fluid  magnetization  vector,  M  ,  at  any  given  instant  is  parallel  to  the  vector  of 
the  magnetic  field  intensity,  H ,  and  the  property  of  magnetization  is  determined  by  the  fluid 
temperature,  density  and  magnetic  field  intensity  M=M(T,p,H).  Although  the  equilibrium 
flow  is  an  idealization  for  the  physical  behavior  of  the  biomagnetic  fluid,  it  provides  a  good 
insight  to  the  biomagnetic  fluid  flow  since  the  governing  equations  are  much  more  simpler 
than  the  complete  set  of  equations  derived  in  the  previous  sections  for  non  equilibrium  case. 

The  equations  of  motion  for  the  equilibrium  flow  can  be  written  now  as: 


Continuity  Equation 

v-v=o, 

(6) 

Linear  Momentum 

p  ^  =  ~Vp  +  pF + Tj  V + , 

(7) 

where  H  =  [h^+HJ]‘''. 


3.2  Saturation  Magnetization  Equations 

In  equilibrium  situation  the  magnetization  property  is  generally  determined  by  the  fluid 
temperature,  density  and  magnetic  field  intensity  and  various  equations,  describing  the 
dependence  of  Mo  on  these  quantities,  are  given  in  bibliography  [6],  [7].  The  simplest  relation 
is  the  linear  equation  of  state,  given  in  [8]: 

M„=K(T,-T),  (8) 

where  K  is  a  constant  called  pyromagnetic  coefficient  and  T^.  is  the  Curie  temperature. 
Above  the  Curie  temperature  the  biofluid  does  not  subjected  to  magnetization. 

Another  equation  for  magnetization,  below  the  Curie  temperature  T^  is  given  in  [9] 


T -T 


(9) 


where  p  is  the  critical  exponent  for  the  spontaneous  or  saturation  magnetization.  For  iron 
P=0.368,  Mi=:54  Oe  and  Ti=l  .45  K. 

A  linear  equation  involving  the  magnetic  intensity  H  and  temperature  T  is  given  in  [10] 

M,  =  KH(T,-T).  (10) 


Finally,  Higashi  et.  all  [4], 
like  the  following  function, 

=mN 


found  that  the  magnetization  proces 
known  as  Langevin  function, 
kT 


coth 


kT 


p,mH 


of  red  blood  cells  behaves 


(11) 


where  m  is  the  particle  magnetization,  N  is  the  number  of  particles  per  unit  volume  and  k  the 
Boltzman’s  constant. 
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In  all  the  above  cases  the  magnetization  Mo  is  dependent  on  the  temperature  T  of  the 
fluid.  In  such  a  case  (non-isothermal  case),  it  is  also  necessary  to  consider  in  the 
mathematical  model,  describing  the  problem  under  consideration,  the  energy  equation 
containing  the  temperature  T  of  the  fluid.  This  equation  can  be  written  as  [8] 

pCp^+H„T^[v(VH)]  =  kV^T+na)  (12) 

where  k  is  the  coefficient  of  thermal  conductivity  of  the  fluid,  Cp  the  specific  heat  and  O  the 
dissipation  function. 


4.  APPLICATIONS 
Biomagnetic  fluid  flow  in  a  Channel 

As  a  simple,  but  representative,  application  of  biomagnetic  fluid  flow  we  consider  the  steady 
two-dimensional  laminar  flow  of  an  incompressible  viscous  biomagnetic  fluid  (blood)  in  a 
space  between  two  parallel  flat  plates  (channel).  The  length  of  the  plates  is  L  and  the  distance 
between  them  is  h  (h«L).  We  assume  that  the  flow  at  the  entrance  is  fully  developed  and 
that  the  upper  plate  is  at  temperature  Tu,  while  the  lower  at  Tl,  such  that  Tl<Ti,<Tc.  The 
origin  of  the  Cartesian  coordinate  system  is  located  at  the  leading  edge  of  the  lower  plate  and 
the  flow  is  subjected  to  a  magnetic  dipole,  which  is  placed  very  close  to  the  lower  plate  and 
below  it.  At  the  outlet  of  the  channel  we  assume  that  all  physical  quantities  are  independent 
of  X.  The  equations  describing  the  flow  field  in  this  channel,  under  the  action  of  the  applied 
magnetic  field,  are  the  continuity  equation  (6),  the  momentum  equation  (7)  and  the  energy 
equation  (12).  For  the  variation  of  saturation  magnetization  Mo,  with  the  magnetic  field 
intensity  H  and  temperature  T,  we  consider  equation  (10).  The  numerical  solution  of  the 
dimensionless  equations  and  boundary  conditions,  describing  the  problem  under 
consideration,  is  obtained  by  adopting  the  vorticity-stream  function  formulation  and  by  using 

an  efficient  upwind  finite  difference 


0  2  4  6  6 


X 


0  2  4  6  6 


scheme  [11]  for  the  case  Re=12.5 
(Reynolds  number),  Pr=0.141  (Prandtl 
number),  Ec=0. 00023  (Eckert  number),  for 
the  dimensionless  “Curie  temperature” 
e=Tu/(Tu-TL)=7.2  and  for  different  values 
of  the  magnetic  number  Mn.  The  obtained 
results  are  shown  on  Figures  1  to  12.  In 
Figures  1-3  the  dimensionless  skin  friction 
coefficient  is  shown  at  the  lower  and  upper 
plate.  In  the  region  near  the  location  (x=4) 
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X 


X 


Figures  1-3:  Variation  of  skin  friction  coefficient  Cf 
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of  the  magnetic  source  the  friction  coefficient  is  increased  substantially  due  to  the  action  of 
the  magnetic  field.  The  contours  of  the  stream  function,  for  various  magnetic  numbers,  are 
shown  in  Figures  4-6.  The  magnet  affects  the  fluid  flow  and  two  vortices  are  created  near  the 
magnetic  pole,  as  the  magnetic  field  strength  is  increased.  The  contours  of  vorticity  function 
are  shown  in  Figures  7-9  and  of  temperature  function  in  Figures  10-12.  Near  the  pole  we 
observe  a  slight  increase  of  the  temperature  as  a  result  of  additional  energy  from  the  magnetic 
field  of  the  pole.  It  should  be  remarked  that  in  the  absence  of  the  magnetic  field  straight  lines 
represent  temperature,  stream  as  well  as  the  vorticity  function.  Thus,  the  formation  of  these 
contours  is  the  result  of  the  action  of  the  applied  magnetic  field  on  the  flow  field.  These 
results  show  that  in  the  presence  of  the  magnetic  field,  the  flow  field  is  changing  drastically, 
and  especially  the  skin  friction  coefficient,  which  is  affected  near  the  area  of  the  magnetic 
pole.  These  conclusions  suggest  that  a  careful  choice  of  the  imposed  magnetic  field  will 
affect  the  flow  characteristics  and  hence  can  be  utilized  for  medical  and  engineering 
applications. 


Figure  5.  Contours  for  stream  function  for  Mn=4000 


Figure  6.  Contours  for  stream  function  for  Mn=6000 


Figure  8.  Contours  for  vorticity  function  for  Mn=4000 
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Figure  10.  Contours  for  temperature  function  for  Mn=2000 


Figure  11.  Contours  for  temperature  function  for  Mn=4000 


Figure  12.  Contours  for  temperature  function  for  Mn=6000 
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1.  SUMMARY 

The  aim  of  this  paper  is  to  study  a  boundary  value  problem  arising  in  electro-elastic 
fracture  theory.  In  recent  years  it  became  evident  that  the  electrically  impermeable  or 
the  perfect  electric  contact  boundary  conditions  on  the  crack  faces  may  over-  or  under¬ 
estimating  the  electric  field  influence  on  the  propagation  process.  The  crack  model  here 
investigated  is  intermediate  between  these  two  limit  cases.  The  plane  problem  of  an  infi¬ 
nite  piezoelectric  body  with  a  central  crack  is  converted  into  a  system  of  integro-differential 
equations  and  is  solved  by  combination  of  partial  analytic  and  numeric  solutions. 

2.  INTRODUCTION 

The  electrical  boundary  condition  to  be  imposed  on  the  crack  faces  is  still  an  open  subject 
of  the  fracture  theory.  A  first  proposition  was  made  by  Parton  [6]  who  considered  the 
condition  of  perfect  electric  contact,  that  is  the  potential  and  the  normal  component  of  the 
induction  to  be  continuous  across  the  crack  line.  This  means  that  the  medium  inside  the 
flaw  (e.g.  air),  with  a  lower  permittivity,  has  no  influence  on  the  fields  in  the  piezoelectric 
body.  A  second  boundary  condition  given  by  Pak  [5]  is  based  on  the  assumption  that  the 
electric  induction  inside  the  flaw  may  be  neglected.  In  this  case  the  normal  components 
of  the  induction  must  vanish  on  the  crack  faces.  This  model  was  further  employed  in  [8]. 

A  critical  evaluation  of  these  approaches  was  done  by  Suo  et  al.  [8],  Tobin  and  Pak  [9], 
McMeeking  [4].  The  general  conclusion  of  these  studies  is  that  the  permeable  condition 
underestimates  the  electric  field  influence  on  the  crack  propagation,  while  the  impermeable 
condition  may  overestimate  this  contribution.  In  such  a  case,  an  intermediate  model  would 
be  appropriate.  Such  a  model  was  proposed  by  Parton  and  Kudryavtsev  [7]  who  derived 
new  boundary  conditions  for  cracks  in  piezoelectrics,  by  an  approximate  analysis  of  a  thick 
dielectric  layer  embedded  in  the  electro-elastic  body.  Our  purpose  is  to  study  the  solution 
of  the  boundary  value  problem  constructed  with  this  non-classical  boundary  conditions. 
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3.  BASIC  EQUATIONS  AND  ANALYTIC  SOLUTIONS 


Consider  a  Griffith  crack  of  length  2a  in  an  infinite  piezoelectric  solid.  A  system  of 
Cartesian  coordinates  Xi,i  =  1,2,3  is  chosen  so  that  the  crack  lies  in  the  xjjX^-plane, 
with  the  crack  fronts  parallel  to  the  x^-axis,  located  at  x\  =  ±a.  The  equilibrium  and 
electrostatics  equations  leads  to: 


Cijki 

Gikl 


d'^Uk  _  f, 

dxidxj  dxkdxj 

(1) 

d^uf,  d’^ip  _ 

dxidxi  dxidxj 

(2) 

Here  is  the  fourth-order  tensor  of  elasticity  coefficients,  ej^i  is  the  third-order  tensor  of 
piezoelectricity  coefhcients  and  cij  is  the  tensor  of  dielectric  constants.  It  is  assumed  that 
Cijki  and  e-ij  are  positive-definite  tensors.  The  electric  field  vector  Ei  is  derived  from  the 
electric  potential  ip  by  E.-,,  ~  We  assume  that  the  three  components  of  displacement 

and  the  electric  potential  depend  only  on  in-plane  coordinates,  i.c.  itj  =  Ui{xi,X2)fi  = 
1, 2, 3  and  ip  ~  ip{x\ ,  .T2).  We  also  suppose  that  remote  stresses  =  1, 2, 3  and  electric 
displacement  are  given. 

Following  Ref.  [7,  p. 323-324],  on  the  crack  line  we  consider  the  boundary  conditions 


afj  =  0 

Dt  =  £>2“  ;  £>2  +  -p-)  =  0 


(3) 

(4) 


where  the  ±  superscripts  correspond  to  the  upper  and,  respectively,  lower  faces  of  the 
crack.  The  parameter  cv  =  where  cq  is  the  electric  permittivity  of  the  interior  medium 
and  2h  is  the  thickness  of  the  flaw.  We  note  that  the  electrically  impermeable  bound¬ 
ary  condition  used  by  Pak  [5]  can  be  obtained  from  (3-4)  for  a  =  0,  while  the  perfect 
permeability  condition  of  Parton  [6]  results  for  a  — >  00. 

In  what  follows  we  use  the  four-dimensional  formalism  of  Refs.  [8],  [2]  for  linear 
piezoelectrics.  The  equations  (1-2)  can  be  written  in  matrix  notation  as 


Q^  +  (R  +  R-) 


^2v  ^ 

dx  I  dx2  dxH 


where  =  (ui,ti2,u:i,ip),  with  T  meaning  the  transpose,  and 


(5) 


Qik  = 


Ci]k\  ^,A:“  1,2,3 
eiii  i  =  1,2,3;  A:  =  4 
^\k\  ^  4,/l  1,2,3 

-Cl]  i  =  4;/c  =  4 


'  Cnk2  1,2,3 

^2/ 1  i  —  1,2,3;A:  =  4 
C\k2  z  =  4;  A:  =  1 , 2, 3 
,  — C12  z  =  4;  A:  =  4 


r  a2A-2  z,A:- 1,2,3 

^2i2  z  =  1, 2,  3;  A:  =  4 
^■2k2  z  =  4;  A"  =  1,  2, 3 
,  -622  z  =  4;  A:  =-  4 


Define  =  ((^21 ,  <722,  f^2:n -^>2)  which,  from  (6),  can  be  expressed  as 


(6) 


t  = 


d\  _  dv 

- 1-  T - 

dx,  dX2 


(7) 
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and  let  d(xi)  =  v(a:i,+0)  -  v(a;i,-0)  be  the  jump  of  v  across  the  iCraxis.  Then  the 
boundary  conditions  (3-4)  become 

t+  =  t-  ;  t-hKd-0,  Ixi  l<a  (8) 

where  the  only  non- vanishing  element  of  the  four-dimensional  matrix  K  is  =  a.  At 
infinity  the  vector  t  is  prescribed. 

Let  =  {Kii,  Ki,Kjfj,Kiv),  where  Kj,  Kjj,  Km  are  the  stress  intensity  factors  and 
Kjv  is  the  electric  displacement  intensity  factor  (e.g.  [8],  [2]).  Introducing 

r(xi)  =  -H‘M(a;i)  (9) 

with  a  non-singular  matrix  H  defined  in  (16).  It  is  proved  that 

k  =  -  lim  (  J  .  ^  .  r(a;i)  )  (10) 

Y  2(a  —  Xi) 

The  fracture  parameter  adopted  in  this  paper  is  the  energy  release  rate  G  (see  [8],  [1], 
[2]).  Suo  et  al  [8]  calculated  G  for  electrically  impermeable  cracks  and  since  it  can  be 
shown  that  the  asymptotic  structure  of  the  solution  of  our  problem  is  the  same  as  for 
impermeable  cracks,  their  result  still  holds: 


1  r(l-\-X  1  r 

G  =  lim  (—  /  t’^(a;x)d(a;i  -  A)  dii)  =  -k 

A— »0+  zA  Ja  ^ 


Full-field  solutions  to  the  problem  were  given  in  Refs.  [8]  for  impermeable  cracks  (i.e. 
a  =  0) .  In  what  follows  we  study  the  problem  for  arbitrary  values  of  a.  When  the  Fourier 
transform  with  respect  to  is  applied  to  (5)  one  obtains 

S<Qv  +  «R+R'')g-Tg-0  (12) 

This  equation  has  solutions  of  the  form 


The  complex  number  r]  and  the  column  a  are  determined  from  the  eigenvalue  equation 

[Q  -f  p(R  -b  R'^)  +  p"T]a  =  0  (14) 


where  we  have  introduced  p  =  The  matrix  in  brackets  must  have  a  vanishing  de¬ 
terminant  and  this  leads  to  an  equation  for  p.  It  has  been  shown  in  Ref.  [8]  that  this 
equation  has  no  real  roots.  Let  pi,i  =  1, 2, 3,4  be  the  roots  with  positive  imaginary  part 
and  SLiJ  =  1,2, 3, 4  the  associated  eigenvectors.  For  a  given  $  one  can  define  r)i  ~  Pi^ 
for  f  >  0  and  pi  =  p^^  for  $  <  0,  so  that  S  (77.0  >  0.  Note  that  a*  are  also  eigenvec¬ 
tors,  corresponding  to  (or,  equivalently,  to  p^).  When  these  eigenvalues  are  distinct, 

the  general  solution  of  (12)  is  a  linear  combination  of  the  eight  particular  solutions  of 
the  form  (13).  Then,  further  calculations  allow  us  to  reduce  the  problem  to  a  system  of 
integro-differential  eqs.  on  the  crack  line.  If  one  introduces  the  matrices 

P  =  diag  [pi)P2,P3,P4]  ;  A=  [ai,  a2,a3,a4]  (15) 

B  =  R'^A-bTAP  ;  H  =  2  (zAB-^  (16) 
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we  can  obtain  the  system 

=  0,  I  Xi  |>  a  (17) 

=  t^,  \x^\<a  (18) 

where  the  integral  is  a  principal  value  in  the  sense  of  Cauchy.  The  particular  structure  of 
the  ma.trix  K  allows  us  to  write  (18)  as 


r{x, 


-  r  TM-  ds_KHr  (X|) 

TT  J-n  X\  —  S 


1 

TT 


ds  = 


1,2,3 


/ 


1  /■"  riisi 

X, 

ds  4-  Q:(/i]/)ri  +  ^2^1  T'i  +  /\)  = 


I  p  _r^ 

TT  ./-«  S  —  : 

"  n{5) 


a  S  —  X\ 


(19) 

(20) 


where  hij  are  the  elements  of  the  matrix  H.  Note  that  the  special  choice  of  the  unknown 
functions  F,;  led  to  the  decoupled  system  (19-20).  The  equations  (19)  admit  the  analjdic 
solutions 

rKa^i)  =  -7“'-*  -  I  =1,2,3  (21) 

providing  the  classical  expressions  for  the  stress  intensity  factors 

K]i  =  ;  Ki  ~  ;  Kuj  =  (22) 


as  in  the  case  of  impermeable  cracks  (see  [8]).  However,  for  the  determination  of  Kjv 
one  needs  to  solve  (20).  Note  that  the  integro-differential  equation  (20)  is  similar  to  the 
Prandtl’s  equation  of  aerodynamics  (e.g.  Ref.  [3]).  Since  there  arc  no  closed-form  solu¬ 
tions  for  an  equa,tion  of  this  type,  a  numerical  integration  of  (20)  needs  to  be  performed. 


5.  NUMERICAL  SOLUTIONS 

In  this  section  we  consider  that  the  piezoelectric  is  a  poled  ceramic  of  the  type  PZT-5H. 
Such  a  material  exhibits  transverse  symmetry  around  the  poling  axis. 

Let  the  crack  plane  X]  —  rca  be  perpendicular  to  the  poling  axis  X‘2  ,  with  the  crack 
front  along  the  a:;raxis.  Suppose  that  =  0.  In  this  case,  we  have  Fi  =  F.s  =  0 

and  using  the  expression  of  r2  we  obtain  from  (20) 

1  F^  ( si  / - 

-  /  ds  +  =  £»,f  +  a/i2,|  (23) 

TT  J —n  S  —  X  ] 

A  numerical  procedure  based  on  Gauss-type  quadrature  formulae,  as  given  by  Dragos  [3], 
is  employed  to  solve  (23).  The  expression  of  the  energy  release  rate  reduces  in  this  case 
to 

G  =  1(/»22^"  +  2h2,K,K,v  +  h,,K'fy)  (24) 

in  which  Kf  is  given  by  (22)  and  Kjy  is  derived  from  the  numerical  solution. 

The  numerical  values  of  G  as  a  function  of  are  plotted  in  Fig.  1  for  different 
values  of  (a  —  e[)l2h,  cq  —  8.85  x  10“'^GP”^m“’).  We  took  the  length  a  ~  10“'^m. 
Also  represented  are  the  energy  release  rate  Gj  for  electrically  impermeable  boundary 
condition  (a  —  0)  and  for  permeable  condition  (a  =  oo).  G/  is  given  by  (24)  in  which 
the  intensity  factor  Kjy  is  replaced  by 


K',v  = 


(25) 
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The  critical  value  of  G  is  taken  to  be  Gcr  =  lO-OA^m  (see  [5],  [9])  and  the  fracture  criterion 
is  G  =  Gcr-  We  see  that  for  /i  >  5  x  G  approaches  G/,  while  for  h  <  G  is 

very  close  to  Gp.  For  values  of  10”®m  <  /i  <  5  x  10“®m  the  energy  release  rate  G  takes 
intermediate  values  between  these  limit  models  and  significantly  different  from  them.  It  is 
observed  that  the  electric  field  has  an  arresting  influence  on  the  crack  propagation  which 
is  smaller  than  in  the  impermeable  case,  but  which  is  not  vanishing,  as  for  the  permeable 
model. 

To  decide  between  these  three  fracture  parameters  we  consider  the  ’’exact”  problem 
of  an  elliptic  cavity,  with  the  electric  permeability  eo  ,  the  major  semi-axis  a  and  the 
minor  semi-axis  /i,  embedded  in  an  infinite  piezoelectric  body.  In  the  plane  case,  the 
energy  release  rate  is  denoted  by  Gp  for  such  a  problem.  In  Fig.  2  we  plotted  G  —  Gp, 
as  a  function  of  Its  behavior  shows  that  for  a  particular  range  of  values  of  h,  about 
2  X  we  have  G  =  Gp.  In  this  case,  the  model  leads  to  the  same  fracture  predictions 

as  the  exact  problem.  For  h>  2x  G—Ge  grows  up.  Since  for  such  values  we  recover 
the  impermeable  model,  as  it  results  from  Fig.  1.,  this  clearly  shows  that  the  impermeable 
conditions  do  not  provide  an  accurate  description.  For  h  <  2  x  10“^,  G  —  Ge  remains 
close  to  0.  However,  as  we  see  from  Fig.  L,  for  very  small  values  of  h  we  recover  the 
perfect  contact  conditions,  which  are  inconsistent  with  the  experimental  results  (see  for 
instance  Ref.  [9]).  We  remark  that  for  the  values  of  h  for  which  G  =  Ge,  G  is  different 
from  both  G/  and  Gp,  as  it  results  from  Fig.  1. 
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Figure  1:  Energy  release  rates  G,  G/  and  Gp  vs.  electric  field  in  the  plane  case,  for 
tjg  =  2  X  lO’^iVm-2. 


G-Gg 

(N/m) 


Figure  2:  The  difference  between  the  fracture  parameters  of  the  crack  and,  respectively, 
the  ellipse  problem  in  the  plane  case. 
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1.  SUMMARY 

We  study  the  problem  of  a  lamellar  inhomogeneity  of  arbitrary  shape  embedded  in  a 
piezoelectric  matrix  of  infinite  extent.  Uniform  asymptotic  solutions  for  the  equations  of 
elastostatics  and  electrostatics  on  this  configuration  are  obtained.  The  first  order  terms,  in 
the  inhomogeneity  thickness,  are  explicitly  determined  for  piezoelectric  inclusions.  Cracks 
and  rigid  inclusions  can  be  similarly  analyzed.  Detailed  first  order  solutions  are  obtained 
for  elliptic  and  lemon-shaped  inhomogeneities.  It  is  found  that,  while  for  elliptic  piezo¬ 
electric  inclusions  the  perturbation  stresses  and  electric  displacements  at  the  inclusion 
ends  have  the  same  order  as  those  given  at  infinity,  for  a  lemon-shaped  inclusion  they  are 
an  order-of-magnitude  smaller. 

2.  INTRODUCTION 

In  recent  years,  a  lot  of  effort  has  been  expended  for  the  study  of  inhomogeneities,  like 
inclusions  or  cracks,  in  piezoelectric  materials.  However,  most  of  the  obtained  results 
concern  the  cases  of  elliptic  inclusions  or  line  cracks.  The  objective  of  this  paper  is  to 
give  solutions  for  arbitrary-shaped  lamellar  inhomogeneities.  We  consider  inclusions  em¬ 
bedded  in  an  infinite  matrix  subject  to  a  uniform  stress  at  infinity.  Both  the  matrix  and 
the  inclusion  consist  of  general  piezoelectric  materials. 

In  approaching  the  problem  we  shall  employ  the  extended  Stroh  formalism  for  piezo¬ 
electrics  (see  Barnett  and  Lothe  1975,  Suo  et  at.  1992,  Dascalu  and  Maugin  1995,  Ting 
1996).  Each  complex  function  involved  in  the  general  solution  for  the  external  domain 
will  be  represented  as  a  superposition  of  complex  logarithmic  singularities  spread  along  a 
line  segment  located  inside  the  lamellar  region.  A  general  form  of  the  complex  functions 
entering  in  the  representation  of  the  solution  inside  the  thin  region  will  be  deduced  as 
asymptotic  expansions  around  their  values  on  the  body  axis.  By  imposing  the  continu¬ 
ity  of  the  displacements  and  tractions  across  the  interface  curve  we  obtain  a  system  of 
integral  equations  for  determining  the  fields  in  the  lamellar  region  and  the  density  of  the 
singularities  for  the  external  solution.  The  use  of  sum  rules  and  identities  for  the  matrices 
involved  in  these  equations  allow  us  to  convert  the  complex-form  system  into  a  real  one. 
The  resulting  system  of  integral  equations  is  solved  asymptotically,  for  a  small  thickness 
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ratio  £  ot  the  lamellar  region,  by  using  the  similar  technique  to  that  developed  by  Geer 
and  Keller  (1968),  Homentcovschi  (1984),  Homentcovschi  and  Dascalu  (2000)  and,  for 
anisotropic  elastic  materials,  by  Dascalu  and  Homentcovschi  (1999). 


3.  BASIC  EQUATIONS 


Consider  an  infinitely  extended  piezoelectric  body  V  that  contains  an  inhomogeneity  V*. 
We  assume  that  the  interface  boundary  C  is  described  by  the  equations 


z±:=  Xi +i£Y±{xi)  ;  Kt(a:i)  ^  5(a:i)  ±  \J D{xi)  (1) 


where  S{xi)  and  D{x\)  are  twice  differentiable  functions  on  the  interval  [—1, 1],  satisfying 
max  I  5(x])  ±  ylD{xi)  |=  1  and  vanishing  at  the  endpoints  ±1. 

Let  Cfji^i,e%j,£ii  be,  respectively,  the  elastic,  piezoelectric  and  dielectric  constants  of 
the  exterior  medium  and  sj  the  corresponding  coefficients  for  the  inside  body 

V*.  The  elastic  and  dielectric  tensors  for  both  media  are  assumed  to  be  fully  symmetric 
and  positive  definite.  The  equilibrium  equations  can  be  written  as  (see  Maugin  (1988)) 


,  -e 

'^'‘‘dxidxj  ^dxidXj 

''‘‘dxtdxi  '‘dxidxi 


0 

0 


(2) 

(3) 


where  repeated  indices  imply  summation.  Here  ,  A;  =  1, 2, 3  and  are,  respectively,  the 
elastic  displacements  and  the  electric  potential  in  the  matrix  and  they  are  supposed 
to  depend  on  Xi  and  X2  only.  Let  ef^  =  |(^  +  he  the  strain  tensor,  Ef  =  —  ^  the 
electric  field,  crfj  is  the  elastic  stress  and  is  the  electric  displacement. 

We  assume  that  the  two  bodies  have  a  perfect  bonding  along  their  common  interface 
which  means  that  the  elastic  displacements,  the  surface  tractions,  the  electric  potential 
and  the  normal  electric  displacements  are  continuous: 


ul  =  ul  ;  cr*n  =  ;  ip*  —  \  D*n  = 


(4) 


where  n  is  the  unit  normal  vector  on  C  directed  toward  from  V* . 

It  can  be  shown  (Barnett  and  Lothe  1975,  Ting  1996)  that  the  stresses  and  the  electric 
displacements  can  be  expressed  in  terms  of  a  four-dimensional  generalized  stress  function 
vector  by 


a 


e 


dx2  ’  dx\  '  ^  dx2 


dxi 


(5) 


If  we  also  define  a  generalized  displacement  vector  =  (uj,  uj,  (^®)  then  the  perfect 
bonding  conditions  in  (4)  become 


u*  =  u"  ;  =  on  C 


(6) 


We  suppose  that  a  uniform  stress  =  cr°°  and  electric  displacements  =  D°°  are 
applied  at  infinity.  The  corresponding  solution  for  the  homogeneous  plane  is: 


u~  =  +  rraqf  i  -  X2t^ 


(7) 
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where  7?"  =  (^5^,  0, 2e?i,  - if  -  (2e^,  eg,  2e^, -£7f ),  if  =  (erg.  erg,  and 

=  (<^21 5  ^^22)  ^2°)*  Then  the  general  expression  for  the  perturbations  u  =  u®  —  u°° 

and  (j>  =  <j>^  —  (j}°°  is: 


u{z)  =  23?(AF(Z))  ;  (^(z)  =  2?R(BF(Z))  (8) 

u*(:^)  =  20?(A*F*(Z*))  ;  0*(^)  =  2?R(B*F*(Z*))  (9) 


with  F(Z)  =  {Fi{zi),F2{z2),F3{zs),F4{z4)),  Z  =  {zuZ2,Z3,Z4)  and  where  z  =  Xi  +1x2, 
Za  =  xy-\-  PaX2,  a  -  1, 2, 3, 4.  The  complex  numbers  pa  are  the  eigenvalues  with  positive 
imaginary  parts  and  A^a  are  the  eigenvectors  of  the  problem: 

{Qlk  +  Pa{Flk  +  Rkl)  +  PaTik)Aha  =  0  (10) 


without  summation  on  a  and  where  the  matrices  Q,  R  and  T  are  constructed  with  the 
material  constants  (e.g.  Suo  et  al  1992,  Dascalu  and  Maugin  1995).  We  assume  that  the 
eigenvalues  Pa  are  all  distinct.  The  matrix  B  is  given  by  Bia  =  RnAka  +PcJ'ikAka-  The 
corresponding  quantities  F*(Z*),  Z*,  z^,  p* ,  are  defined  in  a  similar  way. 

We  also  introduce  the  stress-like  vectors 


ti  =  ((Jii,  (712,(713,  Di)  ;  t2  =  (<721,  (722,^723,  £>2)  (H) 

and  the  diagonal  matrix  P  =diag  [pi,P2,P3,P4].  By  substituting  u,  u*,  (j)  and  from 
(8-9)  in  the  interface  relations  (6),  we  obtain 

u°°(z)  +  23?(AF(Z))  -  2SR(A*F*(Z*))  (12) 

(^“(;2)  +  23J(BF(Z))  =  25J(B*F*(Z*))  (13) 

for  z  £  C.  These  equations  will  be  studied  in  the  following  section. 


4.  PIEZOELECTRIC  INCLUSIONS 


In  order  to  solve  the  equations  (12-13)  we  look  for  Fa{za)  in  the  form 


Fai^Za) 


TTl 


/a(0 


\n{za  - 


_1  f  ln(z„  - 

Tri  J-i  y/1  —  2  2 


(14) 


with  Ca,doc  €  C  belonging  to  V*.  Note  that  each  potential  function  Fa  will  be  given  by 
a  different  distribution  of  line  sources.  Prom  the  asymptotic  development  of  Fa{za)  one 
can  deduce  the  formulae 


^(Faiz^+)  +  F^{Za-))  =  ICofc,{Xi)+epalCifa{Xl)  +  0(s^)  (15) 

=  CoUxi)+epaCiUxi)+0{e^)  (16) 

for  Za±  =  Xi  -\-pa£y±{xi)  and  Xi  €  (-1, 1).  Here  K  and  C  are  integral  operators.  In  these 
relations  we  have  /«  =  fa{xi,£)  and  we  develop  the  density  functions  as 

faixus)  =  f^ixi)+efa{xi)  +  0{e^) 


(17) 
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In  what  concerns  the  solution  in  the  interior  domain  V*  we  use  a  Taylor  expansion  about 
£  =  0  : 

K{^a±)  =  +  0{S^)  (18) 

where  f*^'^  =  Similarly,  we  set 

axue)  =  C{x,)  +  efl\x,)+0{e^)  (19) 

These  asymptotic  expansions  will  be  used  in  the  equations  (12-13).  Before  that,  we 
introduce  the  following  real  densities,  written  in  vectorial  form: 

u”(a:j)  =  29f?(Ar(a;i))  ;  =  29?(Br(a:,))  (20) 

=  2^(A*r*{x,))  ;  0”*(a;i)  =  25R(B^r*(a:0)  (21) 

for  n  =  0,1.  By  addition  and  substraction  of  the  equations  (12-13)  and  by  use  of  the 
expansions  (15-19),  after  identification  of  the  coefficients  of  each  power  of  s,  we  obtain 
equations  for  the  real  densities  u”,  0”,  u"*  and  0"*.  The  solution  involves  the  matrices 
S  =  i(2AB^  “  I)j  H  =  2zAA^  and  L  =  —  2fBB^,  introduced  by  Barnett  and  Lothe 
(1975).  They  are  real  and  nonsingular,  H  and  L  being  symmetric.  Consider  also 

Ni  =  -T^'R'^;N2  =  T-^Na  =  RT-*R'^  -  Q  (22) 


The  matrices  N2  and  N3  are  symmetric. 

As  an  example,  we  give  bellow  the  solution  of  0(e): 

D'(xt)^J\-x\  D'{xCl\jl-x] 

u'(xi)  = - ,  ''  -  l?l'(xi)  =: - ,  -  d' 

2v^D(i,)  2^Z)(a;,) 

u*'(xi)  -  5(rr,)  d’’”  +  (Sd'’““  +  Hd^’°°)  -  /' 

7^  J —  1  t  X  \ 


(23) 

(24) 


<l>*'{x,)  =  S{xt)  d2’°°  -  (Ld''°°  -  S^d^’’^)  -  ['  (25) 

TT  .7-1  t  —  X] 

where  we  have  introduced  d''°°  =  7^ -Nt7“-N.^tf  and  d^-“  =  -(t?°+Nj7?“  +  N;'^t5°) 
Let  us  explicitly  calculate  this  solution  for  some  specific  geometries  of  the  interface 
boundary  (7.  For  an  inclusion  of  elliptic  geometry  we  have 

5(a:,)  =  0;  i)(ii)  =  l-x?  (26) 


When  (26)  are  used  in  the  general  solutions  (23-25)  we  find 

u'(xi)  =  i,d’''”  ;  ,j>'{x,)=xi  d2-“ 


(27) 


These  solutions  provide  the  expressions  of  generalized  stresses  at  the  interface: 

t,  =  -exi[(N3d''°°-l-N[d2'“°)h=t(x,) 

-I-((N3S  -  N[L)d'’°°  +  (N^’S'^  -I-  N3H)d^'^)h±(x,)]  (28) 

t2  =  -ffa:,[h±(a:,)-(Ld’''”-S'^d''°°)/!*(x,)]  (29) 

where  and  h*  are  the  real  and  the  imaginary  parts  of  h*.  By  introducing 

2  2  2  2 
/i(a;,)  =  arg(l  ■fa;i(l  -  ^^) +  epaV±),  !^(a:i)  =  arg(l  -  ii(l  -  ^^)  -  ep„V±)  (30) 
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with  fM  =  Q  and  i/  =  0  for  e  =  0,  we  can  completely  explicitate  (28-29).  We  shall  do  this 
for  rci  =  ±1  (when  Y±  =  0).We  have 

-nn-  cos(^(±l))-isin('^(±l)) 

^  ’  ed{[2  =F  Wc  -  +  \ivi  -  Vi? 


where  Pa  and  Pa  stand  for  the  real  and,  respectively,  imaginary  parts  of  Pa-  Substitution 
into  (28-29)  shows  that,  at  the  endpoints,  the  stresses  and  the  electric  displacements  have 
the  same  order  (in  e)  as  those  given  at  the  infinity.  In  the  purely  elastic  case,  this  result 
was  obtained  in  Homentcovschi  and  Dascalu  (2000)  for  isotropic  materials. 

Consider  now  a  lemon-shaped  piezoelectric  inclusion.  In  this  case,  the  boundary  C  is 
described  by  „  ,  .  „. 

S(a:i)  =  0;  I3(ii)  =  (l-a^?f  (32) 

With  these  solutions,  we  obtain  the  displacement-like  vectors  at  the  interface  as 


u{x\)  =  £ 


■2ir^  3x\ 


(Sd''°°  -h  Hd^ 


1  -  X?)3  d^-^l 


and  the  interface  generalized  stresses 

=  _e  [3(2*2  _  i)((N3s  -  NrL))d'’~  +  (N^S^  +  N3H))d^'~) 

±3x,  -  £(;?(N3di-°“  Nfd^-^)]  (34) 

t2  =  £  [-(2rr?  -  1)(-Ld‘'“>  -I-  S^d2’°°)  ±  SuV'l  -  ^fd^'^)]  (35) 

2 

for  I  xi  1<  1.  ...  .u 

Since  the  vectors  ti  and  t2  have  physical  relevance,  it  is  important  to  compare  the 

formulae  (34-35),  with  the  corresponding  ones  (28-29),  for  elliptic  inclusions.  While  m  the 
elliptic  case  the  endpoints  mechanical  stresses  and  electric  displacements  have  the  same 
order  as  the  remote  fields,  for  a  lemon-shaped  inclusion  they  are  an  order-of-magnitude 
smaller.  That  is,  the  lemon-shaped  inclusion  is  more  convenient  than  the  elliptic  one, 
from  the  point  of  view  of  the  mechanical  resistance  of  the  composite  structure. 

Finally,  for  a  lemon  shaped  inclusion  we  give  the  generalized  displacements  and  stresses 
on  the  axis  Oxi  with  \  xi  |>  1.  We  have 


^(xi)  =  e{[-\ 


xf  —  1  -  xi) 


-\{s9n(x,)sf^^  -  +  Hd^’~)}  (36) 

where  sgn(x,)  =  1  for  a;i  >  1  and  sgnixi)  =  -1  for  s,  <  -1.  The  stress-like  vector 
functions  up  to  0(e)  are  given  by 


ti  =  e[-{l-2x\  +  2\xi\yJx\-\) 

X  ((NsS  -  NrL))d‘’°°  +  (Nfs^  +  N3H))d=®'~) 

t2  =  -£[|(l-2x?  +  2|^rl  v(^)(-Ld‘’°°  +  S^d'’°“)l 
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Note  that  at  the  endpoints,  the  formulae  (33-35)  and,  respectively,  (36-38)  provide  the 
same  fields  values. 

5.  CONCLUSIONS 

Uniform  valid  asymptotic  solutions  for  arbitrary-shaped  lamellar  inhomogeneities  embed¬ 
ded  in  infinite  piezoelectric  materials  were  obtained.  Real-form  expressions  of  the  elastic 
and  electric  fields  at  the  common  boundary  of  the  two  bodies  and  on  the  Oajj-axis,  outside 
the  lamellar  domain,  have  been  obtained. 

As  concrete  examples,  we  considered  the  case  of  an  elliptic  lamellar  piezoelectric  in¬ 
clusion,  corresponding  to  finite  curvature  radius  at  the  ends,  and  also  the  case  of  a  lemon¬ 
shaped  inclusion,  when  we  have  a  zero  radius  of  curvature  at  the  ends  of  the  body.  It 
was  found  that,  while  for  elliptic  piezoelectric  inclusions  the  perturbation  stresses  and 
electric  displacements  at  the  inclusion  ends  have  the  same  order  as  the  fields  given  at 
infinity,  for  a  lemon-shaped  inclusion  they  are  an  order-of-magnitude  smaller.  The  result 
is  important  since  the  stress  and  the  electric  displacement  concentrations  may  strongly 
affect  the  mechanical  resistance  of  composite  structures. 

Similar  solutions  have  been  obtained  for  rigid  inclusions  of  electric  conductor  and  also 
for  cracks  with/ without  inside  electric  field. 
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1.  SUMMARY 

This  paper  first  introduces  the  basic  concepts  and  postulates  pertaining  to  the  stochastic 
micromechanical  theory  of  discrete  material  systems.  Here,  continuum  mechanics  concepts  are 
generally  replaced  by  considerations  of  microstructural  response  variables  in  the  form  of  discrete 
statistical  functions.  Second,  the  deformation  kinematics  are  presented  in  the  light  of  the 
geometry  of  the  underlying  random  microstructure.  The  latter  is  established  within  well-defined 
measuring  scales  defining  the  levels  of  observation  into  the  material  system.  In  this  context,  the 
establishment  of  the  connection  between  the  response  behaviour  of  the  individual  elements  of  the 
microstructure,  their  interactional  effects,  and  the  observable  macroscopic  behaviour  would  be  an 
essential  requirement.  The  fulfilment  of  such  requirement  seems  possible  by  the  introduction  of 
the  principles  of  set  theory,  together  with  the  concepts  of  measure  theory.  The  formulation  of  the 
micromechanical  behaviour  of  the  discrete  material  system  is  then  attempted  via  material 
operators  within  the  scope  of  a  deformation  process  of  a  Markov-type  which  leads  to  Chapman- 
Kolmogrov  functional  presentation. 


2.  INTRODUCTION 


The  micromechanical  approach  has  been  recognized  as  a  promising  tool  for  the  description  of  the 
response  behaviour  of  engineering  materials  with  the  inclusion  of  the  so-called  'Hocar  or 
^^microstructurar  effects.  The  microstructure  of  a  large  class  of  such  materials,  however,  is 
discrete  in  the  sense  of  being  heterogeneous  and/or  discontinuous.  In  view  of  this  fact,  the  so- 
called  “deterministic  micromechanics”,  that  are  based  on  the  concepts  of  continuum  mechanics. 


could  no  longer  be  accepted  for  the  interpretation  of  the  experimental  results  concerning  the 
behaviour  of  discrete  materials.  It  has  been,  therefore,  increasingly  appreciated  that  a  more 
appropriate  representation  of  the  response  behaviour  of  real  materials  would  only  be  achieved  by 
including  the  random  characteristics  of  the  inherent  microstructure.  Further,  the  response 
behaviour  of  such  microstructure  is  often  time-  and/or  loading-history  dependent.  Thus,  the 
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inherent  deformation  process  and  its  space-  and  time-evolutions  are  expected  to  be  stochastic.  In 
this  context,  the  establishment  of  the  connections  between  the  response  behaviour  of  the 
individual  elements  of  the  microstructure,  their  interactional  effects,  and  the  observable 
macroscopic  behaviour  would  be  an  essential  objective.  Thus,  in  the  stochastic  micro¬ 
mechanical  formulations,  continuum  mechanics  concepts  are  generally  replaced  by 
considerations  of  microstructural  response  variables  in  the  form  of  discrete  statistical  functions. 
The  latter  are  established  within  well-defined  ''measuring  scales''  defining  the  levels  of 
observation  into  the  material  system.  Thus,  in  order  to  describe  the  mechanical  response  of  the 
material  from  a  microstructural  point  of  view,  it  is  necessary  to  consider  the  response  of  the 
individual  structural  elements  which  on  a  local  scale  could  differ  considerably  from  an  average 
response  if  the  phenomenological  continuum  approach  was  taken.  Such  local  deviations  in  the 
response,  which  are  usually  neglected  if  one  ignores  the  microstructure,  are  directly  related  to 
basic  properties  of  the  nonhomogeneous  material  system.  Accordingly,  the  present  analysis 
begins  with  a  definition  of  the  "structural  element"  of  the  particular  material  system  under 
consideration  and  deals  with  the  formulation  of  its  response  behaviour  in  a  probabilistic  sense. 
In  order  to  extend  the  analysis  to  the  practical  case  of  a  macroscopic  material  system,  it  is 
necessary  to  make  use  of  "intermediate  quantities"  arising  from  the  consideration  of  the  existence 
of  a  statistical  ensemble  of  structural  elements  within  an  intermediate  domain  of  the  material 
specimen.  Further,  it  is  equally  important  to  find  a  connection  between  the  microscopic  and  the 
macroscopic  response  formulations.  Thus,  the  analysis  aims  at  the  formulation  of  a  set  of 
"governing  response  equations"  for  the  structured  material  system  that,  in  contrast  to  the  classical 
continuum  mechanics  formulations,  are  based  on  the  concepts  of  statistical  theory  and 
probabilistic  micromechanics;  see  Axelrad  [1,2],  Haddad  [3,4],  and  Axelrad  and  Haddad  [5].  In 
this  context,  it  has  been  found  useful  to  employ  operational  representation  of  the  various 
relations.  Hence,  the  notion  of  a  "Material  Operator"  characteristic  of  the  response  behaviour  of 
an  intermediate  domain  of  the  material  is  introduced.  This  material  operator  provides  the 
connection  between  the  stress  field  and  the  occurring  deformations  within  the  material  domain 
under  consideration;  it  contains  in  its  argument  those  stochastic  variables  or  functions  of  such 
variables  distinctive  of  the  response  behaviour  of  the  microstructure. 


3.  THE  STOCHASTIC  MICROMECHANICAL  APPROACH 

The  following  four  basic  concepts  constitute  the  basis  of  the  stochastic  micromechanical 
approach  introduced  in  this  paper: 

1)  The  microstructure  of  the  material  being  dealt  with  is  random  in  nature.  This 
would  translate  into  both  geometrical  and  physical  randomness,  which  by  virtue 
would  lead  to  randomness  in  response  behaviour  on  the  microscopic  level. 

2)  In  view  of  the  randomness  of  the  microstructure,  as  stipulated  under  (i)  above,  the 
micromechanical  approach,  presented  here,  adopts  the  concepts  of  the 
mathematical  theory  of  probability  and  statistical  micromechanics.  As  the 
inherent  deformation  process  of  the  material  microstructure  is  often  time- 
dependent,  the  pertaining  evolution  process  will  be  generally  stochastic. 

3)  Three  measuring  scales. 

Structural  element.  Such  an  element,  be  it  physical  as  for  example  one  crystal  in  a 
polycrystalline  solid  or  numerical  as  in  the  identification  of  a  statistical  trial,  may 
be  indexed  and  countable.  A  structural  element  ‘k’  is  defined  as  the  smallest  part 
of  the  medium  that  represents  the  mechanical  and  physical  characteristics  of  the 
microstructure  at  the  'micro'  level.  In  case  of  a  polycrystal,  for  instance,  this 
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element  may  be  chosen  to  represent  an  individual  grain  {microelement)  of  the 
microstructure  as  well  as  the  binding  interaction  between  two  matching  grains. 
Mesodomain.  It  is  associated  with  a  countable  set  (finite)  of  structural  elements 
‘k’;  (k  =  1,  ,  n)  where  n  is  large  enough  to  comply  with  the  law  of  large 

numbers  of  statistical  theory.  The  'meso'  scale  is  of  utmost  significance,  in  the 
stochastic  micromechanical  approach,  since  it  defines  a  statistical  set  of  structural 
elements  where  all  the  statistics  of  the  physical,  geometrical  and  field  quantities 
governing  the  behaviour  of  the  elements  of  the  microstructure  are  considered. 
Macrodomain.  It  is  defined  as  the  union  of  disjoint  mesodomains.  It  is  the 
mathematical  manifold  representing  the  macroscopic  body  of  the  medium. 

4)  Material  operator.  It  provides  the  connection  between  the  stress  field  and  the 
occurring  deformations  within  the  particular  mesodomain  under  consideration. 
Such  material  operator  contains  in  its  argument  those  stochastic  variables  or 
functions  of  such  variables  distinctive  of  the  response  behaviour  of  the  real 
microstructure. 

3.1  Deformation  Kinematics 

Following  the  concepts  of  the  micromechanical  theory  of  structured  media  [1-6],  all 
microscopic  field  quantities  within  the  intermediate  domain  are  considered  to  be  stochastic 
functions  of  primitive  random  variables.  Thus,  the  components  of  the  microstress,  for  instance, 
are  seen  as  stochastic  functions  ’^^(r,t)  that  can  be  regarded  as  a  family  of  random  variables 
%  t{r)  within  the  intermediate  domain  depending  on  the  time  parameter  t,  or  a  family  of  curves 
depending  on  the  structural  element  position  vector  “V.  The  basic  kinematic  quantities 
pertaining  to  the  deformation  of  the  material  microstructure  considered  here  are  the  microelement 
deformation  vector: 


“  d:  “  di  ;  i  =  1,2,3 

and  the  interfacial  bonding  deformation  within  the  inter-elemental  boundary  ‘aP’  between  two 
adjoining  microstructural  elements  a  and  p,  i.e. 

-P  d:  “di  ;  j  =  1,2,3 

Within  a  mesodomain  of  the  medium,  the  above  kinematic  quantities  are  considered  to  be 
stochastic  functions  of  primitive  random  variables. 

The  basic  kinematic  parameters,  at  any  particular  time,  which  describe  the  changes  that 
have  taken  place  in  the  structural  element,  may  be  seen  as  the  outcome  (k)  due  to  the 
deformation  process  and  is  designated  by 

TiC  ?  =  l,2,...,m 

where  q  =  6  represents  the  number  of  basic  kinematic  parameters  above.  The  entire  set  of 
possible  outcomes  define  the  sample  space  5^,  i.e.  ’^qe^.  It  is  understood,  however,  that 
due  to  experimental  limitations,  q  cannot  be  determined  in  an  exact  fashion.  This,  then,  calls 
for  a  "parameter  cell"  type  of  formulation  which  is  common  in  statistical  mechanics.  Thus,  the 
event  H  is  taken  to  be  the  experimentally  specified  parameter  cell  in  X ,  such  that 
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2:(ii,  ti  +  Ati);EeX 

where  Ar|  is  the  experimental  range  of  the  measurement  of  the  kinematic  parameter.  Thus, 
during  the  deformation  process,  the  probability  of  the  kinematic  parameter  being  a  value  of  the 
event  E  is  a  probability  measure  that  changes  with  time  and  may  be  designated  by  {E}.  Thus, 
one  could  identify  this  probability  measure  by  arbitrarily  setting 

{“  T1  6  5  }  =  {n  =  £2} 


where  Q.  indicates  a  particular  value  of  the  event  E. 

Now,  consider  the  basic  kinematic  random  deformation  variable  (vector)  dt  (s)  for  some 
fixed  time  (s);  the  most  convenient  definition  of  such  variable  may  be  provided  by  the  choice  of 
the  image  set 


d,  (n  .  s)  =  11 

i.e.,  the  value  of  the  random  variable  at  this  particular  time  (s)  is  the  outcome  r\.  Furthermore,  the 
probabilistic  distribution  for  the  random  variable  is  established  by  the  condition  that  the  set 

{d,  (s)  <  n  }  =  {t|  6  X:  d,  (n  .  s)  ^ 

is  an  event  for  all  values  of  Q  e  X  •  The  basic  kinematic  stochastic  process  d^  can  be 
considered,  thus,  as  an  extension  of  the  foregoing,  as  a  family  of  random  variables  {d^  (s);  s,  t  > 
0),  where  its  probability  distribution  function  can  be  read  as 

p{d,  (a,t)}=p{d.  <n} 


3.2  Time-evolution  of  the  Distributions  of  Local  Strains  (Markovian  Models) 

The  theory  of  Markov  processes  provides  a  good  approximation  to  the  time-evolution  of 
the  distributions  of  local  strains  in  a  random  microstructure  [1,2].  In  discussing  such  Markovian 
models,  it  may  be  instructive  to  consider  first  the  response  of  the  material  during  the  “steady- 
state”,  whereby  the  stochastic  microstrain  e,  is  a  measurable  function  in  the  “time-continuous” 
case  satisfying  first  order  smoothness  conditions  in  that  space.  In  this  context,  One  can  consider 
a  one-parameter  family  of  transformations  or  mappings  (Lt)  such  that: 

L,  :  eX(£)  forall  t  6  T  :  [  0,  ~  ]  ;e,  s 

where  T  indicates  the  entire  range  of  the  experiment.  If  this  space  is  identified  with  the  space  of 
all  P^-regular  measurable  function  of  e,  and  correspondingly  of  e  g  2;(£)  ,  leads,  by  recognizing 
the  duality  with  the  stress-space  or  stress-rate  space,  respectively,  as  subspaces  of  the  probability 
space  X,  to  the  establishment  of  constitutive  relations  in  operational  form  (see  Axelrad  [1,2]). 
Hence,  considering  at  any  particular  time  t  g  T,  the  whole  process  Et  is  representable  by  a  set  of 
function  spaces  where  Et  is  a  measurable  function  in  the  “time-continuous”  case  satisfying  first 
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order  smoothness  conditions  in  that  space  [5].  Thus  considering  the  time-sequence 
ti  <  t2  <  — •  tn  »  one  may  define  an  operator  L^t  such  that: 

Lai  Er  (e)  =  E„1  (e)  ;  r  =  1,2,...  N  -  1,  At  =  tr+i  -  t,  (2) 

Hence  for  a  purely  reversible  response  by  using  the  probabilistic  distribution  of  microstrains  P®, 
one  has: 


P'  {  Er.,  (£)}=p'  {  E,  (e)};  r  =  1,2...  N  -1  (3) 

In  the  theory  of  Markov  processes,  this  operator  is  called  ''transition  probability.  It  plays  an 
important  role  in  the  description  of  the  transient  responses.  Considering  a  closed  time  interval 
[t,  s]  E  T  and  a  point  te  [t,s],  x  >  t,  this  transition  probability  satisfies  the  Chapman- 
Kolmogorov  relation  (e.g.,  Bharucha-Reid  [7]),  i.  e., 

P  {^s}=  Jp  {t,s}d  P  {t,s}  (4) 

Writing  a  Borel  set  related  to  the  strain  space  at  time  tr  corresponding  to  the  state  i  and  a  Borel 
set  at  time  t^  to  another  state y,  one  obtains  for  fixed  i,  j,  as  a  replacement  of  the  relation  (4),  the 
matrix  relation: 


Pij  (tr  +  ts)  =  Pik  (tr)  Pkj  (ts  )  (5) 

k 

for  all  possible  states  i,  j.  One  can  also  write  for  the  relationship  (5): 

P  (tr  +  ts)  =  P  (tr)  P  (ts)  (6) 

If  the  process  is  time-homogeneous,  it  has  been  shown  in  [1,2]  that  the  transition  probabilities 
Pij  (t)  E  P  satisfy  certain  limiting  conditions.  Hence,  it  may  be  concluded  that,  in  general  with 
reference  to  (6),  the  strain-time  behaviour  will  be  determined  by  the  initial  distribution  at  time  t 
and  the  above  transition  probabilities.  Consequently,  introducing  an  intensity  matrix  Q,  one  can 
rewrite  the  expression  (6)  in  form  of  a  matrix  differential  equation,  viz: 

^  =  Q  (t)  P  (t,s)  ;  [t  ,  s]  e  T  ;  P  (0)  =  I  (7) 

dt 

in  which  the  elements  of  Q(t)  can  be  denoted  by  an  intensity  factor  X,  i.  e., 


q..  ^  -  X  ,for  i  =  0,1,2  ...  and  q,.  = 


X  for  j  =  i  +  1 
0  otherwise 


(8) 
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4.  CASE-STUDIES 

The  presented  stochastic  micromechanical  approach  will  be  further  demonstrated  by  giving 
reference  to  two  classes  of  heterogenous  materials;  namely,  a  loading-history  dependent 
polysrystalline  solid  and  a  time-history  dependent  fibrous  structure. 


5.  CONCLUSIONS 

In  this  paper,  the  material  system  is  considered  as  a  heterogenous  medium  of  actual 
microstructural  elements.  These  elements  are  seen  to  exhibit  random  geometrical  and  physical 
characteristics.  Due  to  the  discrete  nature  of  the  microstructure,  the  inherent  deformation  process 
and  its  space-  and  time-  evolutions  are  seen  to  be  stochastic.  Thus,  the  overall  response  behaviour 
of  the  material  is  formulated  by  the  use  of  probabilistic  concepts  and  statistical  theory.  The 
formulation  of  the  micromechanical  behaviour  of  the  discrete  material  system  is  then  attempted 
via  material  operators  within  the  scope  of  a  deformation  process  of  a  Markov-type  which  leads  to 
Chapman-Kolmogrov  functional  presentation. 
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1.  ABSTRACT 

A  general  methodology  to  obtain  the  overall  strain-rate  of  powder  compacts  is  presented. 
The  strain-rate  is  derived  from  a  potential  function  that  depends  on  material  properties, 
relative  density  of  the  compact,  and  external  loads.  The  model  developed  and  implemented 
in  this  study  accounts  for  multiple  deformation  mechanisms  and  surface  energy  effects. 
Numerical  results  are  presented  for  the  case  of  diffusion-dominated  densification, 

2.  INTRODUCTION 

In  powder  densification,  the  closing  of  porosity  typically  occurs  by  various  deformation 
mechanisms  such  as  linear  elasticity,  rate-independent  plasticity,  power-law  creep,  diffusion 
along  the  interparticle  contacts  and  pore  surfaces,  and  interparticle  slip  (Ashby,  1974).  Most 
of  the  models  to  date  have  dealt  with  these  mechanisms  in  isolation,  and  hence  effects  of  their 
interaction  have  not  been  studied.  An  overview  of  the  analytical  investigations  into  powder 
compaction  can  be  found  in  the  work  of  Cocks  (1994), 

A  micromechanical  model  that  captures  the  coupled  action  of  power-law  creep 
deformation  in  the  bulk  of  the  consolidating  particles,  stress-driven  driven  diffusion  on  the 
interparticle  contact  areas,  and  surface  diffusion  on  the  void  surface  in  the  presence  of  surface 
energy  effects  is  employed  in  this  paper  (Subramanian  and  Sofronis,  2001a,  2001b). 
Following  Hill  (1967)  and  Sofronis  and  McMeeking  (1992),  a  constitutive  law  is  proposed  in 
the  form  of  a  strain-rate  potential  which  is  quantitatively  evaluated  and  validated  through 
numerical  computations. 

3.  MATERIAL  CONSTITUTIVE  LAWS 

The  bulk  of  the  particles  is  incompressible  and  obeys  the  creep  law 


where  =  (v.^  +  v^.  .)/2  is  the  creep  strain  rate,  v,  is  the  velocity,  0*"  is  the  creep  potential 
such  that 


\l+n 


l  +  n 


'^o^o\ 


(2) 


252 


Ge  =  ^'^sfy/2  is  the  effective  stress,  s.j  deviatoric  stress,  n  is  the 

creep  exponent,  Cq  and  Gq  are  material  parameters  in  the  uniaxial  tension  relation 
eje^  =(cr/cro)" ,  d..  is  the  Kronecker  delta,  »  and  the  superposed  dot  denotes 

differentiation  with  respect  to  time.  From  Eqs.  (1)  and  (2),  one  obtains  e^j  =  2>Cg]~^s.J2  , 
where  C  =  ^/cr''  is  the  creep  modulus. 


Diffusion  along  the  interparticle  contact  areas  or  the  pore  surface  is  driven  by  chemical 
potential  gradients  such  that 

j,  =  'Qd(yJds  (3) 

along  the  interparticle  area,  and 

4  =  d(y^k)lds  (4) 

along  the  pore  surface.  Here,  ^  and  are  the  volumetric  fluxes  per  unit  length  along  a 

direction  5  tangential  to  the  interparticle 
and  the  pore  surface  areas  respectively, 
q  =  /KT  and  q  =  /KT 

are  correspondingly  interparticle  and 
pore  surface  diffusivities  having 
dimensions  of  volume  divided  by  stress 
per  unit  time,  and  are  the 
corresponding  diffusion  coefficients, 
and  5^  are  the  corresponding  effective 
thicknesses  through  which  matter 
diffuses,  <T„  is  the  stress  normal  to  the 
contact  area  between  the  particles,  k  and 
Yp  are  respectively  the  curvature  and  the 

energy  of  the  pore  surface,  H  is  the 
atomic  volume  of  the  diffusing  species, 
K  is  Boltzmann’s  constant,  and  T  is  the 
absolute  temperature.  Further,  the  tangential  stresses  vanish  everywhere  on  the  interparticle 
contact  areas  since  these  are  assumed  to  be  freely  slipping. 

Matter  conservation  along  the  interparticle  contact  area  requires  (Subramanian  and 
Sofronis,  2001a) 

ds 

where  h{s)  is  the  normal  overlapping  rate  that  would  have  resulted  had  the  particles  been  free 
to  plough  into  one  another.  Along  the  pore  surface,  matter  conservation  dictates  that 


Figure  1.  The  interparticle  contact  area:  .s  is 
the  arclength,  n  is  the  unit  normal  vector,  CT„  is 
the  normal  stress,  is  the  flux  and  Ag(5)  is 
the  non-negative  gap  function. 


-\-h{s)  =  0 , 


(5) 


^  +  d(5)  =  0,  (6) 

ds 

where  a(5)  is  the  local  particle  expansion  rate  (Subramanian  and  Sofronis,  2001a),  measured 
normal  to  the  particle  surface,  and  is  positive  when  matter  is  deposited  on  the  pore  surface 
and  negative  when  the  pore  surface  is  eroded.  Equilibrium  at  any  arbitrary  point  on  the  pore 
surface  is  described  by  the  standard  Laplace  equation  (Rice  and  Chuang,  1981)  that  relates 
the  normal  stress  CT„  in  the  adjoining  bulk  material  to  the  local  curvature  k 


(7) 
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In  the  present  model,  surface  tension  jp  is  assumed  to  be  constant  and  therefore,  the 

tangential  stress  on  the  pore  surface  is  zero  (Rice  and  Chuang,  1981).  At  the  junction  of  the 
contact  area  and  the  pore  surfaces  (tip),  both  volumetric  flux  and  chemical  potential  are 
continuous. 


4.  THE  UNIT  CELL  MODEL  AND  DIMENSIONLESS  GROUPS 


The  problem  of  densification  of  a  periodic  square  array  of  cylinders  under  hydrostatic 
loading  is  considered.  Due  to  the  symmetry  of  the  square  particle  arrangement,  the 
densification  is  studied  by  considering  the  deformation  of  just  one  quadrant  of  the  cylinder. 
This  particular  choice  of  unit  cell  has  been  made  in  view  of  the  fact  that  the  normals  to  the 
contact  areas  are  known  a  priori.  This  offers  a  significant  simplification  with  respect  to  the 
numerical  evaluation  of  the  contact  areas  and  reduces  the  number  of  iterations  and 
computation  time  considerably.  Starting  with  the  variational  statement  of  Needleman  and 
Rice  (1980),  a  variational  scheme  has  been  developed  to  solve  the  initial  boundary  value 
problem  for  the  unit  cell  under  small-strain  conditions.  Details  of  this  small-strain  scheme 
can  be  found  in  Subramanian  and  Sofronis  (2001a,  2001b).  A  set  of  non-linear  finite  element 
equations  is  obtained  and  solved  for  the  displacement  increments  and  pore  surface  expansion 
increments.  Since  the  size  of  the  contact  areas  is  not  known  beforehand  and  the  particle  bulk 
deforms  nonlinearly,  the  numerical  scheme  is  iterative. 


The  overall  densification  of  the  aggregate  occurs  under  the  simultaneous  action  of 
multiple  mechanisms  characterized  by  a  large  number  of  parameters.  Therefore,  in  order  to 
interpret  the  results  of  numerical  computations  meaningfully,  it  is  necessary  to  obtain 
quantitative  measures  of  the  relative  strengths  of  these  mechanisms.  To  this  end,  a 
dimensional  analysis  has  been  performed  over  the  geometric,  material,  and  loading 
parameters,  leading  to  the  following  dimensionless  groups  (Subramanian  and  Sofronis, 
2001a,  2001b): 


Yb 
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Yu 
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where  R  is  the  particle  radius,  is  a  characteristic  size  of  the  area  over  which  interparticle 
diffusion  occurs,  and  is  the  applied  macroscopic  stress.  The  parameters  and  Xp 
measure  respectively  the  strength  of  the  interparticle  and  surface  diffusion  processes  relative 
to  the  power-law  creep  process  in  the  bulk;  and  represent  the  strengths  of  the  interface 
and  pore  surface  tension  in  relation  to  the  applied  stress.  With  regard  to  the  interparticle 
diffusion  length  scale  a ,  since  the  present  study  pertains  to  the  earlier  stages  of  densification 
when  the  size  of  the  contacts  is  quite  small  compared  to  the  radius  of  the  particles,  a  contact 
size  of  R/20  has  been  used  for  a. 


5.  STRAIN-RATE  POTENTIAL 

For  the  problem  at  hand,  an  admissible  stress  state  [^crj,  7]*]  is  defined  to  be  one  that  (i) 

obeys  the  equilibrium  equations  in  the  bulk  of  the  particles  A ,  (ii)  satisfies  traction  boundary 
conditions  such  that  T.  ~G^n.  is  equal  to  the  traction  specified  on  the  surface  {n  being 
the  unit  outward  normal)  where  tractions  are  prescribed,  and  (iii)  satisfies  the  Laplace  relation 
Gn  =  Ypk  relating  the  normal  stress  to  the  curvature  on  Sp .  On  the  other  hand,  by  definition, 

a  kinematically  admissible  state  j*'^  is  such  that  the  velocity  field  v*  (i)  possesses 
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continuous  first  partial  derivatives  in  A  so  that  ejj  =  (v,*  +  and  (ii)  relates  to  the  flux 

field  j*  through  the  mass  conservation  equation  (5)  on  5^ .  By  writing  out  the  principle  of 
virtual  power  for  any  admissible  stress  state  and  admissible  kinematic  state,  and  making 
appropriate  choices  for  each  of  these  (Subramanian  and  Sofronis,  2001b),  one  arrives  at  the 
following  expression  for  the  macroscopic  strain  rate  E.j : 


where 


(9) 


1 

n  + 1 


CardA+l-l^alds 


(10) 


is  the  macroscopic  potential  for  the  deformation  of  the  aggregate.  The  complete  solution  to 
the  initial  boundary  value  problem  for  the  unit  cell  yields  all  the  information  necessary  to 
numerically  compute  O . 

Computations  were  carried  out  to  simulate  the  hydrostatic  compaction  of  TiAl  wires  with 
a  radius  of  5  microns  at  625^  C.  Applied  stresses  Zjj  =  £32  =  ranged  from  200  to  600 
MPa  and  the  creep  exponent  n  used  was  2.  Under  these  conditions,  the  computations 
indicated  that  the  contribution  to  O  from  the  first  integral  of  Eqn.  (10)  was  negligible,  i.e., 
the  densification  was  diffusion-dominated.  Further,  the  computations  also  showed  that  the 
dimensionless  potential  was  proportional  to  1/Z^  .  Since  the  dimensionless  groups 

of  Eqn.  (8)  depend  on  material  and  particle  geometry  parameters  and  the  applied  stress  , 
O  is  sought  in  the  following  form: 


with  h{D)  = 

(11) 


D.-J1-D./D'  •'  ' 


where  =  njA  is  the  initial  relative  density  for  the  square  array,  i.e.,  when  the  cylinders  are 
in  point  contact,  and  b,  c,  kp  k^,  and  ^4  are  constants  to  be  determined.  The  expression 
above  for  h(D)  was  arrived  at  by  using  simple  qualitative  arguments  involving  the  power 
dissipated  through  interparticle  diffusion  and  the  geometry  of  the  particle  arrangement,  as 
detailed  in  Subramanian  and  Sofronis,  2001b.  Through  a  systematic  program  of 
computations,  the  undetermined  parameters  of  Eqn.  (11)  are  evaluated  and  the  final  result  for 
O  for  the  case  of  diffusion-dominated  densification  is 


O 


0.00469 


y  0.9338  y  0.0366 
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0.0120 


(12) 


Then,  the  in-plane  macroscopic  strain  rate  calculated 

straightforwardly  from  Eqn.  (9)  using  the  above  expression,  and  the  result  is 


E/C'S:_ 
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6.  DISCUSSION 


Figure  2.  Strain  rates  predicted  by  Eqn.  (13)  and  those  obtained  directly  from  FEM  calculations 
with  Xp  =  Wp  ~  0.001,  and  =  0.00033  \  Xb~^^  (^)  Xb  =  ^000  in  (b). 


The  predictive  capabilities  of  Eqn.  (12)  were  evaluated  using  comparisons  of  Eqn.  (13) 
with  strain  rates  obtained  directly  from  finite-element  computations.  Shown  in  Fig.  3a  is  the 
comparison  for  a  case  of  pore  surface  diffusion  that  is  fast  relative  to  interparticle  diffusion, 
which  itself  is  faster  than  the  power-law  creep  process,  whereas  in  the  Fig.  3b  the  diffusion 
processes  are  of  comparable  strengths,  both  being  much  faster  than  the  creep  process.  The 
figures  show  that  in  both  cases,  the  present  model  predicts  the  macroscopic  strain  rates  very 
accurately.  Indeed,  more  such  comparisons  were  made  for  the  cases  of  extremely  fast  surface 
diffusion  and  very  slow  surface  diffusion,  and  even  in  these  cases  the  present  model  is  very 
effective  in  predicting  the  strain  rates  (Subramanian  and  Sofronis,  2001b).  Thus,  the 
predicted  strain  rates  are  accurate  over  a  wide  range  of  material  and  loading  parameters,  and 
therefore  one  can  deem  the  present  model  to  be  a  fairly  robust  one  for  diffusion-dominated 
densification. 

Although  the  present  model  is  similar  to  existing  models  (McMeeking  and  Kuhn,  1992; 
Riedel,  1990)  in  that  it  pertains  to  diffusion-dominated  densification,  it  differs  markedly  in 
that  it  accounts  for  pore  surface  diffusion  of  arbitrary  strength,  as  well  as  surface  energy. 
Numerical  results  indicate  that  the  neglect  of  these  features  leads  to  significantly  different 
macroscopic  strain  rates  (Subramanian  and  Sofronis,  2001b). 

7.  CLOSURE 


A  general  framework  for  the  derivation  of  macroscopic  constitutive  laws  for  powder 
compaction  has  been  presented.  This  framework  has  been  applied  to  the  case  of  diffusion- 
dominated  isostatic  compaction  of  cylinders.  The  procedure  used  is  based  on  numerical 
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computations  starting  from  point  contact  between  particles  and  studying  the  evolution  of 
deformation  with  time.  The  derived  constitutive  law  has  been  shown  to  be  very  sensitive  to 
relative  density;  and  is  almost  linearly  dependent  on  the  interparticle  diffusion  strength. 
Further,  it  exhibits  significant  dependence  on  the  pore  surface  energy  and  the  rate  of  the  pore 
surface  diffusion  process. 
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1.  SUMMARY 

A  constitutive  micropolar  model  to  describe  the  mechanical  behaviour  of  masonry-like 
systems  (i.e.  brick-block  masonry,  jointed  rocks,  matrix/particle  composite)  is  proposed.  The 
model  is  derived  by  requiring  the  equivalence  in  terms  of  virtual  work  with  a  lagrangian 
system  of  rigid  interacting  particles.  Assuming  linear  elastic  or  no-tension  and  frictional 
interactions  for  the  discrete  assembly,  linear  elastic  and  non-linear  response  functions  for  the 
stress  measures  of  the  Cosserat  continuum  are  derived  respectively.  This  model  proves 
effective  in  modelling  problems  in  which  the  work  of  the  skew-symmetrical  part  of  the  stress 
or  the  work  of  the  microcouples  is  important. 

2.  INTRODUCTION 

A  micropolar  continuum  equivalent  to  discrete  systems  of  rigid  particles  interacting  two  by 
two  is  proposed.  It  can  represent  the  behaviour  of  brick/block  masonry  as  well  as  jointed 
rocks  or  matrix/particle  composites.  The  behaviour  of  these  media  depends  on  the  mechanical 
properties  of  the  constituents  and  is  strongly  influenced  by  the  shape,  the  size,  the  orientation 
and  the  arrangement  of  the  units.  Although  a  detailed  modelling,  based  on  the  description  of 
these  media  as  discrete  systems,  is  the  most  obvious  way  of  taking  into  account  the  above 
features  [1],  it  is  often  advisable  to  opt  for  a  macroscopic  modelling  in  terms  of  continuum. 

In  earlier  works  [2,  3],  an  integral  procedure  of  equivalence  has  been  adopted  to  identify  the 
effective  moduli  of  a  linear  elastic  Cosserat  continuum.  According  to  the  molecular  theory  of 
elasticity  [4],  this  procedure  requires  the  equivalence  of  the  virtual  power  expended  by  a 
lagrangian  system  of  interacting  blocks  and  the  micropolar  continuum  in  “corresponding” 
motions.  Even  in  the  elastic  frame,  such  Cosserat  continuum  shows  various  important 
possibilities:  the  possibility  of  tacking  into  account  the  geometry  and  the  texture  of  the  units, 
besides  the  mechanical  properties  of  the  components;  the  possibility  to  discern  the  behaviour 
of  systems  made  of  different  size;  the  possibility  to  describe  the  effect  of  the  geometrical  and 
mechanical  unsymmetries  along  different  planes.  These  last  two  features  cannot  be  described 
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using  a  Cauchy  continuum.  Moreover,  with  regard  to  the  first  feature,  the  response  of  a 
Cauchy  material  is  even  less  marked,  compared  to  a  Cosserat  continuum,  to  the  variation  in 
the  masonry  texture,  that  is  the  variation  of  the  symmetry  class  of  the  material.  This  because 
the  symmetry  group  of  the  Cosserat  material,  which  proves  to  correspond  to  the  one  of  the 
lagrangian  system,  is  in  general  included  in  the  symmetry  group  of  the  classical  material  [3], 
In  this  work,  in  order  to  take  into  account  the  low  capability  to  carry  tensions  and  the  friction 
at  the  interfaces  between  elements,  a  non-linear  constitutive  micropolar  model  is  derived 
using  the  same  equivalence  procedure  and  defining  non-linear  response  functions  for  the 
interactions  in  the  lagrangian  system.  The  non-linear  problem  is  solved  through  a  finite 
element  procedure  based  on  the  iterative  adjustment  of  the  constitutive  tensor  due  to  the 
occurrence  of  some  limit  situation  for  the  contact  actions  in  the  discrete  model.  Various 
numerical  analyses  carried  out  on  masonry  walls,  made  of  blocks  of  different  size,  point  out 
the  above  essential  features  and  the  differences  between  the  classical  and  the  micropolar 
model,  which  are  amplified  in  the  non-linear  frame. 


2.  LINEAR  ELASTIC  EQUIVALENT  CONTINUUM 

To  describe  the  mechanical  behaviour  of  masonry-like  materials  we  resort  to  two  distinct 
models:  a  lagrangian  system  of  rigid  bodies  interacting  two  by  two  through  longitudinal, 
transversal  and  rotational  springs  (micromodel)  and  a  micropolar  continuum  (macromodel). 
To  evaluate  the  constitutive  functions  we  employ  a  procedure  of  equivalence  in  terms  of 
virtual  work  between  the  micro  and  the  macromodel  [2].  Selected  a  small  representative 
periodical  neighbourhood  of  particles  named  “module”,  the  rigid  particles  of  the  module  are 
considered  corresponding  to  the  material  points  of  a  neighbourhood  of  the  Cosserat 
continuum.  By  assuming,  in  a  linearised  frame,  a  correspondence  with  the  strain  measures  of 
the  micropolar  continuum:  U=gra^/w-W  and  R=gradW  -  where  w(X)  and  W(X)  are 
respectively  the  vector  of  the  displacement  and  the  skew-symmetric  tensor  of  the  rotation 
(microrotation)  of  a  point  X  of  the  continuum  -  the  strain  measures  of  the  module  result 
expressed  in  terms  of  smooth  homogeneous  fields.  By  asking  the  equivalence  between  the 
virtual  mean  work  of  the  micromodel,  over  the  volume  of  the  module  V,  and  the  virtual  work 
density  of  the  macro-model,  the  stress  measures  of  the  micropolar  continuum  -  represented  by 
the  second  order  stress  tensor,  S,  and  the  thirty  order  couple-stress  tensor,  C  -  are  obtained  as 
functions  of  the  contact  actions  of  the  module  -  the  vector  of  the  contact  forces,  tc,  and  the 
skew- symmetric  tensor  of  the  contact  couples,  Cc  -  and  as  functions  of  the  fabric  vectors  (B- 
A),  (C-A),  (C-B),  (A-X)  and  (B-X)  which  represent  the  geometry  of  the  module 

=  ®[(C-B)®(B-A')-(C-A)®(/i-A')] 

+  C^,®(B -/!)), 


Assuming  linear  elastic  response  functions  for  the  contact  actions  of  the  module,  and 
resorting  to  the  above  mentioned  correspondence  between  the  kinematical  descriptors  of  the 
two  models,  we  obtain  these  actions  terms  of  continuum  strain  measures 


t,  =  {U(S  -  A)  +  [R(S  -  X  )](C  -  5)  -  [R(A  -  X  )](C  -  A) ) 
C,=K;R(5-A), 


(2) 
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where  the  second  and  fourth  order  tensors  e  ,  the  stiffness  tensor  and  the  drilling 
stiffness  tensor  respectively,  have  for  components  the  stiffness  of  the  springs  interposed 
among  the  particles.  Then  the  linear  elastic  constitutive  relations  of  the  micropolar  equivalent 
model  write 


S  =  A(U)  +  B(R)  (3) 

C  =  C(U)  +  D(R), 

where  the  constitutive  tensors  A,  B,  C,  D,  of  the  fourth,  fifth,  fifth  and  sixth  order 
respectively,  have  components  which  depend  on  the  elastic  constants  of  the  matrix,  the  shape, 
the  size,  the  arrangement  and  the  orientation  of  the  elements.  In  addition,  for  hyperelastic 
materials  it  has  A=A^,  B=C  and  D=D^,  where  "T"  and  "t”  are  the  major  and  the  minor 
transposition  index  respectively.  The  internal  length  parameter  typical  of  the  microstructure 
does  not  appear  in  the  tensor  A.  For  materials  with  periodical  internal  structure  (materials 
with  the  central  symmetry)  the  tensors  B  and  C  are  zero  and  the  contact  actions  on  the 
module  as  functions  of  the  continuum  stress  measures  are 

tc  =Kc{(A-^S)(S-A)  +  [(D-^C)(B-X)](C-B)-[(D-^C)(>1-X)](C-A))  (4) 

Cc=K^(D-^C)(B-A), 

Since  the  constitutive  functions  of  a  Cosserat  continuum  accounts  for  the  dimensions  of  the 
bricks,  it  proves  effective  to  take  properly  into  account  the  scale  effects.  On  the  contrary,  a 
simple  (grade  1)  Cauchy  model  cannot  include  any  internal  length  scale  and  is  inadequate  to 
describe  the  variation  of  the  response  when  the  dimensions  of  the  bricks  change. 

Therefore,  due  to  the  presence  of  an  internal  length  scale  the  micropolar  model,  differently 
from  the  classical  model,  can  adequately  treat  problems  in  which  the  dimension  of  the 
macroscale  is  bigger  or  of  the  same  order  of  magnitude  of  the  microscale,  as  for  example  in 
presence  of  load  or  geometrical  singularities.  In  this  case  the  work  of  the  couple-stress  can  be 
important  and  the  micropolar  solution  can  greatly  differ  from  the  classical  solution. 

As  an  example  a  two-dimensional  wall,  made  of  an  orthotropic  texture,  subjected  to  a  couple 
of  forces  with  vanishing  resulting  torque  acting  along  the  diagonal  between  its  left  top  edge 
and  its  right  bottom  edge  was  analysed  as  a  discrete,  as  a  Cosserat  and  as  a  Cauchy  model. 
The  Cauchy  equivalent  model  was  obtained  by  properly  constraining  the  Cosserat  model 
(Appendix  in  [2]).  The  discrete  solution  was  obtained  by  means  of  a  standard  general  purpose 
F.  E.  program  using  rigid  constraint  equations  for  the  bricks  and  two  nodes  elastic  springs  for 
the  joints.  The  results  from  the  Cosserat  continuum  were  evaluated  by  means  of  a  F.E. 
discretization  using  a  three  nodes  triangular  element  having  three  degrees  of  freedom  per 
node:  two  in-plane  translations  and  one  in-plane  rotation.  The  same  plane  element  without  the 
drilling  degree  of  freedom  was  employed  to  obtain  the  Cauchy  solution.  In  Figure  1  the 
contour  lines  of  the  vertical  component  of  the  displacement  for  the  three  models  are  shown. 
The  results  obtained  with  the  discrete  model  are  in  a  good  agreement  with  the  ones  obtained 
with  the  Cosserat  equivalent  model  while  they  substantially  differ  with  the  results  of  the 
Cauchy  model. 

The  differences  between  the  response  of  a  micropolar  and  a  classical  continuum,  both 
equivalent  to  the  same  discrete  assembly,  has  been  widely  investigated  with  reference  to 
masonry  walls  made  of  bricks  of  various  dimensions  and  dispositions  [2,  3].  As  in  the  case 
here  analysed,  the  results  of  the  Cauchy  model,  which  are  independent  on  the  size  of  the 
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bricks  and  weakly  depend  on  the  change  in  their  disposition,  generally  differs  from  those  of 
the  discrete  and  the  micropolar  model,  which  are  very  sensitive  to  the  variation  of  the  size 
and  the  texture  of  the  units.  Moreover,  we  showed  that  the  Cosserat  continuum  does  not 
behave  as  a  Cauchy  continuum  even  when  the  size  of  the  bricks  is  small  with  respect  to  the 
dimension  of  the  wall,  unless  the  masonry  has  at  least  the  orthotetragonal  symmetry,  that  is 
unless  the  masonry  is  made  of  square  bricks  assembled  together  without  interlocking. 
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Figure  1 :  Wall  with  concentrated  diagonal  load.  Contour  lines  for  the 
vertical  component  of  displacement  in  the  micromodel  and  in  the  macromodels 


3.  NON-LINEAR  CONTINUOUS  MATERIAL 

Just  think  to  the  low  tensile  strength  of  masonry-like  systems  the  constitutive  behaviour 
cannot  often  be  linear  elastic.  The  non-linear  constitutive  model  is  derived  by  checking  the 
admissibility  of  the  stress  on  the  lagrangian  system  and  by  constructing,  using  the  above 
mentioned  equivalence  procedure,  the  macroscopic  constitutive  tensor  step-by-step. 

Since  we  consider  materials  with  elements  dry-assembled  or  with  joints  filled  by  poor  and 
scattered  mortar,  the  lack  of  coherence  is  supposed  concentrated  along  the  joints.  The  contact 
surfaces  between  elements  are  modelled  using  non-linear  longitudinal,  transversal  and 
rotational  springs,  while  the  elements  are  supposed  to  have  infinite  strength  and  are  still 
modelled  as  rigid.  Friction  along  the  joints  is  also  considered. 

The  assumption  that  bricks  cannot  break  is  not  restrictive  in  a  continuum  smeared  conception 
and,  on  the  other  end,  we  wish  focus  the  attention  on  investigation  of  the  influence  of  the 
geometry  of  the  assembly  on  the  ultimate  behaviour  of  the  masonry  rather  than  of  the 
strength  of  the  units. 

Restricting,  for  simplicity,  the  analysis  to  the  two-dimensional  frame,  we  assume  that  the 
contact  forces  on  each  joint  of  the  micromodel  are  subject  to  the  inequalities 


tc  nc<a  (5) 

|tc-iiic|<tan(^(a-t<.-nc) 

|Ccnc®mc|<^(fl-tcnc) 

where  iic  and  nic  are  the  unit  vectors  outward  normal  and  tangent  to  the  c-th  joint,  ^  is  the 
friction  angle,  d  the  width  of  the  joint,  a=tgfy  is  the  cohesion  force. 
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Until  the  inequalities  (5)  are  verified  the  contact  forces  and  couples  are  linear  elastic.  When 
one  of  the  limits  (5b,  5c)  is  exceeded,  the  contact  force  tangential  to  the  joint  and  the  contact 
couple  are  maintained  equal  to  their  limit  value  and  the  joint  is  considered  partially  fractured. 
If  the  limit  (5a)  is  reached  the  contact  force  normal  to  the  joint  is  relaxed  and  the  joint  is 
considered  completely  fractured. 

Such  an  approach  is  generally  implemented  by  writing  yield  relations  in  the  stress  space  of 
the  equivalent  continuum  model,  starting  from  the  analysis  of  yield  situations  in  the 
micromodel  according  to  various  standards  [5].  However,  just  looking  to  Equations  (4),  when 
the  macromodel  is  provided  with  a  microstructure,  the  relations  between  the  stresses  in  the 
continuum  and  the  internal  actions  in  the  discrete  are  much  complex.  Therefore,  to  obtain 
explicitly  the  yield  criteria  on  S  and  C  can  be  a  difficult  task. 

We  thought  more  useful  to  adopt  a  different  approach:  we  test  the  compatibility  of  the  action 
directly  in  the  micromodel,  working  in  one  or  two-dimensional  stress  spaces,  avoiding  the 
problematical  definition  of  yield  surfaces  in  the  macromodel.  We  set  up  an  algorithm 
working  for  small  load  steps  as  follows: 

(i)  Given  a  load  step,  the  continuum  problem  with  a  finite  elements  technique  is  solved. 

(ii)  Through  the  expressions  (4)  the  contact  actions  for  each  joint  of  the  module  are 
defined. 

(iii)  The  compatibility  of  the  contact  actions  is  checked  in  the  micromodel  through 
inequalities  (5).  If  the  compatibility  is  not  fulfilled  the  constitutive  tensors,  e 

,  are  modified  by  cancelling  the  relevant  terms  and  the  corresponding  increments 
of  the  components  of  the  contact  actions. 

(iv)  By  the  explicit  expressions  obtained  using  the  equivalence  procedure,  the  components 
of  the  new  tensor  of  the  continuum  equivalent  to  the  “fractured”  discrete  are 
estimated  and,  with  the  usual  techniques,  the  new  stiffness  matrix  is  evaluated. 

(v)  The  load  is  increased  and  the  algoritm  goes  back  to  point  (i). 

The  cycle  stops  at  the  end  of  the  load  path  or  when  it  is  no  longer  possible  to  find  a  balanced 
solution  to  the  field  problem. 

In  order  to  make  comparisons  the  same  algorithm,  using  plane  stress  triangular  finite 
elements  and  checking  the  static  admissibility  with  the  first  two  inequalities  of  (5),  gives  the 
classical  solution. 

As  sample  problem  an  orthotropic  masonry  wall  -  size  400x400  -  subjected  to  a  raked  body 
force,  in  the  1 :6  ratio  between  the  horizontal  and  the  vertical  component,  was  analysed.  This 
is  the  classical  problem  of  the  simplified  modelling  of  the  seismic  actions  as  static  forces.  By 
modifying  the  value  of  the  cohesion  linear  and  non-linear  solutions  for  the  Cosserat  and  the 
Cauchy  model  were  obtained.  Moreover,  the  micropolar  solution  was  obtained  by  varying  the 
size  of  the  bricks.  In  the  linear  elastic  field,  the  differences  observed  between  the  Cosserat 
and  the  Cauchy  models  are  slight;  in  addition  the  size  of  the  blocks  is  not  crucial.  These 
effects  are  due  to  the  substantial  regularity  of  the  load  and  to  a  not  significant  work  of  the 
skew-symmetrical  stress  and  of  the  couple-stress. 

Figure  2  shows  the  contour  lines  of  the  vertical  component  of  the  displacement  fields  with 
respect  to  the  micropolar  model  with  large  bricks  -  heightxlength:  10x20  -  (a);  to  the 
micropolar  model  with  small  bricks  -  1x2  -  (b)  and  to  the  Cauchy  model  (c).  The  classical 
continuum  model  provides  results  that  do  not  depend  from  the  size  of  the  blocks. 

Unlike  the  linear  solution,  the  work  of  the  couple-stress  varies  with  the  size  of  the  bricks 
which  greatly  affects  the  results.  This  different  behaviour  is  a  direct  result,  proved  both  by 
experimental  tests  and  by  the  computation  of  the  collapse  multiplier  through  non-linear 
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programming  techniques  [1].  In  the  cases  (b)  and  (c)  a  band,  on  the  right  of  the  panel,  stands 
out  where  there  is  a  concentration  of  all  the  strains,  and  in  a  sense,  of  the  "break"  in  the  wall. 
In  the  case  (a),  instead,  the  bigger  size  of  the  block  prevents  their  relative  rotation  among  and 
their  crumbling. 


Cosserat  10X20  Cosserat  1X2 


Cauchy 


Figure  2:  Wall  with  inclined  body  action. 

Contour  lines  for  the  vertical  component  of  displacement  in  the  Cosserat 
model  with  large  bricks  (a),  small  bricks  (b)  and  in  the  Cauchy  model  (c). 


4.  CONCLUDING  REMARKS 

The  response  of  masonry-like  materials  with  internal  structure  strongly  depends  on  the  shape, 
the  size  and  the  disposition  of  their  elements.  To  describe  the  mechanical  behaviour  of  these 
media  a  continuum  model  which  retains  memory  of  the  geometry  of  the  assembly  and 
particularly  of  the  dimensions  of  the  bricks,  like  a  Cosserat  equivalent  continuum  should  be 
preferred  to  a  simple  (grade  1)  classical  continuum.  In  particular,  the  micropolar  model 
proves  effective  whenever  the  work  of  the  non-standard  components  of  stress  is  prominent. 
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1.  INTRODUCTION 

Internal  length  scales  may  be  elaborated  in  the  constitutive  theory  in  a  natural  way  by 
assuming  the  hypothesis  of  “substructure”  assigned  to  every  material  point.  If  this 
substructure  behaves  like  a  rigid  body  which  may  be  rotate  then  the  continuum  is  called 
micropolar.  The  aim  of  the  paper  is  to  present  a  micropolar  plasticity  theory,  which  satisfies 
the  second  law  of  thermodynamics  in  every  admissible  process.  For  the  sake  of  simplicity 
only  kinematic  hardening  is  considered. 


2.  PRELIMINARIES  -  DECOMPOSITION  OF  DEFORMATION 

2.1  NOTATION 

In  the  following  we  consider  isothermal  deformations  and  write  <p{t)  for  the  material  time 
derivative  of  a  function  (p(t),  where  t  is  the  time.  We  use  bold  face  letters  for  second-order 
tensors.  In  particular  1  represents  the  identity  second-order  tensor  and  A^  denotes  the 
transpose  of  a  second-order  tensor  A.  We  write  trA  for  the  trace  of  A,  A^  =  A  —  1/3  (trA)l  for 
the  deviator  of  A  and  A  •  B  =  tr(AB^)  =  tr(A^B)  for  the  inner  product  of  A  and  B.  Also  we  use 
the  notation  A^"^  =  (A"')^,  provided  that  A"^  exists. 

2.2  DECOMPOSITION  OF  DEFORMATION 

Consider  a  material  body  B,  which  occupies  a  region  Rr  in  the  three  dimensional  Euclidean 
point  space  E  in  the  reference  configuration  (t  =  0).  Each  particle  of  the  material  body  B  can 
be  identified  by  a  position  vector  X  to  the  place  X  in  Rr  after  having  chosen  a  fixed  point 
(origin)  in  E.  The  configuration  at  time  t  is  called  actual  configuration  Rt.  The  position  of  a 
particle  with  place  x  in  this  configuration  is  identified  by  the  position  vector  x. 
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Fig.  1:  Motion,  reference  and  actual  configuration. 

A  motion  of  B  in  E  is  described  by  the  relation 

x  =  x(X,0.  (2.1) 

The  deformation  gradient  tensor  corresponding  to  (2.1)  is  denoted  by 
3x 

F  =  F(X,  0  =  -^  =  grad  X  .  (2.2) 

oX 

For  F  (det  F  >  0)  the  polar  decomposition 


F  =  RU  =  VR 


(2.3) 


applies,  where  R  represents  a  proper  orthogonal  second- order  tensor. 

Following  Eringen  et  al.  [2,  3,  4],  (cf.  also  Mindlin  [5]),  we  define  a  micropolar  continuum  to 
have  attached  to  every  material  point  a  substructure.  The  substructure  itself  behaves  like  a 
rigid  body,  which  may  be  rotate,  the  rotation  tensor  being  R .  Using  R ,  tensors  U  and  V 
may  be  defined  by 

F=rU  =  VR.  (2.4) 

In  order  to  introduce  some  strain  measures,  we  first  concentrate  on  pure  elasticity.  In  this  case 
the  specific  free  energy  function  y/  is  supposed  to  depend  on  F,  R  and  GRAD  R : 

y/  =  y/^F,  R,  GRADr). 


(2.5) 
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G/MDR  introduces  an  internal  length  scale  in  the  constitutive  theory.  With  respect  to 
convective  coordinates,  it  is  given  by 

GRADR  =  ^®Gi,,  (2.6) 

06 

SO  that  GRADR  represents  a  third-order  tensor.  By  using  the  principle  of  material  objectivity, 
it  is  a  routine  matter  to  obtain  the  reduced  form 


^=i^(£,k)  (2-7) 

where 

£=U-1,  (2.8) 

K  =  R^  GRADR.  (2-9) 


In  these  equations,  e  is  the  micropolar  Lagrangean  strain  tensor  and  K  the  Lagrangean 
curvature  tensor.  Rate-dependent  or  rate-independent  elastic-plastic  material  properties  may 
be  described  by  assuming  the  multiplicative  decompositions 

F  =  F,Fp,  R  =  ReRp,  (2.11) 


which  introduce  a  so-called  plastic  intermediate  configuration  (see  Fig.  2). 

Moreover,  det  Fp>  0  and  det  R  p>  0  are  assumed  to  apply  so  that  the  polar  decompositions 


F,=RpU, 


(2.12) 

(2.13) 


apply  as  well. 
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Fig.  2:  A  sketch  of  the  decomposition  of  deformation. 


It  can  be  shown  (see  Grammenoudis  et  al.  [6])  that  the  multiplicative  decompositions  of  F  and 
R  imply  additive  decompositions  for  e  and  K  in  the  form 

e  =  +  (2.14) 

K  =  K,+K^,.  (2.16) 

Also,  these  decompositions  of  strains  may  be  transformed  to  the  actual  and  the  plastic 
intermediate  configurations,  the  counterparts  of  e  ,  K  being  e  ,  K  and  e  ,  K  ,  respectively. 

3.  SECOND  LAW  OF  THERMODYNAMICS 

We  assume  isothermal  deformations  with  uniform  distribution  of  temperature.  Then,  the 
generalized  Clausius-Duhem  inequality  for  micropolar  materials  (cf.  Eringen  et  al.  [2,  3,  4]) 
reads  as  follows: 

S-e+S,-K-p^V^>0.  (3.1) 

Here,  is  the  mass  density  in  the  reference  configuration,  S  the  weighted  Cauchy  stress 

A  A 

tensor  and  S^.  the  so-called  weighted  couple  stress  tensor,  respectively;  e  ,  K  denote  specific 
objective  derivatives  as  defined  in  Grammenoudis  et  al.  [6].  Note  in  passing  that  S,  e  are  non- 
symmetric  second-order  tensors.  As  above,  y/  is  the  specific  free  energy  function,  which  now 
is  supposed  to  obey  the  decomposition 

y/(t)=  \f/,(t)+  (3.2) 


3.1  ELASTICITY  LAWS 


The  free  energy  function  y/is  supposed  to  exhibit,  with  respect  to  the  reference  and  plastic 
intermediate  configuration,  the  following  representations: 

¥e  kJ=»?^,(£,e,,K,kJ.  (3.3) 

By  inserting  (3.2),  (3.3)  into  (3.1),  and  by  using  standard  arguments,  the  potential  relations 


t=p„^. 

ds, 

aK. 


(3.4) 


T,=p* 


may  be  established,  where  T  and  T^  represent  counterparts  of  S  and  S^,  respectively  in  the 

plastic  intermediate  configuration.  This  way,  after  some  algebraic  calculations,  the  second  law 
(3.1)  reduces  to  the  dissipation  inequality 
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where  use  has  been  made  of  the  definitions 

(3.6) 

(3.7) 


P:=(l+e^)t, 


3.2  KINEMATIC  HARDENING 


We  focus  attention  on  pure  kinematic  hardening  and  define  y/p  to  obey  the  representation 

(3.9) 

where  Y  and  are  strain  and  curvature  measures  responsible  for  kinematic  hardening  with 
geometrical  meaning  similar  to  that  of  and  K^,  respectively.  The  counterparts  of  Y  and 
Y^,  with  respect  to  the  reference  configuration  are  Y  and  Y^ , 


Next,  we  introduce  the  thermodynamic  conjugated  forces 

aY 

d\If„ 

z 

c  3y 


(3.10) 


and  define  back-stress  tensors  by 
^  ;=  (1  -  Y  "  )Z  , 


(3.11) 

(3.12) 


respectively.  It  follows  that  the  dissipation  inequality  (3.5)  may  be  recasted  in  the  form 

D  =  (3.13) 

In  order  to  exploit  this  inequality,  we  postulate  the  existence  of  a  yield  function 


(3.14) 


Plastic  flow  occurs  for/=  0  and  plastic  loading.  Also,  the  associated  normality  rules  ( s  >  0 ) 


f  ^  ^ 

£>p 

=  S 

ap 

A 

a/ 

ap, 

\  ^  J 

(3.15) 
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are  assumed  to  apply.  Then,  it  can  be  shown  (see  Grammenoudis  et  al.  [6]),  that 
D  =  Zp+i-p,>0  (3.16) 


is  a  sufficient  condition  for  (3.13).  Finally,  evolution  equations  governing  the  response  of 
kinematic  hardening  may  be  derived  as  sufficient  conditions  for  the  validity  of  (3.16): 


P  =  M[Z], 


(3.17) 


4.  CONCLUDING  REMARKS 

The  micropolar  plasticity  model  proposed  has  to  be  extended  in  order  to  take  into  account 
isotropic  hardening  effects.  However,  it  is  convenient,  above  all,  to  implement  the  theory  in  a 
finite  element  code.  This  will  enable  to  check  the  capabilities  of  the  developed  theory  as  well 
as  to  compare  the  predicted  responses  with  those  according  to  other  models  involving 
nonlocalities,  like  that  of  Aifantis  [1]. 
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1.  INTRODUCTION 

Plastic  anisotropy  effects  may  be  described  by  employing  in  the  constitutive  theory  a  set  of 
suitable  defined  internal  variables.  These  variables  have  to  model  the  hardening  response  of 
the  material  under  consideration  as  e.g.  to  describe  the  rotation  of  some  symmetry  axes.  Such 
axes  are  imagined  to  be  related  with  the  development  of  the  material  substructure  assumed, 
or,  correspondingly,  with  the  state  variables  characterizing  this  development. 

2.  PRELIMINARIES  -  NOTATION 

We  consider  isothermal  deformations  and  write  (p(t)  for  the  material  time  derivative  of  a 
function  (p{t) ,  where  t  is  the  time.  Second-order  tensors,  like  vectors,  are  denoted  by  bold¬ 
face  letters,  whereas  fourth-order  tensors  are  denoted  by  calligraphic  letters.  In  particular,  1 
represents  the  identity  second-order  tensor  and  A^  denotes  the  transpose  of  a  second-order 
tensor  A.  We  write  trA  for  the  trace  of  A,  A^  =  A  -  1/3  (trA)l  for  the  deviator  of  A  ,  A  •  B  = 
tr(AB^)  =  tr(A^B)  for  the  inner  product  and  A0  B  for  the  tensor  product  of  A  and  B.  We  also 
use  the  notation  A^"^  =  (A'Y,  provided  that  A"^  exists.  Finally,  E  is  a  fourth-order  tensor 
with  the  property  E[a]  =  A^  =  1/2  (a  -1-  A^  )  for  every  symmetric  second-order  tensor  A . 


2.1  MULTIPLICATIVE  DECOMPOSITION  OF  DEFORMATION 


Let  F  (det  F  >  0)  be  the  deformation  gradient  tensor  and  suppose  the  multiplicative 
decomposition  of  F,  F  =  F^F^,  to  apply,  where  F^  (detF^  >  0)  and  F^  denote  the  elastic  and 

plastic  part  of  F,  respectively.  Assuming  plastic  incompressibility,  det  F^  =  1 .  The 

multiplicative  decomposition  of  F  introduces  a  so-called  plastic  intermediate  configuration, 
which  in  general  is  not  compatible  and  therefore  not  an  Euclidean  one.  By  designating 
quantities  referred  to  the  plastic  intermediate  configuration  by  a  superposed  symbol  the 


plastic  velocity  gradient  tensor  L  is  given  through 


F  F"  =  D  +  W 

p  p  p  p 


(2.1) 
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where 


D„  =  I/2(L, 

W„=1/2(L„-L;) 

(2.2) 

denote  the  symmetric  and  skew-symmetric  parts,  respectively, 
incompressibility, 

Because  of  plastic 

(2.3) 

We  may  use  F^, ,  F^,  to  obtain  the  following  kinematical  relations: 

f,  =  rA  =  v,r,, 

F^=R,U„=V^R„, 

(2.4) 

C,  =  FjF,=U^ 

(2,5) 

B  =  F  F'^  =  V’ 

(2.6) 

r  =  r,  +  f,,, 

(2.7) 

E  =  i(C-l)  =  F;fF^, 

C  =  F^F, 

(2.8) 

E.=F;f,F„, 

(2.9) 

=i(C„-l)  =  F^f/^, 

C  =  F^F 

(2.10) 

E  =  E,,  +  E„ . 

(2.11) 

Here,  Eqs.(2.4)  represent  the  polar  decomposition  of  and  F^,  respectively,  with  R^. , 

being  the  corresponding  rotations,  while  ,  V^,  U^,  are  the  corresponding  symmetric, 

positive  definite  stretch  tensors.  and  are  the  elastic  right  Cauchy-Green  and  the  plastic 

left  Cauchy-Green  tensors,  respectively.  Also,  the  tensors  F^  and  F^  are  called  the  elastic 

Green-  and  the  plastic  Almansi  strain  tensors  with  respect  to  the  plastic  intermediate 
configuration,  respectively.  On  the  basis  of  these  relations,  we  can  see  that 


A  A 


D. 

=  f,=F;-'E/;‘, 

f  =  f;-'ef^-'  =  f;df,. 

(2.12) 

where 

D  = 

=  i(L  +  L"), 

L  =  FF' , 

(2.13) 

and 

A 

£S 

X- 

=  X  +  L’;,X  +  XL„ 

(2.14) 

for  a  second-order  tensor  X  relative  to  the  plastic  intermediate  configuration.  Eq.(2.12)i 
indicates  that  may  be  interpreted  as  a  particular  Oldroyd  derivative  of  F^ .  We  denote  by 
T  the  Cauchy  stress  tensor,  by  S  the  weighted  Cauchy  stress  tensor,  S  =  (det  r)T ,  and  by 

T  =  F^r'SFj”',  T  =  F^'TFJ"' =  F”'SF^~' ,  the  second  Piola-Kirchhoff  stress  tensors 

relative  to  the  plastic  intermediate  and  the  reference  configuration,  respectively.  Another 
stress  tensor,  which,  as  we  shall  see,  is  related  to  the  plastic  dissipation  is  the  stress  tensor 
P;=FJSFJ"'  =  (1 -l-2fjt  =  C^.f .  Following  Lubliner  (1986),  we  call  P  the  Mandel  stress 
tensor.  It  is  well-known  (see  e.g.  Green  and  Naghdi  (1971),  (1980),  Casey  and  Naghdi  (1981) 
that  the  decomposition  of  F  is  uniquely  determined  except  for  a  rigid  body  rotation  Q 
superposed  on  the  plastic  intermediate  configuration. 
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3.  SECOND  LAW  OF  THERMODYNAMICS 

We  assume  isothermal  deformations  with  uniform  distribution  of  temperature.  Then,  the 
generalized  Clausius-Duhem  inequalitiy  reads  (cf.  Truesdell  and  Noll,  1965,  Sect.79,  82)  as 
follows: 

SD-p>>0.  (3.1) 

Here  is  the  mass  density  in  the  reference  configuration  and  y/  the  specific  free  energy. 
For  our  purpose,  it  is  useful  to  rewrite  (3.1)  as  follows: 

A 

t-f-p^V/>0.  (3.2) 

Next,  we  assume  the  specific  free  energy  \f/  to  be  additively  decomposed  in  elastic  and  plastic 
parts,  y/it)  =  \i/^{t)  +  \{/p(t). 


3.1  ELASTICITY  LAWS 

We  concentrate  on  elasticity  responses  exhibiting  anisotropy  of  orientational  type.  In 
accordance  with  Dafalias  (1987,  1998),  the  anisotropy  effects  are  elaborated  by  assuming 
to  be  a  function,  besides  of  ,  of  O(^) ,  where  O  is  a  proper  orthogonal  second-order  tensor: 


VAt)  =V',(F,(0,®(0). 

Now,  inequality  (3.2)  may  be  recasted  in  the  form 


(3.3) 


t  p^®^^'®’' 

A 

•f+  (l  +  2fj 

an 

an 

/ 

D 


+  2r. 


are 


(w  >0 


(3.4) 


By  inserting  (3.3)  into  (3.2)  and  using  similar  arguments  as  in  Colemann  and  Gurtin  (1967), 
we  may  prove  that  in  the  case  of  viscoplasticity  the  relations 


(3.5) 


A.„:=(l  +  2r) 


ar, 

r 


+  2r. 


J 


(3.6) 


ar, 

are  necessary  and  sufficient  conditions  in  order  for  inequality  (3.4)  to  be  valid  in  every 
admissible  process.  That  means,  our  viscoplasticity  theory  falls  in  the  general  framework  of 
Coleman  and  Gurtin's  (1967)  thermodynamics  with  internal  state  variables  (cf.  also  Kratochil 
and  Dillon  (1969).  For  plasticity,  (3.5)  and  (3.6)  are  generally  only  sufficient  conditions  for 
(3.4).  Eq.  (3.5)  represents  a  general  elasticity  law,  characterizing  materials  with  anisotropy  of 
orientational  type. 


3.2  FLOW  RULE  FOR  PLASTICITY 

From  (3.5)  and  (3.6)  the  internal  dissipation  is  given  by 

A  .„(P,  L  -  6®" ,  Vi' J  =  P  •  (l,  -  'i>®" )-  s  0 . 


(3.7) 
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Let  us  assume  the  existence  of  a  yield  function  /  =  (cf.  also  Aravas,  (1992)). 

Moreover,  we  assume  the  postulate  of  maximal  dissipation,  as  explained  in  Tsakmakis  (2001). 

A 

Then,  it  can  be  shown,  that  convexity  of  the  yield  surface  /  =  0  and  a  normality  rule  for 
Lp  -  are  sufficient  conditions  for  (3.7).  The  term  normality  rule  means  that 

has  to  be  directed  along  the  outward  normal  on  the  yield  surface,  which  is  assumed  to  be 
smooth, 

^  A  -1 

L  -0<D’’ =  .  (3.8) 

V  /  ■  gp  gp 

In  (3.8),  i  is  a  positive  scalar  for  plastic  loading.  Of  course  (3.8)  can  be  decomposed  into 
symmetric  and  skew-symmetric  parts,  respectively: 

(3.9) 

In  the  terminology  of  Dafalias  (1998),  represents  the  constitutive  spin  associated  with 
the  elasticity  law  and  the  corresponding  plastic  spin,  while  is  the  plastic  material 
spin.  Also,  (3.8)  represents  our  flow  rule  for  rate  independent  plasticity,  where  i  has  to  be 
determined  from  the  so-called  consistency  condition  djdtf^O.  In  the  case  of 
viscoplasticity,  s  has  to  be  given  by  a  constitutive  law,  defined  appropriately. 


3.3  KINEMATIC  HARDENING 

We  focus  attention  on  pure  kinematic  hardening  and  suppose  \j/p  to  consist  only  of 
contributions  arising  from  kinematic  hardening: 

=r^(Y,A)=V/',[^Yj,  Y:=A"YA.  A"  =  A"' .  (3.10) 

Here,  Y  is  an  internal,  symmetric  second-order  strain  tensor,  which  operates  in  the  plastic 
intermediate  configuration,  while  the  proper  orthogonal  tensor  A  (two-point  tensor  field)  is 
defined  to  rotate  some  symmetry  axes,  related  to  the  kinematic  hardening  response,  from  the 
reference  to  the  plastic  intermediate  configuration.  We  denote  by  Z  the  internal  stress  tensor 
which  is  thermodynamically  conjugate  to  Y  and  set 


P.n) 

av 

Evidently,  the  tensor  Z  is  symmetric  and  operates  in  the  plastic  intermediate  configuration. 
Kinematic  hardening  is  described  by  the  back-stress  tensors  |,  which  is  postulated  to  possess 
the  structure  of  a  Mandel  stress  tensor.  Formally,  |  can  be  defined,  in  analogy  to  P ,  through 


|  =  (l  +  2Y)Z  =  |,+t„  (3.12) 

where 

I,  =Z-hYZ  +  ZY,  |,=YZ-ZY.  (3.13) 

We  suppose  the  yield  function  to  exhibit,  besides  kinematic,  also  orientational  hardening: 

/  =  /(P,in),  n^=n-',  (3.i4) 

where  11 ,  like  O  and  A ,  is  an  orthogonal  tensor,  which  rotates  some  symmetry  axes  related 
to  the  yield  condition.  Next,  we  turn  to  inequality  (3.6),  which  now  takes  the  form 
A  ,„  =  (P  - 1)  •  (L^  -  )  + 1  •  (L^  -  OO)'' )  - 

=V2/3i(P-|)-N  +  Z-D,+2YZ-D,+|,-n''>-p,v>,^0. 


(3.15) 
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We  assume  V^p(Y)  to  be  given  by 

V',=V^,(Y)=^Y.x‘|y].  (3.16) 

~  u/’ 

where  X  :=  — ^  denotes  a  time  independent,  symmetric,  positive  definite  fourth-order 
dYdY 

tensor.  From  (3.10),  (3.11)  and  (3.16), 


w,  =  rp(Y.  A)  =  ^  Y  •  X<‘>(A)[y],  Z  =  [yJ, 


(3.17) 


d^UT  "  ys 

with  being  given  by  X^*^  :=  .  Let  M  ,  be  a  fourth-order  tensors  with 

(k)  ..(k)  .,(k)  .  (k)  ^  ^  ^  ^ 

M  X  =X  M  =E,  =  E.  Then,  from  (3.16)  and  (3.11),  itfollows 

that 


dy/„ 

Pr-^  =  ^ 
BY 


>  (k) 

Y  =  M 


pR 


dl}/ 


BY 


=  M  [A^’ZAj.  (3.18) 


Using  the  above  relations,  it  can  be  seen,  after  some  algebraic  manipulations,  that 
Z-Y  =  Y-Z-2|^-(AA"'), 

_  (k)r  I  V 

Y*Z  =  M  [a^ZaJ-A^ZA-I-2YZ-D^  +Ia  ‘Wp. 

On  inserting  (3.19),  (3.20)  in  (3.15),  after  some  rearrangement  of  terms, 

V 

A’'ZA 


(3.19) 

(3.20) 


,  (k) 


A^ZA-U'D„A-M 


(3.21) 

(3.22) 


where  the  skew-symmetric  tensor  is  given  by 
:=  W^-AA. 

AA  is  the  constitutive  spin  related  to  the  kinematic  hardening  and  is  the  corresponding 
plastic  spin.  Clearly 

_  (k)r  V  ^  ^  ^ 

>0,  (3.23) 

are  sufficient  conditions  for  (3.21).  In  order  to  fulfill  (3.23)],  we  assume 

to  be  given  by 


r  r  ~  11 

U^’D^A-M 

f  .  - 

r  Y  11 

lA’'DpA-M 

- 1 

<3 

< 

_ 1 

-  (k) 


A^ZA-U^D  A-M 


A^ZA 


=  s 


-  (A)  ^ 

M  B 


a’^za]. 


(3.24) 


(k) 


where  B  represents  a  symmetric,  positive  semi  definite  fourth-order  tensor.  From  (3.24) 

V  f  ^ik) 

X 


Z  =  A 


or 


[A''D/]jA''-iA  B**'[A''ZA]jA^ 
Z  =  X  [d J-iB  [z]. 


(3.25) 

(3.26) 
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A  simple  sufficient  condition  for  (3.23)2  rnay  be  constructed  by  assuming  the  existence  of  a 
function 


X  =  X(L^-)'^0,  (3.27) 

which  is  convex  with  respect  to  remains  unaltered  if  rigid  body  rotations  Q  are 
superposed  on  the  plastic  intermediate  configuration  and  satisfies  the  property  ;f(0,...)  =  0. 
Then  the  condition 


(k)  _ 


4. 


is  sufficient  for  (3.23)2.  Furthermore, 

n'‘>  =7^iN, 


35. 


(3.28) 


(3.29) 


Eqs.  (3.26)  and  (3.29)  represent  the  evolution  equations  governing  the  response  of  kinematic 
hardening.  Eq.  (3.28)  indicates,  that  the  plastic  spin  related  to  the  elasticity  law  is  always 


equal  to  the  plastic  spin  related  to  the  kinematic  hardening  rule,  provided,  the  tensor  djejd^^ 
vanishes  identically. 


4.  CONCLUDING  REMARKS 

Summarizing,  we  have  presented  a  theory  for  anisotropic  plastic  yielding,  which  relies  upon 
an  anisotropic  free  energy  function  and  an  anisotropic  yield  function.  The  various  directions 
of  symmetry  in  the  substructure  of  the  model-material  are  elaborated  by  appropriate  rotation 
tensors.  For  the  evolution  of  the  substructure  itself  only  the  plastic  spins  associated  to  these 
rotations  are  needed.  The  constitutive  equations  governing  the  response  of  the  plastic  spin 
tensors  are  derived  as  sufficient  conditions  for  the  second  law  of  thermodynamics.  An 
example  for  the  so  obtained  constitutive  theory  is  given  in  Hiiusler  and  Tsakmakis  (2001), 
where  in  particular  transversely  isotropic  constitutive  properties,  modeled  with  structural 
tensors,  are  discussed. 
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1.  SUMMARY 

The  fraction  of  plastic  work,  stored  as  energy  for  the  creation  and  rearrangements  of  crystal 
defects  and  often  called  “cold”  work,  is  usually  taken  equal  to  a  constant.  In  this  paper,  which 
presents  some  results  of  [5]  and  [6],  we  show  that  assumed  to  be  a  function  of  strain,  strain- 
rate  and  temperature,  can  complete  the  shear  stability  and  instability  criteria  of  softened 
materials. 


2.  INTRODUCTION 

During  plastic  deformation  of  metals,  a  small  portion  of  plastic  work,  is  held  into  the 
material.  This  portion  is  called  latent  energy  of  cold  work  or  cold  work  and  is  related  to  the 
new  situation  of  crystal  defects.  The  remainder  quantity  of  plastic  work  is  transformed  into 
heating.  In  softened  materials,  the  material  resistance  is  decreasing  with  respect  to 
temperature.  Then,  if  the  later  is  highly  non-uniform,  there  exist  zones  of  weakened  material, 
especially  under  intense  straining  or  high  strain-rate.  Initial  strain  non-uniformities,  due  to 
geometrical  defects,  may  cause  additional  weakness.  The  localized  shear  deformation  may 
lead  to  the  formation  of  adiabatic  shear  bands  and,  eventually,  to  catastrophic  fracture.  The 
adiabatic  process  is  approached  if  the  shearing  is  applied  very  rapidly  and  the  heat  cannot  be 
conducted  far  from  the  shear  bands. 

In  this  paper,  we  study  the  specific  role  of  cold  work  in  the  shear  stability  and  instability 
regime  of  softened  materials.  To  this  end,  we  suppose  that  the  cold  work  ^  is  a  function  of 
strain  y,  strain-rate  yt  and  temperature  0.  The  dependence  of  ^  on  strain  and  strain-rate  is 
supposed  to  comply  with  the  very  interesting  experimental  findings  of  Hodowany, 
Ravichandran,  A.  Rosakis  and  P.  Rosakis  [1],  while  the  dependence  (^,0)  is  unknown,  but 
necessary  [2].  In  [1],  it  is  shown  that  the  materials  used,  an  aluminium  2024-T3  alloy  and  an 
a-titanium,  exhibit  a  strain-sensitive  ^  in  the  following  manner:  for  small  strain,  ^  is 
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increasing  until  a  critical  value  of  strain,  after  which  is  decreasing,  becoming  constant  after 
a  second  critical  value  of  strain.  On  the  other  hand,  the  experimental  behavior  of  with 
respect  to  strain-rate  differs  from  material  to  material  used,  being  always  non-increasing  with 
respect  to  strain-rate. 

An  interesting  question  is  how  the  above  assumption  on  ^  modifies  the  thermoviscoplastic 
instability  mechanism,  based  on  the  leading  role  of  softening.  In  other  words,  how  the 
existing  stability  and  instability  criteria,  based  on  the  assumption  that  is  a  material  constant, 
are  influenced  by  the  experimentally  observed  history  of 

The  classical  thermo  viscoplastic  instability  mechanism  is  related  to  the  outcome  of  the 
competition  between  the  thermomechanical  parameters,  which  measure  the  strain  hardening, 
strain-rate  sensitivity  and  thermal  softening.  According  to  the  relationship  between  these 
parameters,  we  may  have  the  following  types  of  large  time  behavior:  (i)  strong  stability,  with 
a  time-independent  asymptotic  strain,  (ii)  weak  stability,  with  an  uniform  time-increasing 
straining  and  (iii)  shear  banding,  leading  to  additional  shear  bands  and/or  shear  fracture.  The 
last  behavior  is  characterized  by  highly  non-uniform  straining.  Generally  speaking,  there  exist 
additional  parameters,  such  as  the  thermal  diffusivity,  the  strenght  of  material 
inhomogeneities  and  the  pressure  sensitivity  (for  polymers),  but  it  seems  that,  in  adiabatic 
shearing  of  metals,  the  thermal  softening  is  the  leading  factor  of  instability. 

The  efficient  mathematical  way  to  detect  shear  banding,  is  to  identify  it  with  the  “blow-up”  of 
strain  or  strain-gradient.  Then,  the  elegant  application  of  non-linear  analysis  techniques  [3] 
permitted  to  Tzavaras  to  establish  stability  and  instability  criteria  between  the 
thermomechanical  parameters.  Tzavaras  proved  that  a  sufficient  and  necessary  condition  for 
stability  of  power  law  materials,  is  that  the  thermal  softening  must  be  inferior  than  the 
combined  effect  of  strain  hardening  and  strain-rate  sensitivity,  confirming  previous  works  of 
Clifton  and  Molinari  (see,  for  instance,  [4]).  In  this  paper,  we  present  some  results  of  a  recent 
work  [5,6],  according  to  which  the  above  condition  is  always  valid,  provided  that  an 
additional  sufficient  condition,  between  the  maximum  and  minimum  values  of  the  thermal 
softening,  a,  and  the  strain  hardening,  m,  is  valid.  Moreover,  in  the  case  of  instability  and  for 
big  initial  temperature  and/or  small  initial  strain,  the  critical  time  at  which  the  stability  regime 
ceases,  depends  crucially  on  the  maximum  value  of  It  seems  that  the  stability  regime 
exhibits  a  “long  life”,  if  the  amount  of  energy  stored  by  rearrangements  of  crystal  defects,  is 
large. 

A  second,  less  accurate,  way  to  obtain  stability  conditions,  is  the  linearized  stability  analysis. 
We  apply  this  method  to  the  shearing  of  a  mild  steel  exhibiting  the  Costin  et  al  [7]  and 
Litonski  [8]  flow  stress.  The  results  indicate  that  the  stable  response  of  the  uniform  shearing 
is  ensured  only  by  the  increasing  branch  of  the  curve  (^,7),  combined  with  moderate  values  of 
the  slopes  of  (^,yt)  (we  note  that  ^  is  decreasing  with  respect  to  yt  [1])  and  (i;,e).  During  this 
stage,  the  leading  factors  of  stability  are  the  hardening  capacity,  m,  and  the  stored  energy  of 
the  metal.  We  note  that  the  strain-rate  sensitivity,  which  always  plays  a  stabilizing  role  in  the 
competition  with  thermal  softening,  exhibits  now  a  parallel,  opposite  effect  by  reducing  the 
cold  work  portion  and  finally  favoring  the  emergence  of  instability. 


3.  STABILITY  AND  INSTABILITY  CONTITIONS 

In  this  section  we  summarize  the  results  obtained  in  [5,6].  We  first  consider  a  material 
characterized  by  the  power  law 


a  =  0-W, 


a>m. 
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The  shearing  process  is  caused  by  prescribed  steady  boundary  velocities  or  stresses.  Then,  it 
turns  out  [5]  that  the  shear  banding  is  excluded  provided  that 

(a/m)  ^min  ^  (a/m)-l 


and 


m+n-a  >  0. 

This  result  is  a  generalization  of  the  stability  condition  of  Tzavaras  [3]  and  Molinari  and 
Clifton  [4],  valid  for  constant  The  second  inequality  is  a  necessary  and  sufficient  condition, 
while  the  first  one  imposes  a  bound  on  the  variations  of  the  cold  work  and  seems  to  be  valid 
for  many  materials  used  in  experiments. 

Concerning  the  instability  condition,  it  turns  out  [5]  that  if 

-p  =  m+n-a  <  0, 

then  the  shearing  process,  caused  by  a  prescribed  shear  force  a*  at  the  boundaries,  exhibits 
shear  banding  at  the  critical  time 


ter  =  n/a*{p[min(( eu/T())]“'"Yo'’l. 


where  Go,  yo  the  initial  temperature  and  strain  at  the  boundary,  in  which  shear  banding  is 
manifested.  We  easily  verify  that,  in  the  case  of  small  initial  boundary  temperature  and/or 
strain,  the  experimentally  observed  function  of  exhibiting  a  regime  with  large  values  of 
cold  work,  followed  by  a  regime  with  small  values,  may  prolong  the  stable  material  response, 
in  the  sense  that  we  obtain  values  of  ter  which  are  larger  than  the  corresponding  to  a  “mean” 
value  of 

Similar  results  can  be  obtained  for  a  material  characterized  by  the  constitutive  law 

o-(l-0)(l-t7i)VYX  tpY>0. 

It  turns  out  [5]  that  the  uniform  shearing  process,  caused  by  a  steady  strain-rate  q,  is  stable,  as 
long  as  ^  is  increasing  with  respect  to  strain  and,  at  the  same  time,  its  slope  of  decrease  with 
respect  to  strain-rate  is  moderate  enough.  However,  the  above  conditions  may  be  valid  only  at 
the  early  stages  of  deformation,  during  a  regime  of  increasing  cold  work  with  respect  to 
strain.  After  this  regime,  the  work  converted  into  heating  becomes  increasing  with  respect  to 
strain,  and,  as  it  is  also  increasing  with  respect  to  strain-rate  from  the  beginning  of  the  process 
[1],  a  destabilizing  mechanism  appears,  causing  the  loss  of  stability.  It  seems  that,  together 
with  the  strain  hardening  capacity,  the  second  crucial  factor  of  stability  is  the  slope  to  of  the 
curve  (p,yt),  where 


is  the  work  converted  into  heating.  It  tuns  out  [6]  that  a  sufficient  stability  condition  is  the 
following 


(0  <  (l/(l+ri)")(pVy-(l+nTi/(I+ri))P, 
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which  is  satisfied  if  the  maximum  value  of  p  (which  corresponds  tp  the  minimum  value  of 
cold  work),  is  sufficiently  small  and,  at  the  same  time,  if  the  hardening  capacity  of  the 
material  (py  is  sufficiently  large,  in  order  to  keep  the  right  member  of  the  above  inequality 
positive. 
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1.  SUMMARY 

In  this  work,  we  develop  Green’s  functions  for  elastic  waves  in  unbounded  random  media, 
which  in  turn  can  be  used  within  the  context  of  BEM  solutions  to  wave  scattering  problems. 
We  distinguish  two  basic  cases:  First,  continua  exhibiting  small  amounts  of  randomness,  in 
which  case  the  methodology  used  is  a  perturbation  of  all  dependent  variables  about  their 
mean  value.  Next,  we  focus  on  continua  with  large  randomness,  whereby  we  employ  a 
polynomial  series  expansion.  Finally,  some  examples  are  presented  to  contrast  the  effect  of 
large  versus  small  randomness. 

2.  INTRODUCTION 

Problems  involving  random  media  are  governed  by  stochastic  differential  equations.  The  key 
assumption  made  is  decomposition  of  the  differential  operator  into  deterministic  plus  random 
parts.  Subsequently,  the  stochastic  differential  equation  and  its  boundary  conditions  can  be 
recast  as  a  random  integral  equation.  Solutions  can  then  be  found  iteratively  through  use  of 
the  resolvent  kernel.  Alternatively,  the  dependent  variable  can  be  expanded  as  a  Neuumann 
series.  Approximate  solutions  can  also  be  generated,  i.e.,  by  applying  the  expectation  operator 
to  the  random  integral  equation  and  then  using  various  closure  approximations,  by 
perturbations  with  the  usual  restriction  of  small  fluctuations  bout  a  mean  value,  or  by  other 
techniques  [1]. 

In  the  case  of  wave  motions,  two  basic  representations  of  material  stochasticity  are  possible, 
i.e.,  a  random  collection  of  pre-defmed  scatterers  [2]  or  a  random  continuum  [3].  Propagation 
of  elastic  waves  in  a  random  medium  that  differs  only  slightly  from  the  homogeneous  case 
was  first  considered  by  Karal  and  Keller  [4]  using  the  random  integral  equation  formulation. 
This  technique  was  subsequently  extended  to  multi-layered  systems  through  use  of  transfer 
matrices  [5].  From  a  numerical  viewpoint,  two  broad  classes  for  evaluating  the  dynamic 
response  of  random  media  can  be  distinguished,  namely  simulation  techniques  [6]  and 
perturbation  methods  [7].  When  using  the  latter  technique,  numerical  implementation  is 
through  a  Taylor  series  expansion  of  key  system  parameters,  in  both  FEM  [8]  and  BEM  [9] 
environments.  Finally,  in  an  effort  to  overcome  the  limitation  of  small  parameter  uncertainty, 
series  expansions  of  the  random  response  of  a  system  in  terms  of  polynomials  that  are 
orthogonal  with  respect  to  the  expectation  operator  have  appeared  [10].  In  this  work,  we 
examine  some  basic  fundamental  solutions  to  the  equations  of  elastodynamics,  by  employing 
both  perturbations  and  the  polynomial  chaos  technique. 
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3.  ELASTODYNAMIC  THEORY 

The  fundamental  laws  of  elastodynamics  are  combined  to  give  the  Navier-Cauchy  equations 
as 


( Ujji^p  bj  =  p  Uj  (1) 

where  A  and  p  are  the  Lame  coefficients,  u  the  displacement,  b  the  body  force  per  unit 
volume  and  p  the  material  density.  The  above  equations  can  be  re-written  in  terms  of  the 
wave  propagation  velocities  —  (A  +  2jw)//3  (for  P-waves)  and  ci  -  p  !  P  (for  S-waves). 
Also,  the  summation  convention  holds  for  repeated  indices.  Furthermore,  we  prescribe 

W;(x,r)  =  f//  forxeSi  and  /,  (x,  0  =  «,  =  T,  forxGS2  (2) 

as  boundary  conditions  on  the  surface  S=SiUS2,  where  U  are  the  tractions  and  is  the 
outward  normal  vector  to  the  surface.  In  the  case  of  time-harmonic  motions,  all  dependent 
variables  are  decomposed  into  an  amplitude  term  (bar  superscript)  times  the  exp(icot)  factor. 

4.  PERTURBATION  METHOD 

An  extension  to  the  case  of  a  random  medium  is  achieved  through  use  of  the  method  of 
perturbations.  The  basic  assumption  is  that  the  wave  propagation  velocities  are  functions  of 
random  parameter  y,  and  can  be  expanded  as 

Cf(y)  =  C;”  +  c/iy)  C2(y)  =  C2"  +  c/{y)  (3) 

where  c,”  is  a  mean  (or  reference)  value  and  cf(y)  is  the  fluctuation  about  this  mean.  If  we 
have  a  zero-mean  fluctuation,  a  simple  representation  for  the  wave  propagation  velocities  is 

C]{y)  =  coi  (1+y)  C2 (y) = co2  (l+y)  (4) 

where  Cqi,  C02  are  mean  velocities.  For  y,  we  have  that  <  y  >  =  0  and  <  y  ^>  =  cr/,  with  the 
expectation  operator  <  >  denoting  statistical  averaging. 

The  next  step  is  to  expand  all  problem  variables  in  Taylor  series.  We  focus  on  the 
fundamental  displacement  solution  Gy  of  eqn  (1)  for  a  point  impulse  in  the  unbounded 
continuum  and  under  radiation-type  boundary  conditions.  Specifically, 

Gij {r,s, y)  =  Gij “  +  y  g/  =  Gij (  r,5,0)  +  y  \y~o  (5) 

where  superscripts  m  and  f  denote  mean  and  fluctuation  parts,  respectively,  while  r  is  the 
relative  distance  between  source  and  receiver.  Application  of  the  expectation  operator  yields  a 
mean  value  for  the  first  fundamental  solution,  which  coincides  with  the  deterministic  one 

<  Gy(r,5,y)  >  =  Gy"”  =  Gy  (r,5,0) 


(6) 
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If  higher  order  terms  are  included  here,  then  the  mean  and  deterministic  solutions  no  longer 
coincide.  Furthermore,  the  covariance  between  two  receivers  at  and  r/  is 

<[Gij(rt,s,y)-Gij'’Xri„s)]lGij{r,,s,y)-Gij'"(r,,s)]>  =  [  c/Ofo.?)]  {Gi/(r,,s)]  (7) 

where  is  the  variance  of  random  variable  y.  The  variance  can  finally  be  obtained  from  the 
covariance  by  setting 

The  fundamental  solutions  for  2D  wave  propagation  in  the  Laplace  transformed  domain  have 
been  derived  in  Ref.  [11],  where  details  can  be  found.  The  displacement  solution  is  given 
here,  after  noting  that  for  s=ico,  the  Fourier  transform  is  recovered  as 


Gii{r,s,y) 

_  1 

{ 

s.y)  -  <p(>',s,y)  r,t  r., }  = 

2 

(8a) 

2-KpCy(Yr 

2j!pcj(yr 

i)/(r,s,y)  = 

C2(r) 

£2M  k,( 

(8b) 

<•■2(7) 

sr 

ci(y) 

ci(y) 

q(7) 

<P(r,s,y)  = 

KA  L) 

(8c) 

C2(y) 

C|  irf 

ci(y) 

In  the  above  expressions,  K,j  are  modified  Bessel  functions  of  order  n.  The  mean  value  is 

<  Gij  (r,s,y)  >  =  Gij  =  Gij  {r,sfi)  =  — !-r-  {  y/(r-,5,0)  5,j  -  /■„  r,y}  (9) 

iKpcfn 

while  the  covariance  is  given  by  eqn  (7).  The  fluctuation  term  required  there  is  computed  as 

[  |;(^)]  ±  ^  }  U 

=  {  m  K(/-,.T,y)  +  4  E{,r,s,y)  }  |^o  (10) 

where  the  various  terms  appearing  above  are  all  given  in  Ref  [1 1].  These  solutions  have  been 
tested  against  results  given  by  Monte-Carlo  simulations  and  have  been  found  to  be  quite 
accurate,  when  randomness  is  kept  within  the  limits  of  perturbation  theory  (i.e.,  fluctuations 
of  no  more  than  1 0%  of  the  mean), 

5.  POLYNOMIAL  CHAOS  METHOD 

This  method  will  be  applied  for  the  case  of  time-harmonic  elastic  waves  in  a  3D  continuum 
under  anti-plane  strain  conditions,  which  is  governed  by  Helmholtz’s  equation 

V^«(x,X)  +  ^2(y)„(x,y)  =  /(x,7)  (11) 

We  have  that  u  is  the  displacement  component  in  the  z-direction  and  k  is  the  wave  number 
equal  to  where  co  is  the  frequency  and  c  the  wave  speed.  The  solution  to  eqn  (11) 
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when  the  forcing  function  is  Dirac’s  delta  function  with  magnitude  is  Green’s  function. 
For  the  deterministic  case,  the  above  equation  in  cylindrical  coordinates  becomes 


d^ujr) 

dr^ 


r  dr 


(12) 


with  ko  the  mean  wave  number.  The  solution  for  outgoing  waves  is  well  known,  i.e., 


«(/*)=a74)//{i)ao'‘) 


(13) 


where  //(J)  is  the  Hankel  function  of  first  kind,  zero  order. 

Stochasticity  results  due  to  randomness  in  the  wave  number,  which  is  defined  in  terms  of  a 
mean  plus  a  fluctuating  component  as 

k{r)  =  ko+kx7  (14) 


In  the  above,  k\  is  a  coefficient  and  y  is  zero  mean  with  unit  variance  .  Thus,  a  second 
moment  representation  of  the  wave  number  is 


<k{y)>=<k{)>=kQ 


(15) 


The  next  step  is  to  expand  both  fundamental  solution  M(r,7)  and  forcing  function  /(r,/)  as  a 
series  in  terms  of  an  orthogonal  set  of  polynomials  in  / .  This  implies  separation  of  variables, 
since  polynomials  are  weighted  by  spatially  dependent  coefficients  and  in  the 
form 

N 

n=0 

^  \  (16) 
/(r,r)=  ^Pnir)Fnir) 

n=0 

where  N  is  the  order  of  approximation  in  the  random  space.  The  choice  of  the  polynomial 
basis  is  dictated  by  the  fact  that  the  expectation  is  essentially  an  orthogonality  condition,  i.e,, 

</’«(/)  Pm  (y)  >=  J  pdm)  Pn(Y)  Pm  WY  =  Snm  (17) 

r 

with  pdf(r)  the  probability  density  function  of  the  random  variable  y.  Therefore,  the 
selection  of  the  polynomials  basis  depends  on  the  pdf  assumed  for  the  wave  number,  with 
Hermite  polynomials  corresponding  to  a  Gaussian  distribution. 

The  above  expansions  are  substituted  into  the  governing  equation  of  motion,  followed  by  pre¬ 
multiplication  by  Hmiy)  application  of  the  expectation  operator.  This  yields  the 
following  coupled  set  of  equations: 
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<HmH„>VjUn+ 

[cl<H„H„>+2koh<YHmH„>+k'{<Y^H„,H„>\j„=<HmH„>  Fn 

Use  of  the  recurrence  relations  for  Hermite  polynomials  in  conjunction  with  the  orthogonality 
property  yields  a  coupled  system  of  Helmholtz  differential  equations,  which  govern  the 
spatially  dependent  coefficients  (/„(r)  of  the  random  fundamental  solution.  We  thus  have 

h„,.nV^Un->- 

=  hm,nFn 

with  the  “weights” given  as  hm,n=^<Hm(Y)Hnir)>=^2''in\)dnm’  By  expanding  the  above 
equations  we  recover  the  following  matrix  differential  equation  of  the  Helmholtz  type: 

A{u}^1±{u}^[kIuMf}  (20) 

dP-  r  dr 

In  order  to  uncouple  eqn  (20),  system  matrix  [A'Jmust  be  diagonalized.  This  can  be  achieved 
by  using  its  eigenvalues  and  the  corresponding  eigenvector  matrix 

N=1{«>},’W2’-’WJ-  Although  [/r]  is  non-symmetric,  its  coefficients  are  all  positive,  real 

numbers  and  thus  it  will  posses  a  complete  set  of  complex  eigenvalues  and  eigenvectors. 
Details  are  given  in  Ref  [12],  and  we  finally  get  a  system  of  uncoupled  Helmholtz  equations 
as 


•^V„(r)  +  -^Vrt(r)  +  A«Vrt  =  t„5(r)  (21) 

dr^  r  dr 

with  n  =  0,1,2,....  The  solution  for  outgoing  SH-waves  is  simply 

Vn{r)  =  {il^)H^KKr)  (22) 

where  Xn  is  the  appropriate  wave  number  corresponding  to  the  n-th  expansion  term. 

Next,  the  mean  value  of  the  original  fundamental  solution  is 


m„(r)=<M(r,y)>=<//„(r)>t/„(r)  =<HnHo>Un^ 

=  /io.of/o  +  /i(),it/i  +  ...  =  V^t/o('‘)  +  0+...  =  V^f;^(r)  (23) 

which  no  longer  equals  the  deterministic  one.  In  fact,  the  former  solution  exceeds  the  latter  in 
absolute  value,  and  the  physical  explanation  for  this  is  the  interference  effect  caused  by 
continuous  scattering  of  the  propagating  signal  as  it  travels  through  the  random  medium  [4]. 
Finally,  we  determine  the  covariance  of  «(r,y)  as 

„  (ri/2 )  =  { [win ,  r)-  '"u  (q )]  >  r)- ('■2 )] ) = 

=  (  [hqUo  (n )+  1  (n )+  -llwSyoC'i )+  wi^i  (>2  )+•••]}  = 


cov. 
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=  (ffoffo)t/o('i)i/o{'-2)+{«i«i)t/i('l)yi('-2)+-  = 

=  Ao*o  Wo('i)f/o('2)+Ai,i  l/i('i)t/ife)+-  (24) 

where  Hq  =  The  above  result  can  be  written  as 


coVm  (/*i ,  r  ;)=  (1  “  hoo  +  ^hn,nUn  {ri)u  n  (r  j) 

n=l 


(25) 


with  ho,Q  =  hu  =  2^In,  h2,2  =  sVJr ,  /133  =  4S^^n,  h4A  =  etc. 


6.  NUMERICAL  EXAMPLES 

6.1.  Unlined  circular  tunnel  enveloped  by  a  P-wave 

In  this  example,  the  fundamental  solutions  developed  in  section  4  are  incorporated  in  a  2D, 
time-harmonic  BEM  program  with  inverse  transformation  capabilities  [11].  The  boundary- 
value  problem  that  is  solved  is  a  circular  unlined  tunnel  of  radius  R^5  m  placed  at  some  depth 
in  the  ground  and  enveloped  by  a  P-wave  propagating  along  the  negative  X-direction,  as 
shown  in  Fig.  1.  This  wave  produces  stresses  along  the  propagation  path  {ffx/=  -10  MPa)  as 
well  as  in  the  lateral  direction  va^x  /(1-v)).  The  mean  material  properties  of  the 
surrounding  soil  are  A=7/=8000  MPa  and  p-2550  kg/m^,  which  give  mean  wave  velocities  of 
Coy=3068  m/sec  and  m/sec.  Finally,  t=0  is  the  instant  the  P-wave  arrives  at  station  1. 


Figure  1:  Circular  tunnel  under  a  P-wave:  (a)  geometry,  (b)  discretization,  (c)  mean  values 
and  (d)  standard  deviations  of  horizontal  displacements  Ux  versus  time. 
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The  statistical  measures  of  the  tunnel  response  are  evaluated  for  a  given  variance  of  the  wave 
velocity.  Starting  with  the  value  of  <t/=0.10  for  the  variance  of  random  parameter  y,  the 
standard  deviations  of  the  two  wave  velocities  c/  and  are  970  m/sec  and  560  m/sec, 
respectively.  The  total  time  span  examined  is  0.015  sec  (i.e.,  triple  the  time  necessary  for  the 
wave  to  fully  envelope  the  tunnel),  discretized  into  20  equal  steps,  while  16  three-noded 
boundary  elements  are  used  for  modeling  the  cavity  surface.  In  Fig.  1,  the  central  node  of 
each  element  is  numbered  and  denoted  by  a  full  circle;  the  computed  mean  values  for  the 
displacements  at  various  nodes  are  also  depicted.  The  accuracy  of  the  numerical  results  for 
the  mean  values  was  gauged  against  the  deterministic  ones  obtained  by  Baron  and  Matthews 
[13]  and  found  to  be  entirely  satisfactory.  Finally,  we  plot  the  standard  deviation  (SD)  of  the 
displacements  at  nodes  1,21  and  25.  We  note  that  for  a  SD  of  the  random  parameter  y  equal 
to  cry=32%,  the  SD  of  the  displacements  is  of  the  order  of  15%. 

6.2.  SH-wave  moving  along  a  ray 

As  a  second  example,  consider  SH-waves  moving  through  a  continuous  geological  medium 
with  a  shear  wave  velocity  Cg  =  6.28  km/sec  and  at  a  frequency  co  =  1  Hz  =  27i  rad/sec.  For 
this  case,  the  reference  deterministic  wave  number  is  ko  =  1.0  km*’.  Also,  the  amount  of 
randomness  in  the  wave  number  k(Y)  is  50  %  of  ko,  where  we  can  expect  significant  departure 
from  the  usual  results  obtained  for  mild  randomness.  Starting  with  a  unit  impulse  at  the 
source,  we  place  40  receives  along  a  straight-line  path  from  the  source  and  for  a  distance  of  r 
=  10  km.  For  comparison,  the  reference  wavelength  of  the  SH-wave  at  this  frequency  is 
lo=27t/ko=6.28  km.  Figure  2  plots  the  mean  amplitude,  mean  phase  angle,  variance  amplitude 
and  variance  phase  angle  of  «(r,y)  for  both  perturbation  method  with  ffy  =  1  and  the 
polynomial  chaos  method  with  the  five-term  (N=5)  and  three-term  (N=3)  expansions. 

Generally  speaking,  we  see  that  the  perturbation  method  yields  a  mean  solution  equal  to  the 
deterministic  one,  plus  a  variance  that  at  high  randomness  is  essentially  a  scaled  version  of 
what  is  obtained  at  low  randomness.  By  contrast,  the  polynomial  chaos  method  gives  a 
markedly  different  picture.  Specifically,  the  mean  value  amplitude  is  no  longer  a  smoothly 
decreasing  function  of  distance,  but  significantly  overshoots  the  deterministic  amplitude  at 
small  distances  from  the  source  and  subsequently  exhibits  an  oscillatory  behavior. 
Furthermore,  past  a  distance  of  r  =  2  km,  the  N=3  and  the  N=5  term  expansion  results  start  to 
differ.  As  far  as  the  variance  is  concerned,  the  polynomial  chaos  method  no  longer  predicts  a 
nearly  linear  increase  in  amplitude,  which  is  an  indication  of  the  cumulative  effect  that  small 
randomness  has  on  the  propagating  signal.  In  fact,  the  variance  attains  large  values  close  to 
the  source  of  the  disturbance,  then  decreases  and  at  the  same  time  exhibits  an  oscillatory 
behavior. 

7.  CONCLUSIONS 

This  work  presents  two  basic  techniques  for  handling  randomness  in  continuous  media,  both 
of  which  yield  the  mean  response  plus  the  covariance  matrix  solution  of  problems  in 
elastodynamics.  Specifically,  the  perturbation  method  is  used  for  2D  problems  with  small 
amounts  of  randomness.  For  large  randomness,  the  polynomial  chaos  has  been  presented  for 
anti-plane  strain  wave  propagation  problems.  In  either  case,  these  fundamental  solutions  can 
be  incorporated  within  the  framework  of  BEM  solutions  to  problems  of  engineering  interest. 
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(a) 


(b) 


Figure  2:  Fundamental  solution  u(r,y):  (a)  mean  amplitude,  (b)  mean  phase  angle,  (c)  variance 
amplitude,  and  (d)  variance  phase  angle  versus  distance  from  source  for  kj=0.50ko 
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1.  SUMMARY 

The  linear  theory  of  dipolar  gradient  elasticity  is  employed  to  analyze  surface  waves  of  the 
Rayleigh  type  propagating  along  the  surface  of  a  half-space.  It  is  shown  that  these  waves  are 
dispersive  at  high  frequencies.  Their  dispersion  curves  have  the  same  form  as  that  provided 
by  the  atomic  theory  of  lattices  (discrete  particle  theory). 

2.  INTRODUCTION 

The  present  work  is  concerned  with  Rayleigh-type  surface  wave  propagation  in  a  material 
with  microstructure.  To  explain  dispersion  phenomena  at  high  frequencies  (small 
wavelengths)  occurring  in  practical  situations  (see  e.g.  Gazis  et  al,  [1];  Parnell  [2]; 
Vardoulakis  and  Vrettos  [3]),  the  problem  is  attacked  with  a  generalized-continuum  elasticity 
theory.  This  is  an  effective  version  of  the  dipolar  gradient  theory  of  Mindlin  [4],  and  Green 
and  Rivlin  [5].  No  such  a  theory  was  proposed  up  to  now  to  deal  with  Rayleigh- wave 
motions.  Similar  theories,  however,  were  recently  proposed  by  the  authors  (see  e.g. 
Vardoulakis  and  co-workers  [6]-[9];  Georgiadis  and  Vardoulakis  [10];  Georgiadis  et  al.  [11]) 
and  other  investigators  (see  e.g.  Fleck  et  al,  [12];  Wei  and  Hutchinson  [13];  Manolis  [14])  to 
deal  with  different  wave-propagation  and  stress-concentration  problems. 

It  is  of  notice  that  the  classical  theory  of  isotropic  elasticity  predicts  no  dispersive  Rayleigh- 
wave  motions  at  any  frequency,  a  result  that  contradicts  experimental  data.  To  remedy  this 
shortcoming,  dipolar  internal  forces  of  collinear  type  (no  couple-stress  effects)  and  higher- 
order  displacement  gradients,  in  both  strain  and  kinetic  energies,  are  considered  here  in  a 
simple  but  yet  rigorous  version  of  the  general  Mindlin  —  Green/Rivlin  theory.  Both  isotropic 
and  anisotropic  material  response  is  considered  in  an  effort  to  model  the  phenomena 
controlling  the  dispersion  of  high-frequency  surface  waves  as  adequately  as  possible  and  to 
provide  means  for  estimating  the  micro-mechanical  material  parameters  involved  in  gradient 
theories.  Displacement  potentials  and  two-sided  Laplace  transforms  are  employed  in  our 
study  to  derive  dispersion  curves  for  the  high-frequency  Rayleigh  waves.  Further  analysis, 
details  and  results  are  given  by  the  present  authors  elsewhere  [15]. 

3.  BASIC  CONCEPTS  AND  EQUATIONS 

In  this  Section  we  briefly  present  the  basic  ideas  and  equations  which  describe  the  dynamics 
of  gradient-elastic  {dipolar  or  grade  two  elastic)  homogeneous  materials  without  couple- 
stress  effects.  The  point  of  departure  is  the  following  expressions  for  the  strain-energy  density 
W  and  kinetic-energy  density  T  in  a  3D  continuum,  with  respect  to  a  Cartesian  coordinate 
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system  Ox^X2X^.  The  gradient-type  continuum  is  viewed  as  a  collection  of  material  cells  (see 
Fig.  1)  and  is  taken  to  be  composed  wholly  of  unit  cells.  Then,  one  may  write  [4], [7], [15] 


(1) 

(2) 


where  are  tensors  of  material  constants,  p  is  the  mass  density,  2h  is  the 

internal  characteristic  length  of  the  structured  continuum,  is  the  displacement  vector, 

£/>?=0/2)(<3p“,+<9,«,,)  is  the  usual  linear  strain  tensor  with  d  =d/3x^,K^,=d^e^,=d^e^, 
^  j  denotes  time  differentiation,  and  the  Latin  indices  span  the  range  (1,2,3). 


Figure  1 :  A  continuum  with  microstructure 


Further,  appropriate  definitions  for  the  stresses  follow  from  the  variation  of  W 


dfV 


dfV 


dW 


dt 


m 


(3a,b) 


where  is  the  (symmetric)  Cauchy  stress  tensor  and  is  the  double  (or  dipolar) 

stress  tensor.  The  latter  tensor  follows  from  the  notion  of  multipolar  forces,  which  naturally 
arise  from  the  following  expansion  of  the  mechanical  power 

M  =  FpUp+ + ,  where  F^  are  the  usual  forces  (monopolar 
forces)  within  the  classical  continuum  mechanics  (monopolar  continuum  mechanics),  and 
are  referred  to  as  multipolar  forces  (double  forces,  triple  forces  and  so  on). 

Thus,  the  resultant  force  on  an  ensemble  of  particles  (material  cells)  can  be  viewed  as  being 
decomposed  into  external  and  internal  forces  with  the  latter  ones  being  self-equilibrating. 
However,  these  self-equilibrating  forces  (which  are  multipolar  forces)  produce  non-vanishing 
stresses  (double  stresses,  triple  stresses  and  so  on). 
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Next,  from  Hamilton’s  principle  and  variational  considerations  on  (1)  and  (2),  where  the  only 
independent  variation  is  ,  one  obtains  the  following  equations  of  motion  (in  the  absence 

of  body  forces)  and  pertinent  traction  boundary  conditions  [4],[7],[15] 


The  traction  boundary  conditions  involve  both  a  surface  force  per  unit  area,  and  a  surface 
double  force  (without  moment)  per  unit  area  [4].  Finally,  it  is  convenient  to  introduce  the 
tensor  (which,  however,  in  the  general  inertial  case  is  not  an  objective  quantity)  defined 

as  where  a,,  =  /^o!,  with  /  =pA73  .  so ‘hat  Eq.  (4)  can  take 

the  more  familiar  form  d  pCtpg  =puq  . 

Now,  the  simplest  possible  form  of  the  strain-energy  density  function  in  (1)  is  considered 
(Vardoulakis  and  co-workers  [7], [8]):  r= 

+pc(5,£^)(a,£^)+^AA,^,(£pp£„)+pM.(£„£,J,  which  along  with  the  definitions  (3) 
leads  to  the  following  constitutive  relations 

+2fi£^)+b,dlX5^e,,  +2^le^) ,  (5) 

'».„={bs+‘:dX^5^£j)+2fie^),  (6) 

where  A  and  fi  are  the  standard  Lame’s  constants,  c  is  the  gradient  coefficient  (positive 
constant  with  dimensions  of  square  length),  =  bv^  is  a  material  director,  with  =1  and 
b  being  another  material  parameter  with  dimensions  of  length.  In  the  present  study,  we 
consider  the  particular  case  v,,  =  -n^,  where  is  the  outward  unit  normal  to  the  boundary. 
This  seems  natural  for  a  body  in  the  form  of  a  half-space  and  corresponds  physically  to  a 
weakening  or  strengthening  (this  depends  upon  the  choice  of  a  positive  or  a  negative  b , 
respectively)  of  the  body  along  the  direction  normal  to  the  surface.  In  this  way,  surface  effects 
(e.g.  material  decohesion  or  surface  tension)  can  directly  be  taken  into  account  in  the  material 
constitutive  behavior  by  introducing  a  kind  of  anisotropic  material  response. 

In  summary,  Eqs.  (4)-(6)  are  the  governing  equations  for  the  gradient  elasticity  theory  with  no 
couple  stresses.  Combining  these  equations  leads  to  the  field  equations  of  the  problem. 
Pertinent  uniqueness  theorems  can  be  proved  on  the  basis  of  the  constraint  of  a  positive 
definite  strain-energy  density.  As  the  work  in  [15]  shows,  the  latter  restriction  requires  the 
following  inequalities  for  the  material  constants  appearing  in  the  theory: 
(3A+2ju)>0,  fl>0,  oO,  -1<(V^^’^^)<1.  Finally,  stability  of  the  field  equation  was 
proved  in  [15]  and  to  accomplish  this  the  condition  oO  is  a  necessary  one. 
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4.  TIME-HARMONIC  RESPONSE  IN  A  HALF-SPACE  UNDER  CONDITIONS 
OF  PLANE-STRAIN 

In  order  to  analyze  Rayleigh-wave  motions,  we  consider  the  following  two-dimensional  time- 
harmonic  response  in  the  half-space  y  >0  having  as  a  boundary  the  plane  (x,z) 

i^Ax,y,0=uJx,y)  exp0co0  ,  u/x,y,0=  u/x,yyexp(/cot)  ,  (7a, b) 

where  and  are  the  displacement  components,  /  is  the  time,  and  o)  is  the  frequency.  We 
also  take  =  0  and  =b  in  Eqs.  (5)  and  (6).  Below,  we  first  derive  the  field  equations  of 
the  problem  and  then  we  find  general  solutions  via  the  Lame  potentials  0  and  (these  are 
utilized  to  decouple  the  equations  of  motion)  and  by  utilizing  the  two-sided  Laplace 
transform. 

From  Eqs.  (4)-(7),  one  obtains 


=  (1  - +  dyUy )  +  2;U(9,m, )  -  Ico^d^u^  , 

(8) 

=  (1  -  cV^  ){H{,dyUy  +  dyUy ))  -  Ico^d^Uy  , 

(9) 

o’j-A  =  (1  - )(M(<?,«a  +  ))  -  , 

(10) 

Oyy  =  (1  -  CV^  )(A((9,«^  +  dyUy  )  +  )  -  /  W  ^  M  , 

(11) 

dyO„:+dy<jy,=-pa)^U^  ,  dyO^+dyayy=-pa^Uy  . 

(12),(13) 

Combining  now  Eqs.  (8)-(ll)  with  (12)  and  (13)  leads  to  a  system  of  coupled  PDEs  for  the 
displacement  components  and  Uy.  Further,  by  using  the  new  functions  -  Lame-type 

potentials  -  (0,vr)  defined  by  u^={d(^>ldx)  +  {d\if fdy)  and  Uy  ={d(pldy)-{d\if  jdx),  and  after 

some  tedious  algebra,  we  obtain  the  following  uncoupled  PDEs  as  the  field  equations  of  the 
problem 


=  0  ,  cVV-^yVV- Vv'=0  • 

In  the  above  equations,  we  have  employed  the  following  definitions 
/ft)" 


8l=^- 


I  2  __££L.  I  2_P^ 
'  '•  X  +  2fi  ’  n 


V^  = 


dx^  dy 


2  ’ 


= - 4-2 - -I - 

dx*  dx^dy^  dy* 


(14), (15) 


(16)-(19) 

(20),(21) 


and  we  also  notice  that  k,  =  (ojVi  and  A:,.  =  (ojVj ,  where  V'^  and  F,.  are,  resprectively,  the 
velocities  of  the  longitudinal  and  transverse  waves  in  the  classical  (i.e.  non-gradient) 
elasticity  theory. 
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5.  GENERAL  SOLUTION  AND  DISPERSION  CURVES 

The  two-sided  Laplace  transform  f*{p,y)=\_  f{x,yye~^''dK  is  utilized  to  suppress  the  x- 

dependence  in  the  field  equations  and  the  boundary  conditions,  and  this  gives  (through  Eqs, 
(14)  and  (15))  two  ODEs,  which  possess  the  following  general  transformed  solution  for 
y  >0 :  fip^y)-  B(p)*  +  C(p)’  and  \{/*(p,y)=  Dip}  +  E(py  ,  where 

(a, A  functions  of  the  complex  variable  p,  and  also  depend  upon  the  material 

constants  and  the  frequency.  The  functions  {b,C,D,E)  are  yet  unknown  functions  {amplitude 
functions),  which  can  be  determined  in  each  specific  problem  through  the  enforcement  of 
boundary  conditions.  Finally,  since  we  seek  here  solutions  of  the  surface-wave  type,  pertinent 
branch  cuts  should  be  introduced  in  the  complex  p-plane  in  order  to  secure  exponentially 
decaying  solutions  with  the  distance  y  from  the  half-space  surface  (see  in  Vardoulakis  and 
Georgiadis  [9],  and  in  Georgiadis  et  al.  [11]  for  a  related  analysis  concerning  SH  and 
torsional  surface  waves). 


Figure  2:  Dispersion  curves  for  different  relations  between  c  and  h 
(bj  =b/c''^ ,  (Oj  is  a  normalized  frequency,  is  a  normalized  wavenumber) 

Next,  the  appropriate  traction-free  boundary  conditions  are  considered  for  unforced 
Rayleigh- wave  propagation:  Gyy  -  {^tHy^y  =0 ,  -  {dmy^  =0 ,  =0  and 

m  =0.  Combining  now  the  general  solution  with  the  transformed  boundary  conditions 

provides  a  system  of  four  equations  for  the  unknown  functions  {B,C,D,E)  .  The  vanishing  of 
the  determinant  of  the  coefficients  of  the  unknowns  (eigenvalue  problem)  gives  the 
dispersion  equation  for  the  propagation  of  Rayleigh  waves  in  a  microstructured  material 
characterized  by  gradient  elasticity.  Numerical  results  were  derived  from  this  equation 
through  some  elaborate  FORTRAN  programming  [15].  Only  some  representative  results  are 
given  here  in  the  diagrams  of  Fig.  2.  From  such  results,  one  can  estimate  the  relation  between 
the  various  microstructural  parameters  involved  in  the  present  modeling  of  microstructured 

media.  For  example,  in  Fig.  2  above,  the  relation  c  =  (o.l/?)  between  the  gradient  coefficient 
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c  and  the  grain  size  2h  seems  to  be  more  appropriate  than  the  relation  c  =  h^,  because  the 
former  case  corresponds  to  a  dispersion  curve  that  is  closer  to  the  one  derived  from  atomic 
lattice  calculations  (the  latter  are  given  in  Gazis  et  al.  [1]). 
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1.  SUMMARY 

An  integral  transform  procedure  is  developed  to  obtain  fundamental  thermoelastic  3D 
solutions  for  thermal  and/or  mechanical  concentrated  loads  moving  steadily  over  the  surface 
of  a  half-space.  These  solutions  are  exact  within  the  bounds  of  the  coupled  thermo- 
elastodynamic  theory,  and  results  for  surface  displacements  are  obtained  over  the  entire  speed 
range  (i.e.  for  subsonic,  transonic  and  supersonic  source  speeds).  Our  solution  technique  is 
based  on  the  use  of  the  Radon  transform  and  certain  results  from  distribution  theory. 


2.  INTRODUCTION 

The  rapid  motion  of  a  point  thermal  and/or  mechanical  load  over  the  surface  of  a  half-space 
is  a  problem  that  mainly  concerns  the  fields  of  Contact  Mechanics,  Tribology  and  Dynamic 
Fracture  Mechanics.  Typical  cases  are:  (i)  Motion  of  an  asperity  developed  on  the  mating 
surface.  Such  an  asperity  may  be  a  material  inclusion  or  some  thermo-mechanical 
deformation  of  the  mating  surface  (see  e.g.  Barber  and  Ciavarella  [1]).  (ii)  Brake  systems  (see 
e.g.  Huang  and  Ju  [2],  Georgiadis  and  Barber  [3].  (iii)  Crack  face  contact  in  intersonic 
interfacial  rapid  fracture  of  bimaterial  plates  (see  e.g.  Rosakis  et  al.  [4]).  (iv)  Ground 
deformation  due  to  the  motion  of  high-speed  modern  trains  or  supersonic  aircraft. 

In  many  cases,  the  problem  described  above  can  be  modeled  as  a  steady-state  situation 
involving  a  half-space  under  a  concentrated  mechanical  /  thermal  load,  which  moves  over  the 
half-space  surface  at  a  constant  velocity.  This  is  the  problem  examined  here  and  its  solution  is 
obtained  by  considering  a  material  response  governed  by  the  coupled  thermo-elastodynamic 
theory  of  Biot  [5].  Additional  aspects  of  this  theory  and  solutions  to  specific  problems  were 
presented  by,  among  others,  Chadwick  [6],  Dassios  and  Grillakis  [7],  Massalas  et  el.  [8], 
Brock  and  Georgiadis  [9],  and  Georgiadis  et  al.  [10,11].  In  particular,  the  situation  considered 
here  is  the  3D  analogue  of  the  plane  strain  problem  considered  by  Brock  and  Georgiadis  [\2]. 
We  also  mention  that  in  the  absence  of  thermal  effects,  the  above  situation  degenerates  into 
the  problem  considered  by  Barber  [13].  Due  to  space  limitations,  we  give  here  only  results 
concerning  the  surface  vertical  displacement  due  to  a  vertical  force  P .  Additional  results, 
more  details  and  further  analysis  are  provided  by  the  authors  elsewhere  [14]. 
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3.  PROBLEM  STATEMENT 

Consider  a  thermally  conducting  linearly  elastic  body  in  the  form  of  a  half-space  z'  >0 .  This 
otherwise  unloaded  body  is  at  rest  at  a  uniform  temperature  ,  but  is  then  disturbed  by  the 
motion  of  a  mechanical  /  thermal  source  over  the  half-space  surface  (see  Fig.  1),  The 
concentrated  point  load  has  components  P  and  S ,  whereas  the  point  heat  source  has 
intensity  KQ,  with  K  denoting  the  thermal  conductivity  and  Q  being  a  multiplier  expressed 
in  (length)  (degrees  of  temperature).  Further,  under  the  assumption  that  the  load  has  been 
applied  for  a  long  time  and  is  moving  at  a  constant  speed  V ,  a  steady-state  is  created  around 
this  source  (see  e.g.  Brock  and  Georgiadis  [9,12]). 


Figure  1 :  A  point  mechanical  /  thermal  load  moving  at  constant  velocity 
over  the  surface  of  a  half-space. 

Using  the  steady-state  assumption,  considerable  simplification  is  gained  in  analyzing  the 
problem  at  hand.  Indeed,  the  Galilean  transformation  x-x'-Vt,  y  =  y\  z  =  z'  can  be 
introduced,  so  that  the  time  derivative  in  the  fixed  Cartesian  system  becomes  -  V  djdx ,  and 
both  the  field  equations  and  the  boundary  conditions  are  independent  of  t .  Consequently  the 
field  equations  of  coupled  thermoelasticity  in  the  moving  reference  system  are  written  as 


s=  ju(Vu+uV)  +  “2XV  u)  +  jiK9\  , 

u+  -l)V(V  u)  +  kV0  -  nP’c'^  =0  , 

ox 


made  ,9(Vu) 


(1) 

(2) 

(3) 


where  s  is  the  stress  tensor  with  components  u  is  the  displacement 

vector  with  components  1  is  the  identity  tensor,  T  is  the  temperature. 
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0  =  T-Tq  is  the  change  in  temperature,  V  is  the  3D  gradient  operator,  V •  u  is  the  3D 
dilatation,  is  the  3D  Laplace  operator,  >1  with  =[(A+2^)/p]^  being  the 

longitudinal  (L)  wave  speed  in  the  absence  of  thermal  effects  and  Vj  =(p/p)*^^  being  the 
transverse  (T)  wave  speed,  (A,p)  are  the  Lame  constants,  and  p  is  the  mass  density.  Also, 
K*  =  K’o(4-3m^)<0  with  Kq  being  the  coefficient  of  thermal  expansion,  Q  is  the  specific 
heat  at  constant  deformation,  while  cs  and  mc^  Mj  -VjVj^  are  the  Mach 

numbers.  The  boundary  conditions  for  and  dQ/dz  involve  the  product  •  5{y) , 

with  d{  )  being  the  Dirac  delta  distribution,  whereas  G^y{x,y,z  =o)  =0 . 


4.  RADON  TRANSFORM  ANALYSIS 

The  solution  of  the  previous  problem  will  be  effected  through  a  novel  technique  based  on  the 
Radon  transform  (see  e.g.  Deans  [15])  and  pertinent  coordinate  transformations.  This  general 
procedure  reduces  the  original  3D  problem  to  a  pair  of  auxiliary  problems,  i.e.  a 
corresponding  2D  plane-strain  problem  and  a  2D  anti-plane  shear  problem.  In  particular,  it 
should  be  noticed  that  the  2D  plane-strain  problem  is  completely  analogous  to  the  original  3D 
problem,  not  only  regarding  the  field  equations  but  also  regarding  the  boundary  conditions. 
This  makes  the  present  technique  more  advantageous  than  other  techniques  (see  e.g.  Barber 
[13]),  which  require  first  the  determination  of  a  fictitious  auxiliary  2D  plane-strain  problem 
through  the  solution  of  an  integral  equation.  As  will  become  apparent  below,  after 
establishing  the  correspondence  principle  (equivalence)  between  the  3D  problem  and  the  two 
auxiliary  problems,  the  solution  to  the  original  problem  follows  by  performing  first  a 
coordinate  transformation  and  then  taking  the  inverse  Radon  transform  of  the  known  plane- 
strain  and  anti-plane  shear  solutions. 

The  2D  Radon  transform  a  function  /(r) ,  with  |r|  =  {x^  +  ,  is  defined  as  [15] 


L 


where  L  denotes  all  straight  lines  in  the  plane  Oxy  and  ds  is  the  infinitesimal  length  along 
such  a  line.  The  lines  L  are  defined  by  n-r=^,  with  n=  («j^,«^)  =  (cosa),sinro),  and  the 
Radon  transform  is  in  fact  the  integral  of  /(r)  over  all  these  straight  lines  in  the  plane.  The 
inverse  2D  Radon  transform  is  given  by 


/M=/M=-^f  [T 


q-r ‘Cos\ 


{co-(p)j 


\dq 


dco  , 


(5) 


where  the  symbol  PF(  )  stands  for  the  principal-value  pseudo^function  (or  distribution)  [16]. 


Next,  the  two  auxiliary  problems  will  be  obtained  as  transformed  problems  of  the  original 
problem.  Operating  with  the  Radon  transform  (4)  on  the  governing  equations,  using  standard 
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properties  of  the  Radon  transform  (like  linearity,  derivative  and  distribution  transforms)  and 
performing  a  rotation  of  the  original  {x,y,z)  coordinate  system  through  the  angle  co  about 
the  z-axis,  gives  the  following  equations  in  the  new  coordinate  system  {q,s,z) 


dq  dz^  '  'dz 


2 

d^e'' 

[  dq^  dz^  j 


''du,  du, 

^  Bq  dz 

( du  du, 

+ 


dq  dz  ) 


2  2  „ 
dS  2  2 


+c 


mc^  do 


0  '”''x)^^2  +  ^^2  -0  . 

a„{q,(o,z=o)  =  -P-5{q)  , 
dS{q,a),z=Q) 

- ^ - =  -fi  %). 


'  dq‘ 

dti  du, 
— -  +  — - 
dq  dz 


^0  , 


6;^(^,tw,z=0)  =  -.S  cosco-5(^)  , 

a^^(^,cu,z  =o)=  5'*sincu-5(^)  , 


where  c,  =  cn^ ,  and 


is'*’ 

(  cos  ft) 

sinft)^ 

^  cos ft) 

sinft)^ 

(0  \ 

^zx 

(“Sinft) 

cos  ft); 

UJ 

sin  ft) 

cos  ft); 

(6a) 

(6b) 

(6c) 

(7) 

(8a, b) 
(8c), (9) 


(10a, b) 


Now,  one  may  observe  that  (6)  and  (8)  form  a  2D  plane-strain  problem  in  the  (q,z) 
coordinate  system.  This  problem  (first  auxiliary  problem)  involves  a  thermoelastic  body  in 
the  form  of  the  half-plane  z  >0  that  is  disturbed  by  the  steady-state  motion  of  a  concentrated 
line  load.  The  mechanical  /  thermal  load  has  components  P,  5  cos  to  and  KQ\  and  is 
moving  along  the  ^-axis  with  velocity  coso) .  On  the  other  hand,  (7)  and  (9)  form  a 

2D  anti-plane  shear  problem  in  the  (q,z)  coordinate  system.  This  problem  (second  auxiliary 
problem)  involves  a  linearly  elastic  body  in  the  form  of  the  half-plane  z  >0  that  is  disturbed 
by  the  steady-state  motion  of  a  concentrated  anti-plane  shear  load.  In  this  case,  the  load 
5 -sin ft)  is  moving  along  the  <7 -axis  with  velocity  V^  =  V  cosco .  The  solutions  to  the  first 
and  second  auxiliary  problems  have  been  obtained  in  [12]  and  [17],  respectively. 


5.  INVERSION  PROCEDURE  AND  RESULTS 

The  3D  solution  follows  from  the  transformed  solution  in  two  steps.  First,  the  inversion  of  the 
coordinate  transformation  in  (10)  is  performed  providing  the  set  in  terms  of  the 

rotated  Radon-transformed  displacements  Then,  the  Radon -transform  inversion 

according  to  (5)  gives  the  set  in  the  physical  plane.  Representative  final  results  for 

the  vertical  surface  displacement  due  to  the  vertical  load  P  in  the  entire  speed  range  are 
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given  below.  Operating  with  (5)  on  the  solution  of  the  first  auxiliary  problem  and  using 
results  from  distribution  theory  along  with  results  concerning  the  Hilbert  transform  of 
generalized  functions  (Lauwerier  [16]),  provides  the  surface  vertical  displacement  as 


=0)=-  — sm(p,e)-\- 
fir  [z 


cos(p 


K 


COS^  (p-(^  j 


(11) 


where  the  functions  )  and  )  are  given  in  [14],  and  e  =  {T^IC^\KVjlrnf  is  the 

dimensionless  coupling  coefficient.  From  the  result  in  (11)  and  considering  appropriate 
radiation  conditions,  one  may  derive  particular  results  in  the  entire  speed  range  [14],  i.e.  for 
0<  F  <  Fyj  ,  V^<V  <Vj^  ,  Fy.  <  F  <  and  <F  ,  where  is  the  steady-state 

thermoelastic  Rayleigh  wave  velocity  [12]  and  Fy^^  =  Fy^(l+f)^^^  is  the  steady-state 
thermoelastic  longitudinal  wave  velocity. 


Figure  2:  Displacement  vs.  polar  angle  (p  for  various  source  speeds. 

The  Rayleigh  wave  fronts  occur  at  ip  =  102.39"',  129.35"*,  158.2r 
for  Mj  =0.95, 1.2,  2.5 ,  respectively. 

These  results  are  given  in  the  form  of  graphs  (Fig.  2)  showing  the  variation  of  the  normalized 
surface  vertical  displacement  fir  j  P  with  the  polar  angle  <p  =  tan"’ (y/x) .  The 

distance  from  the  moving  load  is  r-{x^  The  numerical  results  were  derived  for  a 

steel-like  material  with  Poisson’s  ratio  v=0.3,  shear  modulus  jU  =7.92x1 0’°Nm"^,  mass 
density  p  =7.85x10"^  kg  cm"^  and  coefficient  of  thermal  expansion  k’q  =12x10"^  (°K)"’ . 
The  reference  temperature  was  taken  7J,  =290  "'Kand  the  coupling  coefficient  e  =0.01 1 . 
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1.  ABSTRACT 

Although  the  carrier-rotor  systems  are  deeply  involved  in  many  technical  problems, 
especially  in  spacecraft  dynamics,  closed  form  solutions  are  not  available.  So,  a 
comprehensive  theory  does  not  exist  in  the  literature,  able  to  cover  completely  the  aspects  of 
the  attitude  behaviour  of  any  such  system.  In  the  present  paper  approximate  solutions  are 
derived  for  a  system,  with  almost  axisymmetric  inertia  ellipsoid,  in  response  to  constant 
external  torques.  The  very  accurate  results  of  the  numerical  applications  render  them  quite 
reliable  and  therefore  convenient  for  the  study  of  typical  spinning  spacecraft  problems. 


2.  INTRODUCTION 

The  last  two  decades  numerous  of  works  on  the  carrier-rotor  systems  have  been  published, 
giving  useful  informations  for  the  spacecraft  attitude  dynamics,  when  the  spacecraft  is 
simulated  by  a  gyrostat.  An  extensive  list  of  references  is  given  by  Hughes  (1986)  able  to 
place  in  contact  with  the  literature  those  who  want  to  work  on  this  subject.  Although  the 
questions  discussed  so  far  cover  widely  the  gyrostat  dynamics,  the  problem  remains  quite 
open  to  investigation,  because  of  its  nonlinear  character.  The  equations  of  motion  can  not  be 
integrated,  unless  one  simplifies  their  form  by  special  assumptions.  Such  is  the  case  which  is 
examined  in  this  paper  with  a  gyrostat  in  response  to  a  constant  external  torque.  The 
assumptions  concern  the  structure  of  the  gyrostat  and  the  transverse  portion  of  its  attitude 
behaviour.  Precisely  speaking  we  assume  that  the  rotor  is  mounted  to  the  carrier  with  the 
symmetry  axis  in  coincidence  with  the  major  principal  axis  of  the  system  and  yet  that  two  of 
the  principal  moments  of  inertia  are  almost  equal.  Further,  we  assume  that  the  magnitude  of 

the  vector  o)j=(o)^,(0^  remains  small  during  the  motion  compared  to  the  component  co^. 

With  these  we  derive  the  solutions  in  terms  of  the  known  Fresnel  integrals,  based  on  the 
procedure  followed  in  the  analogous  problem  for  rigid  bodies  (Tsiotras  P.  and  Longuski 
J.M.  1991).  These  solutions  are  proved  by  means  of  numerical  examples,  quite  convenient  for 
the  study  of  the  actual  attitude  behaviour  of  the  spinning  gyrostats. 
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3.  EQUATIONS  OF  MOTION 

As  known  (Hughes,  P.,  1986)  the  motion  of  a  carrier-rotor  system  (such  as  a  gyrostat  and  a 
dual-spin  satellite),  when  it  is  acted  upon  by  a  torque  M=  ,  is  governed  by  the 

equations 


Ad(o^ 


Bd(o^. 


+  C)o)^co,  -  h[a.(o^.  - a^,£0, )  M,,  +  {C- A -h{a^co^- a, w, ) 

Cdco, 


M^+{A-  - h[a^a),  - a,(0^) 


=:dl 


(I) 


where  A,B,C  (A>  B>C)  are  the  principal  moments  of  inertia  of  the  system,  <o= 

is  the  angular  velocity  of  the  carrier  expressed  in  the  triad  Oxyz  of  the  central  principal  axes, 

a=  is  the  symmetry  axis  of  the  rotor  and  h  is  the  angular,  momentum  of  the  rotor 

relative  to  the  carrier.  In  general  the  internal  angular  momentum  is  a  function  of  the  time, 
determined  by  an  appropriate  actuator  (e.g.  an  electric  motor).  This  controlls  the  spin  of  the 
rotor  in  a  way  that  the  time  rate  of  change  of  the  function  h  absorb  the  angular  impulse  of  the 
external  torques.  So  the  motion  of  the  carrier  maintains  a  desired  attitude.  In  many  cases  the 
so  resulting  function  h{t)  varies  so  slowly  that  be  considered  for  long  almost  constant  i.e. 
h{t)  =  -constant.  But  even  so,  eqs.  (1)  are  not  susceptible  of  direct  integration,  unless  one 
reduces  their  form  by  convenient  simplifications.  To  do  so,  we  assume  first  that  the  rotor  is 
mounted  to  the  carrier  with  its  axis  of  symmetry  in  coincidence  with  the  major  or  the  minor 
principal  axis  of  the  system  (here  the  z  -axis).  A  second  assumption  concerns  the  inertial 
character  of  the  system.  Precisely  we  assume  that  two  of  the  inertia  tensor  components  are 
almost  equal,  namely  B  =  A- e,  with  £«A  (Figure  l).This  occurs  very  often  in  technical 
applications  because  of  the  small  differences  between  the  materialization  and  the  original 
design  of  the  structures.  Mostly,  these  differences  come  from  unavoidable  human  mistakes, 
as  for  example,  are  the  unsuccessful  thruster  alignment,  the  mismatch  of  the  several  parts  of 
the  structure,  the  failure  to  establish  precisely  the  desired  symmetry,  etc. 


Figure  1 
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Under  these  circumstances  eqs.  (1)  are  reduced  to  the  form 

_ _  A^-S)dco^  _  Cd(o, 

M^-^{A-C- A5)Q)^(Oy-h^(Oy  My-^{C-  A)co^(o^-\-h^(o^  M^-^8(o^o)y 

where  5  -  ej A,hui  even  so  they  remain  still  non-integrable.  However,  it  is  possible  to  derive 
analytic  solutions  if,  going  further  the  previous  simplification,  we  neglect  the  product  Sco^cOy , 
pressuming  small  values  for  both  (o^  and  (Oy  .This  seems  as  an  extremely  special  case  but 

actually  is  not.  The  experience  shows  that,  spin-stabilized  vehicles  with  rigid-body  structure 
(such  as  rockets  and  spacecraft),  being  acted  upon  by  constant  torques,  tend  during  the 

motion,  to  keep  small  the  magnitude  of  the  vector  (Oj  =  compared  to  (o^ .  This  is  valid 

not  only  when  the  distribution  of  mass  implies  the  equality  A  =  B  but  even  when  A  =  B , 
provided  that  -l-  ,  where  and  My  are  the  transverse  components  of  the 

exerted  torque  (Kia-Longuski,  1984).  The  same  happens  in  gyrostats  with  axisymmetric  or 
almost  axisymmetric  inertia  ellipsoid  when  the  quantity  h  is  small  compared  to  the  angular 
momentum  H  of  the  carrier  (we  notice  that  the  attitude  motion  of  a  gyrostat  degenerates  to 
the  motion  of  a  single  rigid  body  when  h«  H  (Hughes,  P.  1986)). 


4.  THE  INTEGRATION  OF  EQS.  (2) 

Solving  the  last  of  eqs.  (2)  in  view  of  the  latter  assumption,  we  yield  the  approximate 
solution 


r  +  <o,„ 


(3) 


Substitution  of  this  form  into  the  first  two  of  eqs  (2)  provides 

Adod^  A{l-  d)dcOy 


M  + 


f 

(A-C’-AS) 

V 


^2  i  ; 

|-4 


(Oy  My- 


(A-C) 

\ 


K  ,  , 

-^t+(0,a  \-K 


=  dt  (4) 


0)^ 


If  we  use  now  the  variables 


where 


A-C-AS  ,  A-C  ,,  ,  , 

k= - ;; - ,  L  =  .  k  =Kk 


Ail-S) 


X  y 
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and  make  the  replacement  {\-5)  *  =1+  d ,  we  obtain 


dQ, 


M. 


{  C 


hk 


s-y 


Ak 


n 


K{\^d)k^ 

Ak 


=  di 


(5) 


The  relative  error  of  the  above  replacement  is  equal  to  -  hence  the  error  which  is 
introduced  in  the  form  of  the  second  equation  is  insignificant.  The  reason  for  this  change  will 
become  obvious  later. 

Next  we  make  the  substitution  of  the  quantities  and  (1+5)^^  inside  the  brackets  by  their 
average  fi  and  introduce  the  complex  variable  w  =  +  iQ^ .  After  some  arrangement  we 

yield  the  complex  equation 


w  +  i 


(6) 


The  use  of  yU  implies  an  evaluation  error  which,  relative  to  the  exact  values  of  the  replaced 
quantities,  is  equal  to  -£/2(/l-C-£)  and  ej2{A-C)  respectively.  We  notice  the 
dependence  of  these  errors,  upon  the  difference  yf  -  C .  It  is  easy  to  show  that,  for  relative 
errors  less  than  a  desired  value  b ,  the  difference  A  —  C  fulfiles  the  inequality 


A-C>e 


H2b 
lb  ' 


Thus  for  example,  for  b  =0.01 ,  the  least  value  of  this  difference  is  equal  to  51e . 

Eq.  (6)  has  the  typical  form  of  the  first  order  linear  differential  equations  with  a  time-varying 
coefficient.  Hence,  its  general  solution  will  have  the  form 

where  P  and  Q  are  the  coefficients  of  the  second  and  third  term  respectively.  Carrying  out 
the  integration  of  the  exponential  terms  we  obtain 


J  Pdt  =  (I 


kM.t^  f,  , 


The  term  7  is  a  constant  which  for  convenience  is  choosen  equal  to: 


r  = 
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so  that  the  above  integral  to  be  written 

with  the  abbreviations 
kM. 


a  = 


15  =  ko). 


hJi 

kA 


Through  this  eq.  (7)  becomes 

w{t)= 


kM^ 

where  A,  =  =  const ,  and 


(cosT^  -/sinT^) 


(8) 


The  integrals  inside  the  brackets  have  one  of  the  alternative  forms  of  Fresnel  integrals 
C,W  =  J||cos|V|,  S,(x)  =  ^jsm^^d^ 

whose  properties  and  tabulated  values  are  exhibited  in  most  mathematical  handbooks  (e.g. 
Abramowitz  and  Stegun,  1972).  Thus,  the  solution  w(t)  is  written 


w(r) 


where 


*  +  iMj,0+  5)7^](C|(t)  +  exp(-  iV)+ +  /-^2)exp(-  iV)  (9) 


+ iMjl+  5)V^][c.(T„)+iS,(T„)] 


^  =0)e''"  ^ 


"  2kM.  ^ 


Turning  back  to  the  variables  <0,  and  £0,,,  we  yield  after  making  the  separation  of  the  real  and 
imaginary  parts  of  w 
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KC,(ro)-M/l+S)^S,(rJ 


COST  + 


m,s,(t)+  A/^.(}+s)J^q(T) 


smr  - 


ft),„cosTo'-ft),J-^sinTo' 


COST  - 

( 


COST  + 


KS,(ro)+M,(^+S)JtC,(ro) 

nr 


sinT 


co,,sinT^  +  co^,^-^cosT^ 


siriT 


co/O  ^ 


L 


M,J-^q(T)+M/]+S)Q(T) 


" 

1 

COST^ - 

M,^C,(t)-A//I+5)S,(t) 


(10a) 


sinT  “ 


Mj-^S,(T,)+Mjl+S)C,(r,) 


COST  + 


M  fC,(Tj-M/l+S)S,(T„) 


SinT  r  + 


(W,„  sinTn  +  (W...  COST,^ 

V  .*«  y 


^  / 

I 

2 


COST 


SinT 


(10b) 


where 


®,»  =^5{[w(/  =0)]  and  =^3[w(<  =0)] 


From  these  we  find  easily,  by  recalling  the  property  ^imq(x)  =  ^/mS,(x)  =  ~  that 

X->t»  2 


♦  .  /  \  I  Cn 

(0^  =£mjco^Xt)  =  —J-— 
^  /->-  '  2AV/cM. 


1  C7t 


A\kM. 


U^,(l+S)J^cos2r 
f 


1 

A\kM. 


M,5',(to)+ A/^(1+5)^C,(t„) 


W,„COSTo'-(U^„j-^sinTo' 


COST  - 


tu,„sinTo"  +  «^,^^cosTo' 


SinT 


to*  =  = 


1  C;r 


2A\kM, 


M,,  -^cos2t'  + M  (1+5) 


1  C;r 


MJ-fS,(t„}+  M^.(I+5)C.(t„) 


sin  rl  +  a)^„  cos  Tq  1 cos  t^  + 


1  C;r 


+  ^— . 


^  nr  '' 

w„J-^cosTo'-ffl,.„sin< 


SinT 
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We  remark  that  the  magnitude  of  the  vector  (Oj  tends  with  the  time  to  become  periodic, 
while  the  component  increases  infinitely,  with  consequence  after  long  the  gyrostat’s 
behaviour  to  seem  as  resulting  exclusively  from  (o, .  Thus  at  the  limit  the  contribution  of  (Oj 
is  absorbed  from  co, ,  but  this  does  not  mean  at  all  that  the  motion  is  reduced  to  a  single 
rotation,  since  the  components  (O^  and  cOy  are  neither  equal  to  zero  nor  so  small  to  be 
neglected. 

Finally  it  is  not  difficult  to  verify  that,  when  8  is  extremely  small,  i.e.  when  8  ^0 ,  the  forms 
(10)  are  reduced  to  the  solutions  for  a  gyrostat  with  perfect  axisymmetric  inertia  ellipsoid, 
namely  with  A  -  B . 


5.  NUMERICAL  APPLICATIONS 

The  previously  derived  solutions  are  illustrated  by  application  to  the  spin-up  maneuvers  of  a 
gyrostat,  with  A  =5000%  ‘tn^  ^  C  =2500 ,  £  =50%  •  and  =  ±400%  *  •  sec  ‘ ,  in 

response  to  the  constant  torque  A/ =  (1.5,2.0,12.0)A^‘/w.  For  simplicity  we  assume  that  the 
motion  starts  with  (D,„  =  ftJ^„=0  and  co^^=^5[inradls) .  The  results  are  drawn  in  the  same 

diagram  with  the  “exact”  solution,  which  is  obtained  by  numerical  integration  of  eqs.  (2),  but 
as  they  are  indistinguishable,  we  give  also  the  differences  and  Ao)^.  Note  that  the 

method  used  for  the  numerical  integration  is  that  developed  by  Tsitouras  team  (1996)  on  the 
basis  of  the  classical  Runge-Kutta  method.  Inspecting  the  diagrams  of  the  errors  Acu^,Am^ 

and  Acu^  we  deduce  that  the  forms  (3)  and  (10)  furnish  a  very  satisfactory  approximation  of 
the  actual  motion,  at  least  in  the  interval  [0,300] .  Analogous  results  we  obtain  for  the  spin- 
down  maneuvers  of  the  system. 
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Figure  3 
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1.  SUMMARY 

A  thermodynamically  consistent  framework  for  the  gradient  approach  in  coupled  damage- 
plasticity  is  proposed.  The  idea  of  multiple  scale  effects  is  made  more  general  and  complete 
by  introducing  damage  and  plasticity  internal  state  variables  and  the  corresponding  gradients 
at  both  the  macro  and  mesoscale  levels.  The  mesoscale  gradient  approach  allows  one  to 
obtain  more  precise  characterization  of  the  nonlinearity  in  the  damage  distribution;  to  address 
issues  such  as  lack  of  statistical  homogeneous  state  variables  at  the  macroscale  level  such  as 
debonding  of  fibers  in  composite  materials,  crack,  voids,  etc;  and  to  address  nonlocal 
influences  associated  with  crack  interaction.  The  macroscale  gradients  allow  one  to  address 
non-local  behavior  of  materials  and  interpret  the  collective  behavior  of  defects  such  as 
dislocations  and  cracks. 

2.  INTRODUCTION 

Engineering  materials  contain  defects  that  lead  in  some 
cases  to  specific  pattern  formation  due  to  a  coupling  of 
inelastic  mechanisms  of  microcrack  and  microvoid  growth 
with  plastic  flow  and  fracture.  Initially,  loading  of 
heterogeneous  materials  causes  non-interacting  microcracks 
and  micro  voids;  however,  further  loading  will  cause  failure 
mechanisms  to  occur  at  localized  zones  of  damage  and 
plasticity  where  interaction  and  coalescence  of  microcracks 
and  micro  voids  take  place.  These  interactions  lead  to  a 
degradation  of  the  global  stiffness  and  to  a  subsequent 
decrease  of  the  load  carrying  capacity  of  the  material.  As 
damage  localizes  over  a  narrow  region  of  the  continuum 
(Figure  1),  the  characteristic  length  scale  governing  the 
variations  of  damage  falls  far  below  the  scale  of  the  state  variables  of  strain  and  damage 
normally  used  to  describe  the  response  of  the  continuum.  This  leads  to  the  case  where  the 
wavelength  of  the  damage  distribution  is  predicted  to  be  much  smaller  than  the  size  of  the 
material  heterogeneities  0. 
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Localization  problems  due  to  plasticity  and  damage  can  be  handled  by  using  the  gradient 
approach  at  the  macroscale  0.  However,  it  is  observed  that  for  a  given  value  of  macroscopic 
damage  variable  variation,  the  macroscale  response  function  associated  with  the 
representative  volume  elements  (RVE)  consisting  of  different  distributions  of  defects  are 
attributable  to  the  differences  in  the  size,  orientation,  and  spatial  distribution  of  defects  within 
the  RVEs.  These  are  important  factors  that  make  the  evolution  function  statistically 
inhomogeneous  below  the  RVE  scale.  Macroscale  strain  and  damage  gradient  approaches 
cannot  capture  this  sub-representative  volume  element  (SRVE)  length  scale  effect.  Lacy  et.  al. 
0  proposed  a  mesoscale  gradient  approach  in  order  to  obtain  more  precise  characterization  of 
the  nonlinearity  in  the  damage  distribution,  nonlocal  influences  associated  with  crack 
interaction,  and  statistical  inhomogeneity  of  evolution  related  damage  variables. 

This  work  addresses  non-local  effects  by  incorporating  the  gradient  of  both  plasticity  and 
damage  internal  state  variables.  The  combined  coupled  concept  of  introducing  gradients  at  the 
mesoscale  and  macroscale  enables  one  to  address  two  issues  simultaneously.  The  mesoscale 
gradients  allow  one  to  address  issues  such  as  lack  of  statistical  homogeneous  state  variables  at 
the  macroscale  level  such  as  debonding  of  fibers  in  composite  materials,  crack,  voids,  etc. 
The  macroscale  gradients  allow  one  to  address  non-local  behavior  of  materials  and  interpret 
the  collective  behavior  of  defects  such  as  dislocations  and  cracks.  This  coupled  proposed 
gradients  formulation  allows  one  to  model  size  dependent  behavior  of  the  materials  together 
with  localization. 

3.  GRADIENT  MODEL  USING  NON-LOCAL  INTERNAL  STATE  VARIABLES 

The  use  of  nonlocal  continua  theory  is  made  to  represent  the  stress  response  at  a  material 
point,  which  is  assumed  to  depend  on  the  state  of  its  neighborhood  in  addition  to  the  state  of 
the  point  itself.  Kuhl  et  al  0  derived  the  gradient  continuum  enhancement  as  a  special  case  of 
the  general  concept  of  nonlocal  continua.  The  nonlocal  tensor  A  can  be  expressed  as  the 
weighted  average  of  its  local  counterpart  A  over  a  surrounding  volume  V  such  that 


A=:^Jh(gA(x  +  ?)cIV 

''  V 


(1) 


where  h(Q  is  a  weight  function  that  decays  smoothly  with  distance  and  in  this  work  is  given 
by  h(Q=:I  h(Q  where  I  is  an  identity  tensor. 

Eq.  (1)  can  be  approximated  by  a  partial  differential  equation  through  the  Taylor  expansion  at 
C=0  0,  Assuming  only  an  isotropic  influence  of  the  averaging  equation,  integrals  of  odd  terms 
in  the  Taylor  expansion  will  vanish.  Thus,  the  Taylor  expansion  up  to  the  quadratic  term  leads 
to  the  following  partial  differential  equation  0: 

^ = vi’’ 

V  V  Z.  V  y 


(2) 
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where  denotes  the  2"^  order  gradient  operator  and  :^|[h(C)]dV=l .  In  Eq.  (2),  “a”  is  a 

constant  proportional  to  a  length  squared  and  weights  each  component  of  the  gradient  term 
identically. 


A  similar  expression  to  the  non-local  internal  variable  A  may  be  obtained  at  the  mesoscale  to 
characterize  interface  damage  such  as  debonding  of  the  fiber  from  the  matrix  such  that 
1  =  A+aV'  A .  This  allows  one  to  describe  A  at  a  SRVE  where  the  internal  variable  can  only 
be  statistically  homogeneous  at  a  subvolume  of  the  RVE  and  V^A  is  its  corresponding 
gradient. 

4.  REPRESENTATIVE  VOLUME  AND  SUB-  REPRESENTATIVE  VOLUME 
ELEMENTS 

The  internal  state  variables  are 
categorized  into  two  categories.  The 
first  category  is  statistically 
homogeneous  at  the  RVE,  while  the 
second  is  statistically  homogeneous 
at  the  SRVE.  The  definition  of  the 
RVE  and  SRVE  is  detailed  in  the 
work  of  Nemat-Nasser  and  Hori  0. 


In  the  literature  the  RVE  is  the 
necessary  minimum  observation 
window  that  is  used  for  the  determination  of  the  statistically  homogenous  elastic  stiffness. 
The  RVE  implied  in  this  work  is  the  matrix  with  a  single  fiber  in  the  middle  of  the  RVE 
(Figure  2). 


Macroscale  RVE  at  Mesoscale 


Figure  2:  Schematic  representation  of  Representative  Volume  Element 


For  an  RVE  made  of  two  phase  materials  the  defects  in 
each  constituent  and  in  the  interphase  (debonding) 
cannot  be  categorized  as  statistically  homogenous  for 
the  RVE  unless  a  very  low  order  of  measure  of  these 
defects  is  used  to  characterize  damage  or  plasticity.  The 
subvolume  characterization  of  damage  and  plasticity  at  a 
level  below  the  RVE  allows  one  to  adequately 
characterize  the  details  of  these  defects.  This  SRVE 
definition  for  the  composite  material  in  the  case  of  multi 
scale  analysis  is  introduced  by  defining  an  equivalent 
minimum  observation  window  for  each  constituent  of  the  composite  where  the  response 
function  of  each  constituent  is  statistically  homogenous  within  the  equivalent  RVEs  (Figure 
3).  Then  the  SRVE  damage  distribution  of  each  constituent  can  be  characterized  at  a  point 
within  the  corresponding  RVEs. 


Figure  3:  SRVEsfor  Multiscale  Composite 
Materials 
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5.  MACROSCALE  -  MESOSCALE  COUPLED  PLASTICITY  AND  DAMAGE 
GRADIENT  THEORY 

5.1  NONLOCAL  INTERNAL  STATE  VARIABLES 

The  tliermoelastic  Helmoltz  free  energy  may  be  expressed  in  terms  of  the  nonlocal  internal 
state  variables  as 


V  =  T, 


(P) 


(P)n 

^ij’  T  ij  »  I  ij  ’  ^  ^ 


where  u  =  m,  f,  i 


(3) 


where  the  subscripted  letters  after  the  variables  indicate  the  tensorial  nature  of  the  variables. 
The  bracketed  superscripts  ‘e’,  ‘p’,  and  ‘d’  imply  elasticity,  plasticity,  and  damage  related 
internal  state  variables,  respectively.  The  superscripted  letter  ‘u’  indicates  that  the  internal 
state  variable  is  used  to  characterize  damage  associated  with  different  material  constituents. 
The  composite  material  is  separated  into  matrix  (m),  fiber  (f),  and  interface  (i). 

In  the  above  equation,  the  nonlocal  internal  state  variables  and  7^“’  (p  and  ) 
variables  characterize  the  isotropic  and  kinematic  hardening  flux  variables  in  damage 
(plasticity).  is  the  nonlocal  damage  second  order  tensor.  Additive  decomposition  of  the 
strain  is  assumed  with  e'  being  the  elastic  component  and  e'  being  the  corresponding  plastic 
component.  Stresses  and  strains  are  macro-variables  that  maybe  computed  using  the  macro-, 
meso-,  and  micro-structure  internal  state  variables  of  the  material.  Thus  in  this  work,  gradient 
effects  for  the  strains  and  stresses  are  introduced  only  through  the  internal  state  variables 
associated  with  plasticity  and  damage. 

In  lieu  of  section  1,  with  regard  to  using  gradients  to  describe  the  non-local  behavior  of  the 
material,  the  following  relations  are  given  here  in  a  similar  form  to  that  given  by  Eq.  (2)  such 
that: 


“ij=“.j  +  SAV"a,j  +  ;!;jAV=aij 


C’  =  'i>r  +  v>;;’  +  'tic'"’ 


Vir  =  Yi"’ +  !>'"’ 


p  =  p+:5iBV’p  +  itiBV’p 

(where  u  =  m,f,i)  Eqs.  (4) 


_  ^(u)  _|_  ((l)g(u) 


(d)B(u)  V2«(u) 


The  constants  in  Eqs.  (4)  are  constants  similar  to  the  constant  “a”  given  by  Eq.  (2).  If  one 
chooses  the  same  weight  function  h(Q  for  both  plasticity  and  damage  macro-related  internal 
state  variables,  then  =  a  .  However,  this  will  not  be  the  case 

for  the  micro-related  internal  variables  since  the  region  of  the  sub-volume  will  change  for 
different  internal  variables. 


The  isotropic  hardening  variable  of  plasticity,  p,  is  a  scalar  quantity  and  is  expressed  in  terms 
of  the  plastic  strain  rate.  The  gradient  terms  of  p  characterize  measures  of  the  dislocation 
density  0.  The  gradient  terms  referring  to  the  backstress  characterizes  the  internal  embedded 
stress  variations  introduced  by  dislocation  pile-ups,  etc.  The  average  mesoscale  gradients  of 
kinematic  and  isotropic  hardening  in  plasticity  may  be  used  to  characterize  discrete 
dislocations  in  the  formulation  if  that  is  paramount  to  the  analysis. 
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The  second  order  tensor,  characterizes  a  kinematic  measure  of  damage  due  to  volume  or 
surface  reduction  associated  with  the  evolution  of  voids  or  cracks  0-0,  and  is  characterized 
through  the  individual  damages  of  the  matrix,  fiber,  and  interface.  For  the  case  of  matrix 
damage,  is  used,  while  for  fiber  damage,  is  used.  However,  for  interface 

damage,  the  averaged  mesoscale  gradient  is  used  which  is  averaged  at  the  sub-volume 
of  the  RVE.  The  overall  damage  is  obtained  directly  from  Voyiadjis  and  Park  0. 


To  simplify  the  formulation,  we  introduce  the  notation  =  V"  and  a)f  where  jljf 

represents  a  macroscale  internal  state  variable  and  jljf  represents  a  mesoscale  internal  state 
variable.  Thus,  after  incorporating  the  constant  ‘a’,  Eqs,  (4)  can  be  written  in  the  following 
form: 


r  =  +  sc 

C  =  SC 


P  -  (l)P  +  ^  (2)P^  (3)^  (3)P 

(where  u  =  m,f,i) 


Eqs.  (5) 


+  a 


(2)’ 


(3) 


<3)' 


5.2  LOCAL  INTERNAL  STATE  VARIABLES 

In  this  proposed  work,  the  terms  A  and  V^A  given  in  Eq.  (2)  are  identified  as  two 
independent  internal  state  variables  with  different  physical  interpretations  and  initial 
conditions.  Certain  internal  state  variables  such  as  the  dislocation  density  expressed  through 
V^p  and  the  accumulated  plastic  strain,  p,  each  have  a  different  physical  interpretation  that 
guides  one  to  use  different  evolution  equations  for  V^p  and  p.  Using  the  non-local  internal 
variable  p  will  enforce  both  internal  state  variables  to  have  a  single  evolution  expression. 
Similar  arguments  may  be  used  for  the  flux  related  back-stress  plasticity  tensor  a..  0. 


Eq.  (3)  may  now  be  expressed  in  terms  of  the  macroscale  internal  variables  and  averaged 
mesoscale  gradients  as 


tij,*,  (k)“ij’  (k)P’  (k)^'j  ’  (k)''!  ’  w  ‘J  ' 


k  =  1,2,3 


(6) 


We  use  Eq.  (6)  because  Eq.  (3)  will  lead  to  coupling  terms  of  the  nature  oc  y  V  (oty),  etc, 
which  may  not  have  a  physical  interpretation  in  material  behavior. 

Since  the  internal  state  variables  are  selected  independently  of  one  another,  one  can  express 
the  analytical  form  of  the  Helmholtz  free  energy  given  by  Eq.  (3)  as  the  quadratic  form  in 
terms  of  its  internal  state  variables  as: 


pW 


&  spV 


z  sc  sc 


,f,i  k=! 


(7) 
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In  Eq.  (7),  the  coefficients  are  dependent  on  material  and  geometrical  properties  of  the 
composite.  In  the  case  of  composites  the  geometrical  properties  may  include  size,  shape,  and 
spacing  of  the  fibers  as  well  as  the  gradient  of  the  fiber  size  and  fiber  spacing  variation.  The 
functional  dependency  of  these  coefficients  can  be  obtained  by  studying  the  interaction 
problem  of  an  inclusion  embedded  in  an  infinite  homogeneous  matrix  subjected  to  a 
macroscopic  stress  rate  and  corresponding  strain  rate  at  infinity  0. 


Substituting  the  time  derivative  of  Eq.  (6)  into  the  Clausus-Duhem  inequality  provides  the 
thermodynamic  state  laws  given  in  Table  1,  where  X. ,  R,  Y'“’,  r\;\  and  are  defined  as  the 
thermodynamic  conjugate  forces  corresponding  to  the  internal  state  flux  variables 
and  The  total  dissipation  can  now  be  expressed  as  the  sum  of  the  plastic 
and  damage  dissipations  where  the  dissipation  processes  are  given  as  follows: 


i( 


((i)p(ii)  (d)^(u)  ((l),^(u)  (d),^(u) 

(k)*  ij  (k)  tij  ■^(k)*^  (k)^ 


(d)Y(u)  (d)l(u)' 
(k)*ij  (k)Vij  ^ 


(8) 

(9) 


Using  the  state  laws  in 
Table  1  along  with  Eq. 

(7),  the  definitions  for 
the  thermodynamic 
conjugate  forces  in 
Table  1  can  be  obtained. 

The  thermodynamic 
conjugate  forces  can  be 
obtained  through  the 

evolution  relations  of 
the  internal  state 
variables  which  are 

obtained  by  assuming 
the  physical  existence 
of  the  dissipation 
potential  at  the 

macroscale.  Evolution 
equations  for  the 

averaged  mesoscale 
based  gradients  maybe 
obtained  through  the 
use  of  discrete  elements 
or  micromechanical  - 
based  models.  In  this 
work  the  evolution  equations  of  the  macroscale  internal  state  variables  are  obtained  through 
the  use  of  the  generalized  normality  rule  of  thermodynamics. 


State  Laws 

Conjugate 

Forces 

Thermo¬ 

elastic 

Laws 

Elastic 

deformati 

on 

Thermal 

entropy 

O,  =p  (aT/ae;) 

s^-ay/ar 

Plasticity 

Kinematic 

hardening 

!r,x„=p(aT/a;f!aj 

(p)Y  _  (p).,  (p)„ 

(k)'^jj  -  (k)*^ 

Isotropic 

hardening 

j[;R=p(a't'/a;f:p) 

<P)D  _  (p)u  (p)p  I 

(k)*^  (k)*^  (k)p 

Damage 

tensor 

rx'  =p 

(d)Y(ui  _  (d)pfu)  (d)A(ii)^ 
(k)*ij  (k)^  (k)V,,  : 

Damage 

Kinematic 

hardening 

!X”’  =p  (a'i'/aji'lY;;’) 

(d)p('>)  _  (d)  (u)  (d)^»)’ 
(k)*  ij  "  (k)^*  (k)  /ij  i 

Isotropic 

hardening 

jJlK'“'=p(3'p/a«!K'“>) 

(d)ir(u)  _  {d)v(ti)  (d)  (uj 
(k)*^  “  (k)^  (k)^ 

Table  2:  Thermodynamic  state  laws  and  definitions  of  conjugate 

forces 
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6.  EVOLUTION  EQUATIONS  FOR  THE  INTERNAL  STATE  VARIABLES  IN 
DAMAGE 

In  order  to  be  consistent  and  satisfy  the  generalized  normality  rule  of  thermodynamics,  the 
following  form  of  the  damage  potentials,  for  a  composite  and  the  damage  criterion,  g^“^ 
are  defined  here  0: 

o'“)=g<“>+^T^;>r;.”'  (10) 

g*">=(Yf-r<“>)PiV(Yr-rS*)-i20  (11) 

where  is  a  constant  used  to  adjust  the  units  of  the  equation.  The  fourth  order  tensor 
P^kf  =^£($5“^)  describes  the  anisotropic  nature  of  the  damage  growth  and  the  initiation  of 
damage  0. 

Using  a  similar  definition  for  the  nonlocal  term  as  given  in  Table  1,  the  following 
relation  is  obtained: 


jVu)  _  (d)g-(u)  :^(u) 


_(d)A(u)  (tl)p(u)  .  (d)  A  (u)  (d)|-<(u)  ,  (d)  A  (“)  {d)p(u) 
-  (1)^  ^(2)^  (2)*ij  ^(3)^  (3)*ij 


(12) 


where 


(d)  *(«) 

(d)  A  (“)  _  (d)-(n) 

(k)^  -  ^  (d)^(u) 

(k)^ 


'(d)A(u)_l  {d)A(“)_fl' 


(13) 


Similar  relations  are  developed  for  and  K^''^  Damage  evolution  equations  can  now  be 
obtained  by  using  the  generalized  normality  rule  of  thermodynamics: 


(14) 

(k=l,2,3)  (15) 

(k=l,2,3)  (16) 

Alternatively,  one  may  obtain  an  evolution  equation  for  y..  only  using  the  potential,  G,  and 
then  the  evolution  equation  for  the  corresponding  gradient  term,  is  to  be  obtained 
directly  by  operating  on  with  the  Laplacian.  An  evolution  equation  for  the  averaged 
mesoscale  gradient  term,  ,  can  be  derived  at  the  mesoscale  level  using  y^  and  averaged 
over  the  RVE.  The  same  arguments  apply  for  the  subsequent  evolution  equations. 

The  damage  multiplier  can  be  obtained  using  the  consistency  condition  for  damage  given 
as  follows: 


(dlilu)  _  d 
(k)Vij  -  ^ 


(d)  i.(u)  _  d  ^  (d)g(u) 


(u) 


(d)^u)  __id 
(k)TMj  -  ^ 


(k)' 


aK'"* 


x.k.JV"’ 


6 _ L  '*1'  r(“) 
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®  aa'“' 


ag 


9(j> 


(u) 


(u) 


V’(u)  I  .  p(u) 


+  -^K 
aK<“> 


(17) 


7.  CONCLUSIONS 

A  thermodynamically  consistent  multiscale  gradient  approach  for  plasticity  and  damage  is 
formulated  in  this  paper.  Thermodynamically  consistent  constitutive  equations  are  derived 
here  in  order  to  investigate  size  effect  on  the  strength  of  the  composite,  the  strain  and  damage 
localization  effects  on  the  macroscopic  response  of  the  composite,  and  statistical 
inhomogeneity  of  the  evolution  related  damage  variables  associated  with  the  RVE.  The 
interaction  of  the  length  scales  is  a  paramount  factor  in  understanding  and  controlling  the 
material  defects  such  as  dislocation,  voids,  and  cracks  at  the  mesoscale  and  interpret  them  at 
the  macroscale. 

The  calibration  for  the  different  material  properties  in  the  proposed  approach  may  be  difficult, 
or  even  impossible  for  certain  cases.  While  the  proposed  framework  is  that  of  a  general 
plasticity  coupled  with  damage,  one  needs  more  studies  to  be  performed  in  order  to 
effectively  assess  the  potential  applications  for  this  framework.  The  computational  issue  of 
this  theoretical  formulation  with  proper  explanation  of  the  boundary  conditions  associated 
with  these  gradients  and  of  the  model  parameter  and  constants  will  be  discussed  in  detail  in  a 
forth-coming  paper.  A  detailed  explanation  for  some  of  the  non-standard  boundary  conditions 
of  plasticity  is  given  by  de  Borst  et.  al  0. 
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1  SUMMARY 

We  present  a  two  scale  damage  model  built  for  monotonic  loading,  low  cycle  (LCF)  as  well 
as  high  cycle  fatigue  (HCF).  We  only  describe  here  the  HCF  applications. 

The  inputs  of  the  model  are  the  stress  and  strain  history  at  the  most  loaded  points  of  the 
structure.  They  are  determined  by  an  elastic  finite  element  calculation.  The  time  integration  of 
the  constitutive  equations  over  the  whole  process  up  to  a  critical  value  of  damage  gives  then 
the  number  of  cycles  to  crack  initiation. 

A  key  point  of  the  model  is  the  description  of  the  scale  transition  (from  the  RVE  scale  to 
the  microdefects  scale).  The  original  model  uses  Eshelby-Kroner  localization  law,  which  is  a 
"local"  relationship  between  the  meso-fields  and  the  micro-fields.  We  propose  a  more  realis¬ 
tic  relationship,  using  a  non-local  law:  we  consider  that  the  micro-fields  also  depend  on  the 
meso-stress  and  meso-strain  gradients  in  the  structure.  Some  comments  are  then  given  on  the 
representation  of  the  gradient  effect  in  fatigue. 


2  INTRODUCTION 

Fatigue  is  usually  modeled  by  considering  the  maximum  stress  versus  number  of  cycles 
to  failure  curve,  known  as  the  Wohler  curve.  This  practical  approach  is  uniaxial  and  may  not 
be  relevant  when  3D  states  of  stress  arise  in  the  structure  (Crossland,  1956,  Sines,  1959,  Dang 
Van  and  Papadopoulos,  1987):  How  to  represent  then  the  mean  stress  effect?  what  is  the  fatigue 
limit  for  a  complex  loading  (random  and/or  non-proportional)  ? 

A  two  scale  damage  model  has  been  developped  to  give  answers  to  those  questions  (Ser- 
mage  et  al.,  1999,  Desmorat  and  Lemaitre,  2001).  It  is  based  on  the  representation  of  the  micro¬ 
defects  by  a  weak  inclusion  with  an  elasto-plastic  behavior  coupled  to  damage.  The  mean  fea¬ 
ture  of  the  model  is  that,  even  in  fatigue,  the  constitutive  law  still  is  a  relationship  between 
stresses  Cij  and  strains  Cy  (and  eventually  internal  variables  such  as  damage  D),  not  between 
the  amplitudes.  The  cyclic  behavior  (stress  amplitude  Aa  as  a  function  of  number  of  cycles 
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to  failure  Nr)  results  of  the  time  integration  over  the  whole  process  of  the  state  and  evolution 
(rate)  laws. 

Two  scales  are  considered  (in  addition  to  the  macroscopic  scale  of  structures): 

-  the  meso-scale  or  scale  of  the  Representative  Volume  Element  (RVE)  of  Continuum  Me¬ 
chanics.  For  High  Cycle  Fatigue  (HCF),  the  RVE  remains  elastic. 

-  the  micro-scale  or  scale  of  a  micro-defect  (micro-voids,  micro-cracks)  embedded  in  the 
RVE.  At  this  scale,  micro-plasticity  and  micro-damage  occur.  Lemaitre’s  damage  consti¬ 
tutive  equations  may  be  applied. 

An  initial  elastic  structure  calculation  (analytical  or  by  Finite  Element  analysis)  is  needed  to 
define  the  stress  and  strain  fields  at  the  meso-scale.  The  time  history  of  the  stresses  and  strains 
at  the  most  loaded  point(s)  of  the  structure  are  then  the  inputs  of  the  model.  The  main  output  is 
the  evolution  of  the  damage  as  a  function  of  loading,  time  or  number  of  cycles. 

The  present  analysis  may  also  model  failure  with  (visco-)plasticity  at  meso-scale.  In  that 
case  the  meso-stresses  and  meso-strains  may  be  the  result  of  a  mechanical  analysis  of  the 
structure  by  means  of  a  FE  analysis  or  of  any  analytical  or  semi-analytical  procedure  like 
Neuber  method  following  an  elastic  calculation  (Desmorat,  2000). 

3  DESCRIPTION  OF  THE  TWO  SCALE  MODEL 

Brittle  and  High  Cycle  Fatigue  (HCF)  damages  are  always  very  localized  at  a  scale  much 
smaller  than  the  plastic  strain.  This  is  the  reason  to  consider  a  two  scale  model  in  which  the 
damage  occurs  in  a  weak  micro-inclusion  embedded  in  a  meso  Representative  Volume  Ele¬ 
ment  elastic  (or  elasto-(visco-)plastic)  and  free  of  damage.  This  hypothesis  allows  to  obtain  the 
meso-stress  and  strain  by  a  classical  structure  calculation  elastic  (or  elasto-(visco-)plastic)  with 
no  damage  at  meso-scale  and  to  solve  the  constitutive  equations  of  elasto-(visco-)plasticity 
coupled  with  damage  as  a  post-processor  at  micro-scale. 

STRUCTURE  CALCULATION 

i 


Elastic 

) 

micro  Self-consitent  scheme  MESO 

Fig.  1 :  Micro-element  embedded  in  an  elastic  RVE 

The  mechanical  behavior  of  the  material  is  modelled  from  two  different  manners  related  to 
the  two  different  scales. 

-  At  the  meso-scale  the  material  is  considered  as  elastic  because  HCF  failure  occurs  at 
states  of  stresses  below  or  close  to  the  yield  stress. 
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-  At  the  micro-scale  the  behavior  is  modelled  by  elasto-plasticity  coupled  with  damage. 
The  weakness  of  the  inclusion  is  related  to  its  yield  stress  taken  equal  to  the  true  fa¬ 
tigue  limit  (7f  of  the  material  below  which  we  consider  that  no  damage  occurs. 

The  elasto-plastic  properties  of  the  inclusion  are  those  of  the  material  at  meso-scale  be¬ 
low  and  above  the  yield  stress.  To  simplify,  only  linear  kinematic  hardening  is  assumed 
at  micro-scale,  but  with  the  same  plastic  modulus  C  than  at  meso-scale. 

As  damage  is  considered  at  micro-scale,  the  isotropic  damage  evolution  law  (Lemaitre, 
1992)  will  in  fact  be  written  in  terms  of  micro-stress,  of  micro-energy  density  release 
rate  and  of  micro-accumulated  plastic  strain  i.e. 

)V  if  P^>Pd  (I) 

where  S  is  the  damage  strength  of  the  material,  s  the  damage  exponent  and  po  is  the 
loading  dependent  damage  threshold. 


Scale  transition 

The  fields  in  the  inclusion  (stress  tensor  total  strain  and  plastic  strain  tensors  e{^, 
damage  . . .  )  have  a  ^-superscript  meaning  micro-scale  when  the  fields  at  the  meso-scale 
of  the  RVE  are  simply  denoted  ,  Please  note  that  we  consider  damage  at  micro-scale 
only  and  we  will  omit  the  p-superscript  in  that  case  by  setting  —  D. 

The  scale  transition  is  made  by  use  of  the  Eshelby-Krdner  localization  law:  the  total  and 
plastic  strains  at  micro-scale  are  related  to  the  strains  at  the  mesolevel  as  (Eshelby,  1957,  Kro¬ 
ner,  1961) 


4=6«+/3(e!f-ef,.)  (2) 

where  /?  is  given  by  Eshelby’s  analysis  of  a  spherical  inclusion. 


The  law  (2)  may  also  be  written  in  term  of  stresses  or  effective  stresses  taking  into  account  the 
coupling  between  damage  and  elasticity  and  plasticity, 

oti  =  -  2G(1  -  m!  -  e?;  )  (4) 

u  is  the  Poisson  ratio,  G  the  shear  modulus  and  E  the  Young  modulus. 


3D  model  for  any  kind  of  loading 

The  history  of  the  plastic  strains  e5'j.(i)  and  of  the  stresses  at  the  mesolevel  being 

inputs,  the  fields  at  micro  level  are  obtained  from  the  time  integration  of  the  constitutive  equa¬ 
tions  at  micro-scale  coupled  together  with  the  law  of  localization  (2)  even  for  fatigue  cyclic 
loading.  The  equations  to  be  solved  are  those  of  elasto-plasticity  coupled  with  damage  with 
linear  kinematic  hardening  (yield  function  —  2L^)eq  —  <J/  in  which  is  the  back 
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stress  and  cr/  the  fatigue  limit): 


4  =  +  € 

^ij  =  ~ 


^ij 


ifJ'P  _ 


E 
3 


2(£''-X%1-£) 

jD  =  ^  if  >  pr. 


i-r» 


(5) 


The  strain  energy  release  rate  taking  into  account  the  different  behaviors  in  tension  and  in 
compression  is  defined  as 

^  -  2E  [  {l-DY  (1-hDy  J 

2e[  (1  -  D)2  ”  (1  -  /i£))2  J 

where  <  .  >+  (resp.  <  .  >_)  denotes  the  positive  part  (resp.  negative)  of  a  tensor  in  terms  of 
principal  components  and  where  <  .  >  is  the  positive  part  of  a  scalar.  By  the  introduction  of 
the  crack  closure  parameter  h  (for  most  of  metals  h  «  0.2),  the  consideration  of  the  damage 
law  D  —  /SYp^  takes  into  account  the  partial  closure  of  the  micro-crack  or  micro-voids  in 
the  evolution  of  the  damage.  The  case  h-\  corresponds  to  a  damage  law  identical  in  tension 
and  in  compression. 

The  damage  threshold  is  considered  here  as  related  to  the  energy  stored  in  the  RVE  du¬ 
ring  plastic  loading  (Desmorat,  2000,  Lemaitre  et  al.,  2000).  This  allows  to  represent  the  very 
different  values  experimentally  obtained  for  monotonic  and  for  cyclic  loading:  the  damage  thre¬ 
shold  for  pure  tension,  noted  is  of  the  order  of  magnitude  of  few  percents  (steels)  when  pD 
in  fatigue  may  reach  few  hundreds  of  percents.  Based  on  the  calculation  of  the  energy  stored 
in  the  RVE,  the  following  relationship  has  been  derived  for  fatigue: 


Pd  —  ^pD 


<7u  —  CFy 


•1  m 


(7) 


where  the  yield  stress  ay,  the  ultimate  stress  cr„,  the  threshold  in  pure  tension  epD  and  the  ex¬ 
ponent  m  are  material  parameters ;  (resp.  is  the  maximum  (resp.  minimum)  von 

Mises  stress  at  microscale  reached  over  the  cyclic  loading. 


Finally,  A  =  p^(l  —  7?)  is  the  plastic  multiplier  calculated  from 

—  the  consistency  condition  =  0  and  /^  =  0  in  plasticity 

-  Norton’s  law  A  -  in  visco-plasticity. 
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C  is  the  kinematic  hardening  parameter  and  K,  N  are  Norton’s  parameters. 

When  the  damage  D  reaches  the  critical  value  Dc  there  is  initiation  of  a  mesocrack. 

It  has  been  checked  that  this  model  contains  the  following  properties:  effect  of  stress  or 
strain  amplitude,  effect  of  mean  stress  in  tension,  no  effect  in  shear,  effect  of  compression,  non 
linear  accumulation  (due  to  the  existence  of  a  damage  threshold),  effect  of  an  initial  hardening 
or  initial  damage,  fatigue  limite  in  two  or  three  dimensions,  bi-  or  three-axial  fatigue,  effect  of 
non  proportional  loading,  fatigue  under  any  history  or  random  loading. 


4  FORMULAE  FOR  PROPORTIONAL  FATIGUE  LOADING 


Closed  form  expressions  for  the  number  of  cycles  to  failure  under  uniaxial  loading  such  as 
tension-compresion  or  torsion  may  be  derived  (Desmorat,  2000).  More  generally  we  consider 
here  proportional  loading  at  meso-scale  which  correspond  to  a  stress  field  t)  of  constant 

principal  directions  proportional  at  the  considered  point  M  to  a  given  tensor  Tij{M), 


aij=a(t)T,j,  r.,  =  =  1  (8) 

Tension-compression  in  the  direction  ei  is  of  course  a  proportional  loading  with  T  =  ei  ei, 
torsion  also  with  T  =  (ei  0  62  +  Ci  (g)  e2)/\/3. 

For  proportional  cyclic  loading  at  meso-scale  cr^  =  cr(f)Ty,  Teq  =  1,  of  constant  stress 
amplitude  Aaij  =  Act  between  amin  and  ctmox  =  <^min  +  Aa,  it  is  possible  to  obtain 
accurate  formulae  for  the  number  of  cycles  to  crack  initiation.  For  simplicity  we  assume  here 
that  h  —  I  and  we  limit  the  analysis  to  the  case  of  elastic  fatigue  (Act  <  2(7/). 

The  model  will  predict  failure  only  if  the  stress  amplitude  at  meso-scale  is  larger  than  twice 
the  fatigue  limit  (i.e.  if  Aa  >  2a/).  The  plastic  strain  increment  over  one  cycle 
then: 


_  2(Aa  -  2a/) 
6N  ~  3^(1  -  (3) 


Damage  will  initiate  after  a  number  of  cycles  Nq  when  the  damage  threshold  pp  is  reached 


iVo- 


Pd 

6p  ’ 


6N 


PD  =  ^pD 


'6G(1  -  /?)  au  -  gy  ' 
C  Aa  — 2a/_ 


(10) 


The  damage  increment  over  one  cycle  will  then  be 


6D  _  ra^(l  4- 1^)1 
6N  “  [  3ES 


2(Aa  —  2a/) 
3G(1  -  /?) 


ifnk  =  TrT  =  0 


(11) 


. = 


where  the  adimensional  function  (p^  is  introduced, 

v>*{^,y)=  f  f 

Jx+2  Jx 


(12) 


KAm 


(13) 


with  the  triaxialty  function  defined  by 


=  +  (14) 

The  function  y)  can  be  easily  calculated  by  using  mathematics  softwares.  A  simple 
conservative  approximate  formula  may  be  derived  only  for  small  values  of  s, 

y)  «  (j/  -  ®  -  2)  [jR’*(a:)  +  KAv)]  (15) 

The  formulae  for  the  number  of  cycles  at  crack  initiation  are  finally 


Nr  =  No  + 


SES 


ZG{\-P)Dc 

2  (Act  —  2a  f) 


if  Tkk  ==  0 


(16) 


A7  -/V  .  TkkZG{\-mm^Dc 

^T^^.[^Tkk.^~^Tkk) 


if 


(17) 


They  exhibit 

-  a  mean  stress  effect  different  in  tension  and  in  compression  (obtained  with  h  <  1). 
Usually  for  metals  0.2. 

~  no  mean  stress  effect  in  shear  as  experimentally  observed  (Sines,  1959). 


5  MODELING  GRADIENT  EFFECT  IN  FATIGUE 

An  important  feature  in  fatigue  of  structure  is  the  gradient  effect  (different  from  the  size 
effect,  see  for  instance  the  work  of  Papadopoulos  and  Panoskaltsis,  1996)  which  can  be  exhibi¬ 
ted  for  example  from  bending  tests:  for  a  given  local  (meso)  elastic  loading,  an  inhomogeneous 
state  of  stress  affects  the  fatigue  limit. 

The  question  is:  how  to  model  the  gradient  effect  within  the  two  scale  damage  model?  The 
model  by  itself  is  local,  as  are  the  FE  structure  computation,  the  localization  law  and  the  plastic 
damageable  behavior  of  the  inclusion.  The  basic  idea  is  to  make  each  and/or  all  indredient 
nonlocal,  the  purpose  being  of  course  to  keep  the  model  as  simple  as  possible. 

1.  Consider  nonlocal  behavior  at  microscale 

To  introduce  the  gradient  effect  within  the  plasticity  coupled  to  damage  framework  is  diffi¬ 
cult  to  do.  This  is  still  today  a  research  topic  by  itself  and  it  cannot  be  done  without  considering 
gradient  effects  at  meso-scale  and/or  within  the  localization  law.  In  order  to  keep  the  model 
simple,  we  do  not  consider  here  this  possibility. 


2.  Consider  non  local  elasticity 

For  example,  Hooke’s  law  (at  mesoscale)  may  be  replaced  by  (Aifantis,  1992), 
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where  A  and  ^  are  Lame  coefficients,  V  is  the  gradient  operator  (V^  the  Laplacian)  and  c  is  the 
scalar  gradient  coefficient. 

In  the  same  spirit  one  can  also  propose  to  write 

a  +  =  2/i€  +  Air  e  1  (19) 

An  internal  length  is  introduced  trough  c  {\fcjE  is  a  length).  As  a  result  of  a  non  local 
FE  computation,  the  meso-stress  to  consider  as  the  input  of  the  localization  law  (4)  is  then 
indirectly  changed  compared  to  the  intial  model, 

=  a ~  2G(1  -  /?)e^P  (20) 

In  practice  the  difficulty  would  be  of  course  to  perform  the  nonlocal  elasticity  FE  computation. 


3.  Built  a  non  local  localization 

Eshelby-Krdner  localization  law  has  been  established  for  constant  far  field  (a,  e)  also  cal¬ 
led  here  meso-field.  Following  Aifantis  (1995),  let  us  consider  here  that  the  meso-field  is  not 
uniform  and  has  average  values  (a,  e).  As  a  first  approximation  Eshelby-Kroner  law  applies. 


=  a  -  2G(1  - /3)e^P 

The  definition  of  the  average  stress  over  the  RVE  Kq  is 

a  =  ct(x)  =  ~  /  a(x  +  T)dV 
M)  Jvo 

with  the  formal  Taylor  expansion 

o:(x  +  r)  =  a(x)  -b  Vg_  •  r  +  •  (r  (g)  r)  -h  . . . 


(21) 


(22) 


(23) 


and  where  •  and  <S>  denote  the  inner  and  dyadic  products  and  is  the  nth  gradient  of  g. 

Assuming  that  the  representative  volume  element  Vq  is  a  shere  of  radius  and  noting  that 

f  =  0  (24) 

JVo 

we  get  (Aifantis,  1995): 

a^j  «  aij  +  V  (Jij  (25) 

We  finally  end  up  with  the  formulation  of  the  following  nonlocal  localization  law 

a"  =  £  +  ^ VV  -  2G(1  -  P)e>‘P  (26) 

similar  to  eq.  (20)  but  where  the  physical  meaning  of  the  gradient  parameter  is  clear:  Rq  is 
related  to  the  size  of  the  RVE  as  Rq  =  (3Vo/47r)'/^, 

The  gradient  effect  obtained  is  in  fact  a  second  order  effect.  This  is  due  to  the  mathematical 
porperty  (24)  of  vanishing  odd  integrals  over  the  RVE.  Such  a  result  is  consistent  with  torsion 
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experiments  for  which  the  stress  gradient  has  no  influence  (as  shown  by  Papadopoulos  and 
Panoskaltsis,  1996,  result  also  related  to  the  no  mean  stress  effect  in  shear). 

Bending  experiments  exhibit  an  influence  of  the  first  order  gradient  term  wich  cannot  be 
neglected,  in  contradiction  with  eq.  (26).  In  order  to  remain  consistent  with  the  experimental 
datas  in  torsion  and  as  isotropy  is  assumed,  we  propose  a  formulation  introducing  the  first  stress 
invariant  (the  hydrostatic  stress  uh  =  cr*A;/3).  We  now  calculate 

^  f  cfh  +  ‘  r  +  (r  r)  H-  . . .  dV  (27) 

^0  Jvo 

The  third  term  in  the  integrand  is  already  taken  into  account  within  the  term  ^  of  the  law 
(26).  If  we  assume  that  the  second  term  does  not  vanish  due  to  a  strong  inhomogeneity  of  the 
hydrostatic  stress  field,  this  term  defines  then  a  norm  for  Vcrjy.  We  can  propose  then  a  general 
localization  law  able  to  model  the  gradient  effect  in  bending,  as  well  as  the  lack  of  such  an 
effect  in  torsion: 

a"  =  a  +  coll VcthIII  +  -  2(5(1  -  (28) 

In  order  to  use  (28)  within  the  two  scale  damage  model  for  HCF  applications,  values  for 
the  material  parameters  Cq  and  Rq  are  needed.  The  radius  Rq  =  (3Vo/ 47r)^/®  can  be  calculated 
from  the  RVE  size  (see  for  instance  Lemaitre,  1992).  The  parameter  Cq  needs  to  be  identified 
from  experimental  results  (bending  tests). 


6  FATIGUE  LIMIT  IN  TORSION  vs  FATIGUE  LIMIT  IN 
BENDING 


As  an  application  consider  first  the  fully  reverse  tension-compression  loading  between  a  Max 
and  amin  =  The  meso  stress  field  is  homogeneous  with  vanishing  gradient  terms  in  eq. 

(28).  Then,  eq.  (10)  and  (16)  apply  to  give  the  numbers  of  cycles  to  damage  initiation  Nq  and 
to  crack  initiations  Nr  (in  which  Tr  T  =  1). 

Consider  then  a  fully  reverse  4  point  bending  test  for  which  the  stress  field  is  locally  uniaxial 
with  the  same  maximum  and  minimum  applied  stresses  than  for  the  tensile  test: 


_  MD 

O' Max  —  ~‘Omin  ~  J  ^ 


(29) 


D  is  the  diameter  of  the  specimen,  I  the  quadratic  momentum  (as  always  for  such  a  test,  the 
bending  momentum  M  is  constant  in  the  middle  part  of  the  beam). 

The  stress  gradient  has  a  non  zero  value  and 


IIV^II  =  (30) 

The  localization  law  with  gradient  effect  (28)  is  now  considered  (note  that  the  second  order 
terms  vanish)  and  writes  at  the  most  loaded  point  (on  the  lateral  side  y  =  D/2): 


r  = 


1+^ 


0 
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0 

2co 

D 

0 


0 

0 

2cn 

D  J 


^  —  irT, 


(31) 
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The  number  of  cycles  to  damage  initiation  is  unchanged  compared  to  the  tensile  test.  The 
number  of  cycles  to  failure  taking  into  account  the  gradient  effect  is  still  given  by  eq.  (16), 

in  which  the  input  is  now  the  meso-stress  a  =  a  Max  and  Tr  T  =  1  +  6co/D 

have  to  be  considered). 

Using  the  approximation  (15)  we  finally  end  up  to 


1 

! 

6co  CT/  \ 

1 

1 

D  (1  +  ^}aMax  —  ^ f  J 

J(1  +  u)a}  +  i(l  -  2i/)  (1  + 

(32) 

and  then  for  the  same  maximum  applied  stress  cfMax  *n  tension-compression  and  in  bending  to 

N^<N^  if  CO  >0 

N^>NX  if  co<0  ^  ’ 

If  the  fatigue  limits  are  defined  for  a  given  number  of  cycles  for  which  no  failure  is  observed, 
the  case  Cq  <  0  corresponds  to  a  fatigue  limit  in  bending  larger  than  the  fatigue  limit  in  tension- 
compression  as  observed  axperimentally  (Findley  et  al.,  1956). 

7  CONCLUSION 

As  a  conclusion,  let  us  recall  that  the  two  scale  damage  model  described  applies  to  complex 
fatigue  applications.  It  needs  an  accurate  FE  elastic  computation  as  the  input  of  the  model  is 
the  history  of  the  stress  tensor  at  the  most  loaded  point.  The  model  works  as  a  post-processor, 
called  DAMAGE2000,  programmed  in  FORTRAN. 

For  practical  applications,  the  closed  form  expressions  of  the  numbers  of  cycles  to  failure 
for  tension-compression,  torsion,  and  for  any  proportional  loading  are  given.  The  mean  stress 
effect  is  exhibited  in  tension-compression  and,  as  observed,  the  mode!  gives  no  mean  stress  in 
shear. 

Finally  the  model  is  completed  by  the  proposition  and  the  use  of  a  new  localization  law. 
This  allows  to  take  into  account  the  well  known  gradient  effects  in  fatigue. 
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1.  SUMMARY 

The  problem  of  a  bar  under  a  static  or  dynamic  uniaxial  tension  is  studied  analytically  on  the 
basis  of  the  simple  linear  theory  of  gradient  elasticity  due  to  Aifantis.  The  governing 
equations  of  equilibrium  and  motion  are  obtained  by  a  combination  of  the  basic  equations  of 
the  problem,  while  all  possible  boundary  conditions  (classical  and  non-classical)  are  obtained 
with  the  aid  of  the  method  of  weighted  residuals  for  both  static  and  dynamic  cases.  Various 
boundary  value  problems  are  solved  analytically  and  the  gradient  elasticity  effect  on  the 
solutions  is  assessed. 

2.  INTRODUCTION 

The  effect  of  microstructure  on  the  macroscopic  description  of  the  mechanical  behavior  of  a 
linear  elastic  material  can  be  adequately  taken  into  account  with  the  aid  of  higher-order 
gradient  theories  (e.  g.,  [l]-[5]).  The  simple  gradient  elasticity  theory  of  Aifantis  and  co¬ 
workers  (e.  g.,  [2]-[5])  has  been  used  to  eliminate  singularities  or  discontinuities  of  classical 
elasticity  theory  and  to  demonstrate  its  ability  to  capture  size  effects  and  wave  dispersion  in 
cases  where  this  was  not  possible  in  the  classical  elasticity  framework. 

In  this  paper  the  problem  of  a  bar  under  static  or  dynamic  uniaxial  tension  is  studied 
analytically  on  the  basis  of  the  simple  linear  theory  of  gradient  elasticity  due  to  Aifantis  and 
co-workers  ([2]-[5]).  The  dynamic  case  deals  with  forced  longitudinal  vibrations.  The  same 
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problem  has  been  also  discussed  in  Allan  et  al  [5]  without  determination  of  all  possible 
boundary  conditions  (classical  and  non-classical)  and  consideration  of  forced  vibrations.  Here 
all  possible  boundary  conditions  are  determined  with  the  aid  of  the  method  of  weighted 
residuals  for  both  the  static  and  dynamic  cases.  Thus  the  present  work  can  also  be  viewed  as  a 
generalization  and  extension  of  the  work  of  Altan  et  al  [5].  Two  boundary  value  problems, 
one  under  static  and  one  under  dynamic  conditions,  are  solved  analytically  and  the  gradient 
elasticity  effect  on  the  solution  is  assessed. 


3,  STATIC  GOVERNING  EQUATION  AND  BOUNDARY  CONDITIONS 

Consider  a  straight  prismatic  bar  under  a  static  uniaxial  tensile  stress  g{x)  resulting  in  a 
displacement  m(a:)  along  its  longitudinal  axis  x.  The  basic  equations  of  this  bar  are  the 
equation  of  equilibrium,  the  strain-displacement  relation  and  the  stress-strain  equation  of  the 
gradient  elasticity  [4,5],  which  read  in  the  absence  of  body  forces 


dr  ^  du 

dx  dx 


,  o  = 


(1) 


where  e-e{x)  is  the  strain,  E  the  modulus  of  elasticity  and  g  the  gradient  coefficient  with 
units  of  length.  Substitution  of  Eqs  (1)2  and  (1)3  into  Eq.(l)i  results  in  the  static  governing 
equation  of  the  bar 

(2) 

where  primes  indicate  differentiation  with  respect  to  x.  Eq.  (2)  has  a  solution  of  the  form 


£  -  — 

u~c^e^  ^  +  C3X  +  C4  (3) 

where  c.  (i  =  1,2, 3,4)  are  constants  of  integration  to  be  determined  with  the  aid  of  the 
boundary  conditions  (classical  and  non-classical)  pertaining  to  the  particular  boundary  value 
problem.  All  possible  boundary  conditions  can  be  determined  with  the  aid  of  the  method  of 
weighted  residuals,  which  here  reads 


=  0  (4) 

where  w  =  w(x)  is  a  weighting  function  and  L  is  the  length  of  the  bar.  Integrating  Eq.  (4)  by 
parts  once  and  twice  for  h'  and  u"  ,  respectively,  one  has 


u'wdx  =  [m V]  J  -  j^u'w'dx 
u'^'wdx  =  [m'w - u'wl"  +  jVw'dx 


(5) 


Assuming  that  w  =  5m  ,  where  5  indicates  variation,  one  obtains  from  Eq.  (4)  and  Eq.  (5) 
{u’-g^u" )Su  dx  =  [m'5u]o  - g^[u''Su  - m'5m']^ 

- u'Su'dx  -  g^j^u’Su'dx  =  0 


(6) 
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or  the  variational  statement 

“~Jo  + 

(7) 

g'^[u5u%  ={) 

Eq.  (7),  which  essentially  represents  the  variaton  of  the  strain  energy  of  the  bar,  is  augmented 
by  the  variation  of  the  work  done  by  external  classical  and  double  stresses  [1],  i.  e., 

5V  =  [a8u\’;^ +[r8uY^  (8) 

In  view  of  Eqs.  (7),  (8)  the  boundary  conditions  satisfy  the  equations 

e\u'{l)- g^u'^{L)\  \8u[l)-  |p-(0)-  ^[mXo)-  J5m(0)  =  0 

g^Eu\L)\8u{L)-  [/?(0)-  g'£w'(0)j5w'(0)  =  0 

For  example,  if  one  assumes  the  two  classical  boundary  conditions  to  be  m(o)  and  u{l) 
prescribed  and  the  corresponding  non-classical  ones  to  be  m'(0)  and  u{l)  prescribed,  then 
5m(o)=  (5w(l)=  0  and  5m'(0)=  5w'(l)=  0  and  Eqs  (8)  are  all  satisfied. 

4.  DYNAMIC  GOVERNING  EQUATION  AND  BOUNDARY  CONDITIONS 

Consider  a  straight  prismatic  bar  under  a  dynamic  uniaxial  tensile  stress  G{x,t)  resulting  in  a 
displacement  u{x,t)  along  its  longitudinal  axis  x.  The  basic  equations  of  this  bar  in  the 
absence  of  body  forces  are  the  equation  of  motion 

da 

(10) 

and  the  strain-displacement  and  stress-strain  equations  given  by  (1)2  and  (1)3,  respectively, 
where  overdots  denote  time  differentiation  and  p  is  the  mass  density  of  the  bar.  Substitution 
of  Eqs  (1)2  and  (1)3  into  Eq.(lO)  results  in  the  dynamic  governing  equation  of  the  bar 

E{u-g^u")=  pii  (11) 

All  possible  boundary  and  initial  conditions  can  be  determined  with  the  method  of  weighted 
residuals,  which  here  reads 

eV  J  -  g^u‘^\vdxdt  -  py  \uwdxdt  =  0  (12) 

where  w  =  w{x,t)  is  a  weighting  function  and  and  tjare  the  initial  and  final  time  values. 

Integrating  by  parts  with  respect  to  time  once  and  assuming  that  w  =  8uy  one  can  revyrite  the 
second  integral  of  Eq.  (12)  in  the  form 

pII  Io"  =  p[u5uldx-dj'^  ^pidfdxdt 


[(“7  +5' (“7k-* 


(13) 
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Using  Eq.  (7)  of  the  static  case,  one  can  rewrite  the  first  integral  of  Eq.  (12)  in  the  form 


Jo  ^8udxdt  =  \u  8u\l^dt  -  Eg^  \u^  8u  -  u"  8u^dt  - 


h  cL  Eg‘ 


Eq.  (12),  on  the  basis  of  Eqs  (13)  and  (14),  results  in  the  variational  statement 

r  L 


y  f  E 

St„  Jo 


2  2 


dxdt~  j:  j:  ^piiifdxdt 


=  ‘  [£(m'-  g^u^^ )-  pu\8udxdt  -  p\u8uYt^  dx 

+  £'J'  [(«'- g^w^)5w]o  <3fr  + J  '  \u'8u\dt  =  0 


(14) 


(15) 


Eq.  (15),  which  is  the  variation  of  the  strain  and  kinetic  energies  of  the  bar,  is  augmented  by 
the  variation  of  the  work  done  by  external  stresses  o  and  double  stresses  R  in  the  time 
interval  [to,  U] 


SV  =-\''[[R-Eg^u\8u'\‘;,dt  (16) 

Thus,  the  initial  as  well  as  the  boundary  conditions  satisfy  the  equations 

ii (x,  ) 8u{x,  t^)-u (x,  ^0 ) ^0 )  ~  ^  (1 

and 

y(L,t)- e{uXl,  t)-  g^^iL,  0]  ]8u{L,  t) 

-  [cr(0,l)-  E[u'iO,t)- g^u''(0,t)]]5u{0,t)=0  (18) 

g^EuiL,t)\6uiL,t)- [/?(O,0-  g^Eu%t)\Su{0,t)  =  (i 

respectively.  For  example,  if  one  assumes  the  boundary  conditions  to  be  w(0,?)  and  u(Lj) 
(classical)  and  w'(0,r)  and  u{Lj)  (non-classical)  prescribed,  then 
8u{^j)  =  8u{L,t)=  8u(^j)  =  8u{Lj)  =  0  and  Eqs  (18)  are  satisfied.  On  the  other  hand  Eq. 
(17)  is  satisfied  if  one  assumes  the  initial  conditions,  e.  g.,  u(xJq)  and  u{xj^)  prescribed 
implying  that  8u{x,  =  5w(x,  r, )  =  0 . 


5.  SOLUTION  OF  BOUNDARY  VALUE  PROBLEMS 

This  section  deals  with  the  solution  of  two  boundary  value  problems,  one  static  and  one 
dynamic.  Consider  a  bar  built  in  at  one  end  (jc  =  0)  and  subjected  to  a  given  static  axial 
traction  T  at  the  other  end  {x  =  L),  Thus,  the  classical  boundary  conditions  are  m(0)  =  0  and 
o{l)-T  implying  u{l)  is  prescribed.  The  non-classical  boundary  conditions  are  assumed  to 
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be  R  =  g^Eu''{0)=Q  and  u'{L)  =  £f^,  with  £^^  being  a  constant.  All  these  conditions  satisfy 
Eqs  (8)  and  serve  to  determine  the  constants  Cj  —c^  in  Eq.  (3),  which  now  takes  the  form 


where  ^  =  xfL.  The  axial  strain  then  reads 


The  classical  solution  ( g  =  0 )  reads 

M„g)=(rL/£)?,£„g)=r/£  (21) 

Figure  1  (a,  b)  shows  the  variation  of  m=  «/(7'L/£)  and  £=£/(£/£)  versus  ^  for  various 
values  of  Lj g  and  e^^E/T  =  0.5 .  It  is  observed  that  u  increases  with  ^  and  Lj g  and  that  the 
gradient  solution  decreases  for  decreasing  values  of  Lf  g  or  increasing  values  of  g .  The 
classical  solution  is  an  upper  bound.  It  is  also  observed  that  e  decreases  very  fast  for 
0.5  <^  <  1  as  L/g  increases  with  the  classical  solution  been  a  constant  upper  bound  value  in 
that  range  of  . 


Figure  la:  Displacement  Distribution 
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Figure  lb:  Strain  Distribution 


Consider  again  the  bar  of  the  static  case  with  the  same  boundary  conditions  but  with  T  being 
a  harmonic  force  of  the  form  r(r)=  TpSin^r ,  where  Q.  is  the  frequency  of  the  harmonic 
excitation.  In  this  case  the  problem  becomes  dynamic  and  Eq.  (11)  takes  the  form; 


-  +  u^+k^u  =  0 

(22) 

where  overbars  denote  amplitudes  (e.  g.,  w  =  if sinflr)  and 

=0^lc'^ ,  ^Ejp 

(23) 

The  solution  of  (22)  has  the  form 

«(jc,?)=  +  Ane^’')sinQ.t 

(24) 

where  A,  -  are  constants  of  integration  to  be  determined  from  the  boundary  conditions 
and  -  A4  are  given  by 


v,4 = ±(i/(g  V2  )yi  ±  -v/i  - 

The  boundary  conditions  read 


(25) 


M(0,r)  =  0,  u{L,t)=£Q,  u''(0,t)=0 
o{L,t)=T{t)  or  E\i'{L,t)- g^u"’{L,t)\=T{f) 


(26) 


Use  of  these  boundary  conditions  in  Eq.  (24)  serves  to  determine  the  constants  of  integration 
A,  -  A4 .  The  response  w(L,  t)  is  obtained  for  various  values  of  the  gradient  parameter  g  and 
shown  in  Figure  3. 
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Figure  3:  Dynamic  response  u(L,  t)  versus  time  of  a  uniaxial  bar 
subjected  to  a  harmonic  excitation,  for  various  values  of  the  gradient  coefficient  g 

6.  CONCLUSIONS 

On  the  basis  of  the  preceding  developments  one  can  draw  the  following  conclusions: 

1)  Using  the  simple  theory  of  gradient  elasticity  due  to  Aifantis,  the  governing  equations  of 
equilibrium  and  motion  and  the  corresponding  classical  and  non-classical  boundary 
conditions  of  an  axial  bar  have  been  determined. 

2)  The  boundary  conditions  have  been  determined  from  a  variational  statement  constructed 
with  the  aid  of  the  method  of  weighted  residuals  without  knowledge  of  the  strain  energy, 
which  may  not  always  be  easy  to  establish,  especially  in  gradient  elasticity.  This  strain 
energy  is  obtained  here  as  a  byproduct  of  the  present  methodology. 

3)  Two  characteristic  boundary  value  problems  (one  static  and  one  dynamic)  have  been 
solved  and  the  gradient  effect  on  the  response  has  been  found  to  be  important  in  some 
cases. 
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1.  SUMMARY 

The  mechanisms  governing  the  evolution  of  persistent  slip  bands  (PSB)  in  metals  under 
fatigue  are  investigated.  The  metal  is  considered  as  an  active  medium  whose  properties 
depend  on  two  dislocations  species  with  different  spatial  dispersion  namely,  the  mobile 
dislocations  (inhibitor)  and  the  immobile  dislocations  (activator).  This  allows  analytical 
expressions  for  the  characteristics  of  the  dislocation  pattern  far  from  the  bifurcation  point.  It 
is  shown  that  the  initial  dislocation  pattern  is  metastable  and  evolves  towards  a  stable  one, 
whose  wavelength  is  selected  between  two  extreme  values  through  two  mechanisms.  The  two 
mechanisms  are  investigated  analytically  and  numerically.  The  obtained  results  are  shown  to 
be  consistent  with  available  experimental  observations. 

2.  INTRODUCTION 

Cyclic  deformation  of  many  materials  results  in  the  formation  of  localized  bands  of  intense 
deformation  with  well-defined  periodicity  and  amplitude  known  as  persistent  slip  bands 
(PSBs).  The  fact  that  this  regular  structure  appears  above  a  certain  value  of  the  driving  force 
(stress)  leads  to  the  treatment  of  PSBs  formation  as  a  bifurcation  phenomenon  and 
consequently  to  a  modeling  by  nonlinear  equations  of  reaction-diffusion  type.  In  that  vein  a 
specific  kinematic  model  for  cyclic  deformation,  in  analogy  to  the  Brusselerator  model  of 
chemical  reaction  was  proposed  by  Walgreaf  and  Aifantis  [1]  and  further  elaborated  by 
Glazov  et  al.  [3]. 

In  spite  the  substantial  progress  which  has  been  achieved  with  respect  to  the  modeling  of 
PSBs  formation  and  evolution,  limited  analytical  insight  on  wavelength  estimates  and 
evolution  mechanisms  has  been  obtained  and  only  in  the  regime  close  to  the  instability 
threshold.  For  situations  far  from  the  bifurcation  point  numerical  simulations  have  been 
employed  to  get  a  better  understanding  of  the  kinetics  of  PSBs  formation  and  evolution  [2,3]. 
In  the  present  work  PSBs  formation  and  evolution  are  considered  within  the  framework  of 
active  media  [4].  In  this  approach  self- organization  is  regarded  as  a  result  of  spontaneous 
formation  and  evolution  of  localized  dissipative  structures  in  the  form  of  solitary  static 
regions.  This  approach  allows  analytical  estimates  on  the  wavelength  of  pattern  and  the 
dislocations  densities  far  from  the  instability  region.  The  main  result  of  this  work  is  that  the 
initially  formed  dislocation  pattern  close  to  the  instability  threshold  is  metastable  and  evolves 
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towards  a  stable  one  with  a  wavelength  between  two  extreme  values  imposed  by  stability 
criteria. 


3.  DESCRIPTION  OF  THE  MODEL 


The  Walgraef-Aifantis  model  for  the  PSBs  occurring  during  cyclic  deformation  of  single 
crystals  distinguishes  between  mobile  and  immobile  dislocations  of  densities  p„,  and  p„ 
which  are  assumed  to  evolve  according  to  the  following  reaction-diffusion  equations  [1], 


(1) 

(2) 


where  x  is  measured  in  units  of  ,  e  =  ,  with  denoting  the  diffusion-like 


coefficients  for  the  immobile  and  mobile  dislocations  respectively.  The  “sources”  q  and  Q, 
are  non-linear  functions  modeling  the  mechanisms  of  creation  and  annihilation  of  the  two 
species  and  their  coupling.  The  description  of  these  mechanisms  is  analyzed  in  [2]  and  the 
proposed  forms  for  q  and  Q  read 

q^a-ap,+Pp,-YP,„pi'  (3) 

Q  =  rp„,p'-Ppi  ’  (4) 


where  an  increasing  function  of  the  stress  amplitude,  plays  the  role  of  the  bifurcation 
parameter  and  the  remaining  parameters  are  constants. 

The  properties  of  many  physical,  chemical  and  biological  systems  are  described  by  a  system 
of  nonlinear  reaction-diffusion  equations  such  as  Eqs.(l)  and  (2).  Equations  of  this  type 
provide  the  basis  for  studying  self-organization  processes  and  autowaves  in  active  media  [5]. 
The  presence  of  the  parameter  e,  which  relates  the  characteristic  length  scales  of  the 
dislocation  species,  allows  the  analysis  of  pattern  formation  at  arbitrary  levels  of  non¬ 
equilibrium.  A  crystal  under  fatigue  can  be  considered  as  an  active  medium  of  the  activator- 
inhibitor  type.  The  dislocation  movement  due  to  the  applied  stress  tends  to  spread  out  the 
dislocation  distributions,  whereas  the  interaction  of  the  dislocations  tends  to  cluster  them.  The 
difference  in  the  diffusion  coefficients  implies  that  the  inhibitor  p„,  and  the  activator  p/, 
exhibit  different  space  dispersion.  Since  D/„»D,  the  mobile  dislocations  are  incapable  of 
damping  locally  the  growth  of  fluctuations  of  immobile  dislocations  density  Spi  within  a 
small  region  because  of  diffusion  spreading.  Above  a  certain  threshold  the  development  of 
instability  produces  a  stable  pattern,  the  persistent  slip  band,  with  well-defined  periodicity 
and  amplitude. 

4.  CHARACTERISTICS  OF  THE  BANDS 


4.1  Dislocation  densities 

In  the  theory  of  active  systems  [5]  an  important  characteristic  determining  the  form  of  the 
structure,  which  may  arise,  is  the  null-cline  of  Eq.(l)  given  by  the  relation 
j8)=  0, for/3  =  const.  This  curve  determines  the  dependence p,»(p,)  in  the  region  of 
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the  band  where  p/(;r)  varies  smoothly  and  is  called  local  coupling  (LC).  It  can  be  seen  that  the 
homogeneous  state  (p,;,,  pmh),  corresponding  to  the  intersection  point  of  the  nullclines  of  Eqs. 
(1)  and  (2),  depends  on  the  bifurcation  parameter  The  system  of  Eqs.(l)  and  (2)  has  been 
analyzed  in  Ref. [4].  The  analysis  was  based  on  the  small  parameter  e,  instead  of  using  the 
supercriticity  {p’pc)lpc-  This  allows  the  application  of  the  concept  of  smooth  and  sharp 
distributions  of  the  two  dislocation  densities.  The  smooth  distributions  describe  the  smooth 
variation  of  mobile  and  immobile  dislocation  densities  within  the  band  and  between  them. 
From  the  LC-curve  the  maximum  dislocation  density  of  immobile  dislocations  for  the  smooth 
distributions  is  calculated  as  p/<,=2a/(a+y^)  and  the  corresponding  value  of  the  mobile 
dislocation  density  as  ^mo={oL+pf'l4ay.  The  sharp  distributions  describe  the  wall  of  the  bands 
where  the  immobile  dislocation  density  changes  rapidly  from  p,.j  to  p^^ax*  The  sharp 
distributions  are  realized  in  a  region  5,  much  smaller  than  the  characteristic  length  of  the 
variation  of  the  mobile  dislocation  density,  which  is  associated  with  the  coefficient/);,,.  Thus, 
in  this  region  of  the  rapidly  varying  distribution  pi{x),  the  mobile  dislocation  density  remains 
actually  constant.  Under  this  condition,  Eqs.(l)  and  (2)  determine  the  sharp  distribution  pi(.x), 
which  varies  fromp,,  =  to  =  p,i  +  (see  Ref.[4]). 

4,2  Periodicity  of  the  bands 

To  investigate  the  periodicity  of  the  PSB  pattern  the  smooth  distributions  of  the  mobile  and 
immobile  dislocation  densities  are  considered.  As  already  mentioned,  the  length  of  these 
distributions  is  associated  with  the  diffusion  coefficient  Dm  of  mobile  dislocations.  Thus,  the 
smooth  distributions  correspond  to  the  solution  of  Eqs.  (1)  and  (2),  with  e  =  0.  It  follows  from 
Eq.(2)  that,  for  e  =  0,  the  distribution  pm(x)  is  given  by 

^-fr  =  QiPi(p,.,\Pm^P)-  (5) 

ax 

The  wavelength  A  of  the  pattern  can  be  calculated  by  integrating  Eq.(5)  under  the  conditions 
dp„X^f2)l dx  =  dp,„{0)l dx~().  The  maximum  wavelength  2max  is  determined  by  the 
condition  of  instability  called  local  breakdown.  A  local  breakdown  occurs  because,  as  the 
band  evolves  with  increasing  excitation  level,  the  value  of  the  mobile  dislocation  density 
between  the  bands  increases  and  reaches  the  maximum  allowable  value  pmo^  A  further 
increase  of  p  results  in  a  sharp  increase  of  the  mobile  dislocation  density  and  consequently  a 
new  band  arises  between  the  existing  bands.  Thus,  the  wavelength  of  the  pattern  becomes 
twice  smaller. 

Therefore,  the  maximum  wavelength  of  a  stable  pattern  is  the  value  of  X ,  for  which  pm 
between  the  bands  reaches  pmo^  given  by 


From  the  stability  analysis  of  the  PSBs  follows  (see  Ref.[4])  that  at  a  certain  value  of  the 
parameter  p,  the  structure  in  the  form  of  N  bands  of  wavelength  X  becomes  unstable  with 
respect  to  the  growth  of  the  fluctuations  8p^  of  the  immobile  dislocation  density  of  doubled 
period.  This  growth  leads  to  an  increase  of  the  amplitude  of  one  band  at  the  expense  of  the 
amplitude  of  the  neighboring  band.  As  a  result  the  number  of  bands  may  decrease  by  a  factor 
of  two.  This  process,  known  as  pumping,  leads  to  the  limiting  of  the  possible  wavelength  of 
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the  stable  PSB  pattern.  This  process  has  been  observed  in  numerical  simulation  performed  by 
Glazov  et  al  [3]  and  recently  in  Ref.[6]  where  PSBs  formation  has  been  treated  as  a  strain 
localization  phenomenon,  a  cyclic  analogue  of  the  shear  banding. 

The  minimum  allowable  wavelength  A„^;„has  been  calculated  in  Ref.[4]  from  the  condition, 
which  determines  the  threshold  of  the  growth  of  the  critical  fluctuations  5p^ .  The  result  is 


15;r’ 


5.  NUMERICAL  SIMULATIONS 


(7) 


To  investigate  the  mechanisms  described  in  the  previous  section,  the  system  of  Eqs.  (1)  and 
(2)  was  treated  numerically.  To  enable  the  comparison  with  existing  numerical  results  [2,3] 
the  integration  was  performed  using  the  set  of  parameters  proposed  by  Schiller  and  Walgraef 
[2]:  a  =  6cy"^  /?  =  30cy‘';  200cy‘';  D,  =  3xl0’*''' m'^cy'^  D,„  =  4x10''*  m^cy'^  with  time 

measured  in  cycles.  The  initial  density  of  immobile  dislocations  p,/,  has  been  chosen  to  be 
The  simulation  run  was  started  with  the  initial  densities  of  mobile  and  immobile 
dislocations  on  the  steady  branch.  The  value  of  the  bifurcation  parameter  p  was  taken  equal  to 
2i.5pc  i-e.  three  times  higher  than  the  critical  value  necessary  for  the  onset  of  spatial  patterning 
in  the  system.  In  our  simulations  the  initial  state  was  disturbed  using  different  conditions. 
After  establishing  the  initial  condition,  the  numerical  integrator  was  turn  on  and  the  system 
started  evolving  in  time.  The  value  of  the  integration  step  was  taken  equal  to  0.001  to  avoid 
numerical  instabilities. 

The  results  of  the  numerical  simulations  are  given  in  Figs.(l)  to  (3).  The  sequences  display 
how  a  disturbance  of  an  initially  unstable  homogeneous  state  develops  into  a  periodic  pattern. 
The  concentration  of  mobile  dislocations  is  so  small  that  it  is  almost  invisible  in  the  pictures. 

Fig.(l)  shows  how  the  PSB  structure  can  appear  starting  from  a  single  disturbance  of  the 
gaussian  type  at  a  certain  position.  It  can  be  seen  that  the  initial  disturbance  evolves  and  a 
single  band  is  formed  which  exhibits  an  oscillatory  behavior  at  its  “tail”.  This  can  interpreted 
as  a  reaction  to  the  local  decrease  of  the  immobile  dislocation  density.  The  two  nearest 
maxima  in  the  distribution,  which  are  located  at  a  distance  A  from  the  center  of  the  band,  act 
as  nuclei  for  the  formation  of  the  new  bands.  As  a  result  of  this  breakdown,  new  bands  arise 
and  the  entire  system  is  filled  up  with  interacting  bands. 

Fig.(2)  shows  an  analogous  situation  where  the  initial  perturbation  has  the  form  of  two  small 
disturbances  of  the  gaussian  type  located  far  apart  each  other.  It  can  be  seen  that  local 
breakdown  and  consequently  formation  of  new  bands  occurs  within  bands  separated  by  a 
distance  greater  than  . 


Fig. (3)  presents  a  different  case.  Here,  the  initial  homogeneous  state  was  disturbed  by 
normally  distributed  random  fluctuations  with  dispersion  equal  to  1%  of  the  dislocation 
densities.  It  can  be  seen  that  initial  small  fluctuations  become  amplified.  Some  fluctuations 
grow  rapidly  and  others  are  suppressed.  The  pumping  process,  i.e.  the  increase  of  the 
amplitude  of  some  bands  at  the  expense  of  the  amplitude  of  the  neighboring  bands  is  obvious 
during  the  stages  of  the  process.  A  pattern  with  wavelengths  less  than  is  unstable  and 
progressively  due  to  pumping  a  stable  configuration  of  a  modulated  ladder  structure  of  the 
PBS  that  persists  in  time  is  formed. 


Ccncent ration  10^^  (»'*)  Concentration  lO”  (m"*)  Concentration  10 
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Figure! :  Temporal  evolution  of  the  system  in  the  case  of  a  single  perturbation  of  gaussian  type 
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Figure  2:  Temporal  evolution  of  the  system  in  the  case  of  double  perturbation  of  gaussian  type 
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Figure  3:  Temporal  evolution  of  the  system  i 
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the  case  of  double  perturbation  of  quasi  type 
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1.  ABSTRACT 

The  influence  of  a  transverse  surface  crack  on  the  mechanical  impedance  of  a  cracked  cantilever 
beam  is  studied.  Analytical  and  experimental  investigations  provide  a  link  between  the  changes 
in  mechanical  impedance  to  the  location  of  the  crack.  The  results  are  used  to  propose  a  new 
method  of  non-destructive  testing  for  beam  structures. 

2.  INTRODUCTION 

The  most  common  structural  defect  is  the  existence  of  a  crack.  If  a  structure  is  defective,  there  is 
a  reduction  on  the  stiffness  of  the  structure  in  the  region  of  the  defect.  A  reduction  in  stiffness 
implies  a  reduction  in  natural  frequencies  of  vibration  and  changes  in  modal  shapes.  Hence  it  is 
possible  to  use  natural  frequency  measurements  to  detect  cracks.  The  natural  frequency  method 
has  been  extensively  studied  and  applied  by  Dimarogonas  [1],  Paipetis  and  Dimarogonas  [2], 
Chondros  and  Dimarogonas  [3],  Adams  and  Cawley  [4],  Gudmunson  [5],  Anifantis  et  al  [6].  In 
searching  of  an  additional  defect  information  carrier  for  crack  appearance,  the  use  of  the 
mechanical  impedance  was  introduced  by  Bamnios  and  Trochidis  [7]  in  case  of  a  cracked 
cantilever  beam.  Prabhakar  et  al  [8]  further  investigated  the  changes  in  mechanical  impedance  in 
case  of  cracked  rotor  ~  bearing  systems  and  they  suggested  that  it  could  be  used  for  crack 
detection. 

In  the  present  work  the  influence  of  a  transverse  surface  crack  on  the  mechanical  impedance  of  a 
cantilever  beam  is  investigated  both  analytically  and  experimentally.  It  is  shown  that  the 
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mechanical  impedance  changes  substantially  due  to  the  presence  of  the  crack  in  case  of  flexural 
vibrations.  The  changes  follow  definite  trends  depending  upon  the  location  of  the  crack  and 
consequently  can  provide  the  information  required  for  accurate  crack  localization. 

3.  ANALYSIS 

The  physical  system  under  consideration,  shown  in  Fig.  1,  is  a  beam  of  uniform  rectangular 
cross-section  with  a  crack  located  at  a  position  Xc .  For  general  loading,  a  local  flexibility  matrix 
relates  displacements  and  forces.  In  our  analysis,  since  only  bending  vibrations  are  considered, 
the  rotational  crack  compliance  is  assumed  to  be  dominant  in  the  local  flexibility  matrix  [3]. 


Figure  1:  Model  of  a  cracked  cantilever  beam 


The  bending  spring  constant  K-r  in  the  vicinity  of  the  cracked  section  when  a  transverse  crack  of 
uniform  depth  a  exists,  is  given  by  [2] 


K,=i,c  =  (5.346%)j^)  (1) 

c 

where  c  is  the  compliance,  E  is  the  modulus  of  elasticity  of  the  beam  material,  I  is  the  moment  of 
inertia  of  the  beam  cross-section  and  the  dimensionless  local  compliance  function  J^)  has  the 


form  [2] 


-126.9  ^/1  -Hl72  a/  r  -43.97  a. 


-37.226B 
+  66.56^ 


w^ 

|10 


+  76.8ia. 


(2) 


Due  to  localized  crack  effect,  the  cracked  beam  can  be  simulated  as  two  uniform  beams  joint 
together  by  a  torsional  spring  at  the  crack  location  (Fig,  1). 

A  driving  force  F  =  F^eJ®^  is  considered  acting  along  the  beam.  Thus,  the  location  of  the  driving 
force  and  the  location  of  the  crack  divide  the  beam  in  three  parts.  Depending  on  the  location  of 
the  driving  force,  one  has  to  solve  two  problems  with  different  boundary  conditions  to  calculate 
the  displacements  n(x)  of  the  beam. 

(a)  Driving  force  between  free  end  and  crack. 


1 

Figure  2:  Cracked  cantilever  beam  with  driving  force  between  free  end  and  crack 
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The  displacement  on  each  part  of  the  beam  is 

part  1  :  nj(x)=c,  coshKBX  +  C2  sinhKQX  +  C3  cos  Kg  +C4  sinKgX 

part  2  :  n2(x)=C5  coshKgX  +  c^  sinhKgX  +  c^  cos  Kg  +C8  sinKgX  (3) 

part  3  :  n3(x)=C9  coshKgX  +  CjQ  sinhKgX  +  c,,  cosKg  +C|2  sinKgX 

The  boundary  conditions  corresponding  to  the  problem  shown  in  Fig.  2  are 

at  x  =  ~Li:  ni(-L,)  =  0,  n,  (-L,)  =  0 

at  x  =  L2  :  M3(L2)  =  0,  F3(L2)  =  0 

atx  =  0  :  n,(0)=n2(0),  Mj  (0)=  M2(o),  F,(0)=F2(0), 

_El|ln,(0)  =  KT  |-n,(0)-|-n2(0)  (4) 

atx  =  L  ;  n2(L)=n3(L),  n;(L)=n3'(L),  M,(L)=M,(L),  F,(l)-F3(l)=F„ 
where  n'  denotes  derivative  with  respect  to  x. 

(b)  Driving  force  between  crack  and  clamped  end. 

The  geometry  of  this  case  is  shown  in  Fig.  3. 


x=-L, 

Figure  3:  Cracked  cantilever  beam  with  driving  force  between  crack  and  clamped  end 
Ftere,  only  the  boundary  conditions  are  different,  i.e. 

at  x  =  -Li:  nj(-Li)=0,  nj  (-L,)  =  0 

at  x  =  L2  :  M3(L2)=0,  F3(L2)  =  0 

at  x  =  0  :  n2(0)=n3(0),  M2 (0)=  M3 (o),  F2(o)=:  F3(o), 

-El|^nj(0)=KT  |^"2(0)-|^n3(0)  (5) 

at  x  =  L  :  n,(L)=n2(L),  n,'(L)=n2'(L),  M,(l)=M2(l),  F,(l)-F2(l)  =  F„. 

The  resulting  characteristic  equations,  for  the  above  mentioned  two  cases,  are  rather  involved  but 
can  be  solved  numerically  and  both  the  eigenfrequencies  and  the  mechanical  impedances  of  the 
beam  at  different  positions  can  be  obtained.  The  mechanical  impedance  of  the  beam  at  an 
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arbitrary  location  x  can  be  derived  according  to  the  relation  z(x)  =  - 


j2nf  n(x) 


,  where  n(x)  is  the 


corresponding  displacement  and  f  is  the  frequency. 


4.  EFFECT  OF  MEASURING  POINT 

Using  the  analytical  results  obtained  in  the  previous  section,  the  mechanical  mobility  of  a 
cracked  cantilever  beam  was  calculated.  Instead  of  the  impedance,  the  mobility  was  calculated 
for  convenience,  since  mobility  can  be  easier  measured.  In  order  to  investigate  the  influence  of 
the  measuring  point  on  the  mobility,  the  location  of  the  crack  and  its  depth  were  kept  constant 
and  the  driving  force  was  systematically  shifted  along  the  beam.  The  calculations  were  made  for 
a  35cm  long  plexiglas  beam  of  rectangular  cross-section  2x2cnfl.  The  crack  was  located  20cm 
from  the  free  end  and  its  depth  was  varied. 


(b) 


Figure  4:  Predicted  mechanical  mobility  at  different  positions  along  a  35cm  long  plexiglas 
beam  of  rectangular  cross-section  2x2cm^  (a)  uncracked,  (b)  cracked  (crack 
depth:  80%,  crack  location:  20cm  from  free  end) 

Figure  4  shows  the  predicted  mechanical  mobility  at  different  positions  along  the  beam  for  a 
crack  depth  of  80%.  The  expected  reduction  in  natural  frequencies  of  vibration  compared  to  the 
uncracked  beam  is  evident.  The  main  result,  however,  is  that  the  first  antiresonance  moves 
towards  the  first  resonance  as  the  driving  point  approaches  the  crack.  In  the  vicinity  of  the  crack 
tends  to  coincide  with  the  first  resonance.  After  crossing  the  crack,  the  position  of  the 
antiresonance  remains  unchanged.  On  the  contrary,  in  case  of  an  uncracked  beam,  the  first 
antiresonance  moves  smoothly  towards  the  first  resonance. 
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Figure  5:  Predicted  changes  in  the  first  antiresonance  of  a  cracked  beam  versus  location 
(crack  depth:  80%,  crack  location:  20cm  from  free  end) 

Figure  5  shows  the  change  in  the  first  antiresonance  as  a  function  of  the  location  along  the  beam. 
It  can  be  seen  that  the  influence  of  a  crack  on  the  mechanical  impedance  of  the  beam  strongly 
depends  on  the  crack’s  location.  In  the  vicinity  of  the  crack  there  is  a  jump  in  the  slope  of  the 
curve  depending  on  crack’s  depth. 

5.  EXPERIMENTAL  INVESTIGATION 

In  order  to  validate  the  approximate  model  used  in  our  analysis,  a  series  of  measurements  were 
undertaken  on  plexiglas  beams.  The  beams  used  in  the  experiments  had  square  cross-section 
2x2cm^  and  were  cut  from  bars  of  commercial  plexiglas.  The  crack  was  modeled  by  sawing  cuts 
with  a  width  of  0.3mm.  Clamping  of  the  beams  was  secured  through  the  use  of  two  heavy  steel 
jaws.  The  cantilever  beam  was  forced  into  oscillations  by  a  15mm  diameter  voice  coil  weighting 
5gr.  attached  to  the  beam.  The  coil  was  placed  in  the  field  of  a  permanent  magnet  and  was 
excited  by  a  waveform  oscillator  (B&K  2010).  The  driving  force  was  kept  constant  and  the 
velocity  at  different  locations  along  the  beam  was  measured.  The  signals  were  transferred  to  an 
analyzer  to  give  plots  of  the  mobility  versus  frequency.  The  whole  experimental  set-up  allowed 
the  reproducibility  of  the  results. 

Five  beams  with  the  same  geometry  and  material,  cracked  at  different  positions  from  the  free  end 
were  tested.  The  mechanical  mobility  was  measured  in  steps  of  10mm.  Using  the  mobility  plots, 
the  position  of  the  first  anti  resonance  at  each  location  was  estimated. 

A  typical  plot  of  the  antiresonance  position  as  a  function  of  the  measuring  position  is  shown  in 
Fig.  6.  This  figure  shows  that  in  case  of  the  cracked  beam  the  change  in  the  first  antiresonance  is 
not  smooth.  It  exhibits  a  jump  in  the  slope  of  the  curve  in  the  vicinity  of  the  crack.  The 
magnitude  of  the  jump  depends  on  the  crack  depth.  The  agreement  between  the  results  of 
predictions  and  measurements  is  very  good.  Moreover,  the  consistency  of  the  experimental 
results  in  all  cases  tested  was  adequate. 
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Figure  6:  Change  of  the  first  antiresonance  of  a  cracked  beam  versus  measuring  point  along 
the  beam  for  different  crack  depths.  Comparison  between  prediction  and 
measurements  (crack  location:  20cm  from  free  end) 


6.  CONCLUSIONS 

The  effect  of  a  transverse  surface  crack  on  the  mechanical  impedance  of  a  cantilever  beam  was 
investigated  both  analytically  and  experimentally.  It  was  shown  that,  far  from  the  expected 
changes  in  natural  frequencies,  the  mechanical  impedance  changes  substantially.  The  changes 
depend  on  the  location  and  the  size  of  the  crack.  Thus,  the  mechanical  impedance  can  be  used  as 
an  additional  defect  information  carrier,  which  complementary  with  natural  frequencies  changes 
can  be  used  for  crack  identification. 

Based  on  impedance  measurements  an  efficient  prediction  scheme  for  crack  location  can  be 
proposed.  Starting  from  one  end  and  moving  towards  the  other  the  impedance  will  be  measured 
and  the  shift  of  the  first  antiresonance  will  be  estimated.  In  the  vicinity  of  the  crack  the 
antiresonance  coincides  with  the  first  resonance.  After  crossing  the  crack  location,  the 
antiresonance  remains  fairly  constant.  Thus,  the  crack  exists  in  the  neighborhood  of  the  location 
where  there  is  a  jump  in  the  slope  of  the  curve  of  the  antiresonance  shift  versus  position. 

The  method  can  be  used  to  locate  the  crack  roughly  and  then  other  methods  can  be  employed  to 
determine  the  crack  characteristics  more  precisely. 

The  method  lacks  accuracy  for  small  cracks  —  <  0.20 .  This  confines  the  range  of  application  of 

w 

the  method  to  moderate  cracks  only.  In  most  practical  cases,  however,  a  20%  crack  is  not  usually 
an  indication  of  immediate  failure.  The  results  of  this  work  can  be  easily  extended  to  include 
more  complex  structures  and  boundary  conditions. 
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1.  SUMMARY 

In  this  paper,  the  framework  for  the  mechanics  of  solids,  deformable  over  fractal  subsets,  is 
outlined.  Anomalous  mechanical  quantities  with  fractal  dimensions  are  introduced,  i.e.,  the 
fractal  stress  [a*],  the  fractal  strain  [e*]  and  the  fractal  work  of  deformation  W*.  By  means  of 
the  local  fractional  operators,  the  static  and  kinematic  equations  are  obtained,  and  the 
Principle  of  Virtual  Work  for  fractal  media  is  demonstrated.  Afterwards,  from  the  definition 
of  the  fractal  elastic  potential  (])*,  the  linear  elastic  constitutive  relation  is  derived.  The  direct 
formulation  of  the  elastic  problem  is  obtained  in  terms  of  the  fractional  Lame  operators  and 
of  the  equivalence  equations  at  the  boundary.  The  variational  form  of  the  elastic  problem  is 
also  obtained,  through  minimization  of  the  total  potential  energy.  Finally,  discretization  of  the 
fractal  medium  is  proposed,  in  the  spirit  of  the  Ritz-Galerkin  approach,  and  a  finite  element 
formulation  is  obtained  by  means  of  devil's  staircase  interpolating  splines. 

2.  LOCAL  FRACTIONAL  OPERATORS  AND  THE  EQUATIONS  OF  STATICS 
AND  KINEMATICS 

Analysis  of  the  response  of  a  deformable  body  to  a  system  of  applied  forces  requires  the 
definition  of  its  constitutive  law.  The  compatibility  and  equilibrium  equations  of  continuum 
mechanics,  which  are  intimately  linked  by  the  Principle  of  Virtual  Work,  need  to  be 
completed  by  the  description  of  the  specific  material  behaviour.  In  the  presence  of 
heterogeneous  media,  the  classical  constitutive  laws  (e.g.  elasticity,  plasticity  or  damage 
laws)  need  to  be  integrated  by  an  appropriate  modelization  of  the  microstructure,  which  can 
considerably  alter  the  basic  formulations.  This  is  the  case,  for  instance,  for  micropolar 
elasticity  models,  higher-order  gradient  theories  and  for  the  large  number  of  micromechanical 
models  which  developed  in  the  last  few  years  [1]. 

A  particular  class  of  solid  materials  is  represented  by  those  which  are  deformable  over  a 
fractal  subset  [2].  It  is  worth  to  notice  that  we  are  considering  a  generic  body  whose  stress 
flux  and  deformation  patterns  have  fractal  characteristics,  whereas  the  material  itself  does  not 
need  to  have  a  fractal  microstructure.  This  is  the  case  of  natural  rocks  and  cementitious 
composites,  which  usually  develop  strain  localization  in  some  bands,  mostly  concentrated  at 
the  weak  aggregate/matrix  interfaces. 

The  singular  stress  flux  through  fractal  media  can  be  modelled  by  means  of  lacunar  fractal 
sets  of  dimension  A^,  with  A<y  =  2  -  <  2.  An  original  definition  of  the  fractal  stress  G* 
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acting  upon  lacunar  domains  was  put  forward  by  Carpinteri  [3]  by  applying  the 
renormalization  group  procedure  to  the  nominal  stress  tensor  [o].  The  fractal  stress  a*,  whose 
dimensions  are  is  a  scale-invariant  quantity.  For  simplicity,  a  uniaxial  tensile 

field  is  considered  in  fig.  1,  where  an  effective  fractal  stress  is  found  by  means  of  the 
renormalization  group. 


Figure  1 .  Renormalization  of  the  stress  over  a  Sierpinski  carpet  (a)  and  scaling  of  the  nominal  stress  (b). 


For  the  local  definition  of  a*,  exactly  as  in  the  case  of  the  classical  Cauchy  stress,  the  limit: 


lim 

AA*-^0 


(1) 


is  supposed  to  exist  and  to  attain  finite  values  at  any  singular  point  of  the  support.  This  is 
mathematically  possible  for  lacunar  sets  like  that  in  fig.  1  which,  although  not  compact,  are 
dense  in  the  surrounding  of  any  singular  point. 

The  kinematical  conjugate  of  the  fractal  stress  is  the  fractal  strain  £*  [2,  4].  The  basic 
assumption  is  that  displacement  discontinuities  can  be  localized  on  an  infinite  number  of 
cross-sections,  spreading  throughout  the  body.  Experimental  investigations  have  confirmed 
the  fractal  character  of  deformation,  for  instance  in  metals  and  in  highly  stressed  rock  masses 
[5,  6].  Considering  the  simplest  uniaxial  model,  a  slender  bar  subjected  to  tension,  it  can  be 
argued  that  the  horizontal  projection  of  the  cross-sections  where  deformation  localizes  is  a 
lacunar  fractal  set,  with  dimension  between  zero  and  one.  If  the  Cantor  set  (Ag  =  0.631)  is 
assumed  as  the  archetype  of  damage  distribution,  we  may  speak  of  the  fractal  Cantor  bar 
(fig.  2a).  The  dilation  strain  tends  to  concentrate  into  singular  stretched  regions,  while  the  rest 
of  the  body  is  practically  undeformed.  The  displacement  function  can  be  represented  by  a 
deviVs  staircase  graph,  that  is,  by  a  singular  function  which  is  constant  everywhere  except  at 
the  points  corresponding  to  a  lacunar  fractal  set  of  zero  Lebesgue  measure  (fig.  2b). 
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(a) 


Figure  2.  Renormalization  of  the  strain  over  a  Cantor  bar  (a)  and  singular  displacement  function  (b). 


Let  Ae  =  1  -  i/g  be  the  fractal  dimension  of  the  lacunar  projection  of  the  deformed  sections. 
Since  Ag  <  1,  the  fractional  decrement  is  always  between  0.0  (corresponding  to  strain 
smeared  along  the  bar)  and  1.0  (corresponding  to  the  maximum  localization  of  strain,  i.e.,  to 
localized  fracture  surfaces).  By  applying  the  renormalization  group  procedure  (see  fig,  2a), 
the  micro-scale  description  of  displacement  provides  the  product  of  an  effective  fractal  strain 
£*  times  the  fractal  measure  of  the  support.  The  fractal  strain  8*  is  the  scale- 

independent  parameter  describing  the  kinematics  of  the  fractal  bar.  Its  physical  dimension 
[L]^^  is  intermediate  between  that  of  a  pure  strain  [hf  and  that  of  a  displacement  [L],  and 
synthesizes  the  conceptual  transition  between  classical  continuum  mechanics  (d^  =  0)  and 
fracture  mechanics  (d^  =1).  Correspondingly,  the  kinematical  controlling  parameter  changes, 
from  the  nominal  strain  8,  to  the  crack  opening  displacement  w.  By  varying  the  value  of  d^ 
(e.g.  for  different  loading  levels),  the  evolution  of  strain  localization  can  be  captured.  The  two 
limit  situations  are  shown  in  fig.  3,  the  devil’s  staircase  being  an  intermediate  situation  with 
d^  =  0.369.  While  the  first  case  represents  the  classical  homogeneous  elastic  strain  field,  the 
latter  diagram  shows  a  single  displacement  discontinuity,  e.g.,  the  formation  of  a  sharp 
fracture. 


W  A 


(b) 


de=l 


b 


Figure  3.  Homogeneous  strain  (a)  and  extremely  localized  deformation  (b)  over  the  bar  (critical  point). 

During  a  generic  loading  process,  the  mechanical  work  W*  can  be  stored  in  the  body  as 
elastic  strain  energy  (conservative  process)  or  dissipated  on  the  infinite  lacunar  cross-sections 
where  strain  is  localized  (dissipative  process).  In  any  case,  the  fractal  domain  W*,  with 
dimension  A(o  =  3  -  d^^^,  where  the  mechanical  work  is  produced,  must  be  equal  to  the 
cartesian  product  of  the  lacunar  cross-section  with  dimension  2  -  d^,  times  the  cantorian 
projection  set  with  dimension  1  -  d^.  Since  the  dimension  of  the  cartesian  product  of  two 
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fractal  sets  is  equal  to  the  sum  of  their  dimensions,  one  obtains  the  fundamental  relation 
among  the  exponents  as: 

^0)  ~ 

In  order  to  find  mathematical  tools  suitable  to  work  with  functions  and  variables  defined  upon 
fractal  domains,  researchers  started  to  examine  the  possibility  of  applying  fractional 
operators,  i.e.  derivatives  and  integrals  of  noninteger  order.  Classical  fractional  calculus  is 
based  on  nonlocal  operators.  On  the  other  hand,  Kolwankar  &  Gangal  [7]  have  recently 
introduced  a  new  operator  called  local  fractional  integral  or  fractal  integral.  The  fractal 
integral  is  a  mathematical  tool  suitable  for  the  computation  of  fractal  measures.  In  fact,  it 
yields  finite  values  if  and  only  if  the  order  of  integration  is  equal  to  the  dimension  of  the 
fractal  support  of  the  function  Otherwise,  its  value  is  zero  or  infinite,  thus  showing  a 
behaviour  analogous  to  that  of  the  Hausdorff  measure  of  a  fractal  set.  Kolwankar  &  Gangal 
[7]  introduced  also  the  local  fractional  derivative  (LFD)  of  order  a  (0  <  a  <  1)  of /(;<:): 

[o“/WLj  =  0“/(y)=  lim  (3) 

[d^-yr 

where  d“[/(x)]/[d(jc-a)]“  denotes  the  (classical)  Riemann-Liouville  fractional  derivative  of 
order  a  of  the  function  f{x)  choosing  a  as  lower  limit  [8].  Differently  from  the  classical 
fractional  derivative,  the  LFD  is  a  function  only  of  the/(jc)  values  in  the  neighborhood  of  the 
point  y  where  it  is  calculated.  The  classical  fractional  derivative  of  a  singular  function  exists 
as  long  as  its  order  is  lower  than  the  Holder  exponent  characterizing  the  singularities.  Instead, 
in  the  singular  points,  the  LFD  is  generally  zero  or  infinite.  It  assumes  a  finite  value  if  and 
only  if  the  order  a  of  derivation  is  exactly  equal  to  the  Holder  exponent  of  the  graph.  For 
instance,  in  the  case  of  the  devil’s  staircase  graph  (fig.  2b)  the  LFD  of  order  a  =  In2/ln3  (i.e. 
equal  to  the  dimension  of  the  underlying  middle-third  Cantor  set)  is  zero  everywhere  except 
in  the  singular  points  where  it  is  finite. 

By  means  of  the  LFD,  the  fractal  differential  equations  of  kinematics  and  statics  have  been 
obtained  [2].  The  displacement  field  maintains  the  dimension  of  length.  The  noninteger 
dimensions  of  the  fractal  strain  are:  [L]^^.  Therefore,  it  can  be  obtained  by  fractional 
differentiation  of  the  displacement  vector  {T|},  according  to  the  definition  of  LFD  outlined 
above.  The  fractional  differential  operator  [9“]  can  thus  be  introduced,  where  the  order  of 
differentiation  is  a  =  1  -  ^/E.  Thereby,  the  kinematic  equations  for  the  fractal  medium  can  be 
written,  in  the  usual  vector  notation,  as: 

{e*}=[a“]{ii}  (4) 

The  above  relation  represents  also  a  local  definition  of  the  fractal  strain,  as  compared  to  the 
mean-field  one  provided  by  renormalization  group  (see  fig.  2).  Classical  nondimensional 
strain  is  obtained  when  a  =  \  (d^  =  0).  Instead,  when  a  =  0,  strain  is  no  longer 
homogeneously  diffused  and  reduces  to  localized  displacement  discontinuities.  The 
intermediate  situations  are  described  by  generic  values  of  a. 

The  static  equations  link  the  fractal  stress  vector  {o*}  to  the  body  forces  vector  {F*),  which 
assumes  noninteger  dimensions  according  to  the  fractal  dimension  of  the  deformable  subset 
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Q*,  [F][L]''^^^“\  On  the  other  hand,  the  dimensions  of  the  fractal  stress  are  [F][L]"^^'^®\ 
Therefore,  the  fractal  equilibrium  equations  can  be  written,  in  the  vector  notation,  as: 

[a“f  {a*}=-{F*}  (5) 

where  the  static  fractional  differential  operator  [d^f  is  the  transposed  of  the  kinematic 
fractional  differential  operator  [3“].  It  is  worth  to  observe  that  the  fractional  order  of 
differentiation  of  the  static  operator  in  the  fractal  medium  is  a  =  1  -  t/g,  the  same  as  that  of  the 
kinematic  operator.  This  remarkable  result  is  due  to  the  fundamental  relation  among  the 
exponents  (eq.  (2)),  and  represents  the  Duality  Principle  for  Fractal  Media  [2].  Finally, 
equivalence  at  the  boundary  of  the  body  requires  that  the  stress  vector  coincides  with  the 
applied  fractal  boundary  tractions  {/?*}  (with  physical  dimensions  [F][L]"^^“^®^): 

[iAtf  {o*l={/}  (6) 

In  the  case  of  fractal  bodies,  can  be  defined,  at  any  dense  point  of  the  boundary,  as  the 
cosine  matrix  of  the  outward  normal  to  the  boundary  of  the  initiator  of  the  fractal  body. 

3.  PRINCIPLE  OF  VIRTUAL  WORK  AND  LINEAR  ELASTIC  CONSTITUTIVE 
LAW  FOR  FRACTAL  MEDIA 

The  Principle  of  Virtual  Work  is  the  fundamental  identity  of  solid  mechanics.  It  affirms  the 
equality  between  the  virtual  external  work  (done  by  body  forces  and  boundary  tractions)  and 
the  virtual  internal  work  (done  by  internal  stresses).  As  is  well  known,  the  proof  of  the 
principle  requires  the  application  of  the  Gauss-Green  Theorem.  Some  attempts  of  extending 
the  Gauss-Green  Theorem  to  fractal  domains  have  been  discussed  in  [2].  Considering  two 
arbitrary  functions  f{x,  y,  z)  and  g{x,  y,  z),  defined  upon  a  fractal  domain  O*,  with  the  same 
Holder  exponent  a,  the  general  formula  of  local  fractional  integration  by  parts  was  obtained 
by  the  authors  [2]  as: 

^“/i*  +  /i*  (7) 

where  F*  is  the  boundary  of  the  domain  Q*.  This  result  extends  the  Gauss-Green  Theorem  to 
3D  fractal  domains.  Based  on  eq.  (7),  the  Principle  of  Virtual  Work  for  fractal  media  was 
demonstrated  [2].  It  reads: 

I  (8) 

n*(3-da))  r*(2-d(j) 

Both  sides  of  eq.  (8)  possess  the  dimensions  of  work  ([F][L]),  since  the  operators  dxc  fractal 
integrals  defined  upon  fractal  domains.  The  external  work  may  be  done  by  fractal  body  forces 
{ F* }  and/or  by  fractal  tractions  {p* )  acting  upon  the  boundary  F*  of  the  body.  The  internal 
work  of  deformation  is  defined  as:  dW*  =  {a*}^{de*},  with  dimensions  [F][L]  If  the 
(initial)  loading  process  is  conservative  (no  dissipation  occurs  in  the  material),  and  stress  is  a 
univocal  function  of  strain,  a  fractal  elastic  potential  (function  of  the  fractal  strain  {8*}) 


354 


can  be  introduced  as  an  exact  differential:  dtj)*  =  {a*}^{de*}.  The  components  of  the  fractal 
stress  vector  {c*}  can  therefore  be  obtained  by  derivation:  a,*  =  d(j)*/3e/*.  Note  that  these  are 
canonical  first-order  partial  derivatives  in  the  space  of  the  fractal  strains  {0*}.  Therefore,  the 
same  arguments  of  classical  mathematical  elasticity  can  be  followed.  Performing  the  Taylor 
expansion  around  the  undeformed  state,  and  neglecting  higher  order  derivatives,  the 
following  quadratic  form  can  be  easily  obtained: 

f  =iie*}[//*]|£*)  (9) 

where  [jfif*]  is  the  Hessian  matrix  of  the  fractal  elastic  potential.  Dimensional  arguments  show 
that  the  anomalous  dimensions  of  [^*]  are:  Thus,  [/f*]  depends  on  both  the 

dimensions  of  stress  and  strain.  Thereby,  depending  on  the  difference  {d^  -  the  nominal 
elastic  constants  (e.g.,  the  shear  and  the  Young's  moduli)  can  be  subjected  to  positive  or 
negative  size-effects.  Each  term  in  [H^*]  is  obtained  as  the  second-order  partial  derivative  of 
the  elastic  potential  by  the  corresponding  fractal  strain.  From  eq.  (9),  the  linear  elastic 
constitutive  law  for  fractal  media  is  provided  as: 

{a*|  =  [//*]{e*)  (10) 

4.  DIRECT  LAME’  FORMULATION  OF  THE  FRACTAL  ELASTIC  PROBLEM 

If  the  fractal  constitutive  law  (10)  is  inserted  into  the  fractal  static  equations  (5),  and  using  the 
fractal  cinematic  equations  (4),  the  so-called  Lame  equation  is  provided  in  the  operatorial 
form: 

[t-*]{Tl)  =  -{r),  VPetl*  (11) 

where  the  fractional  Lame  operator  [I/*]3x3  is  defined  as:  [L*]  =  [0“]^[//*][9“].  The 
conditions  of  equivalence  on  the  boundary  of  the  medium  (eq.  (6))  where  the  tractions  are 
imposed  (Ti*)  can  be  expressed,  as  a  function  of  the  displacement  vector,  in  the  following 
manner: 


[/^]{r|l  =  {p*l,  VPer;  (12) 

where  the  fractional  operator  [L()*]3x3  is  thus  defined  as:  [Lq*]  =  is  the 

cosine  matrix  of  the  outward  normal  to  the  boundary,  exactly  corresponding  to  the  fractional 
derivatives  in  in  the  spirit  of  the  fractal  Gauss-Green  Theorem.  Finally,  the  boundary 
condition  on  the  part  of  the  boundary  (r2*)  with  imposed  displacement  is  the  following  : 

{Ti)  =  {ilo),  VPer2*  (13) 

5.  VARIATIONAL  FORMULATION  AND  DISCRETIZATION  OF  THE  FRACTAL 
ELASTIC  PROBLEM  BY  MEANS  OF  DEVIL’S  STAIRCASE  SPLINES 
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The  total  potential  energy  of  a  fractally  deformable  elastic  body  can  be  defined  as  the 
difference  between  the  strain  energy  stored  in  the  body  minus  the  external  work  of  the  body 
forces  {F*}  and  of  the  boundary  tractions  {p*}: 

\ 

(14) 

a*(3-da,)  r*(2-rfo)  ; 

This  functional,  defined  in  the  space  of  the  admissible  displacement  and  strain  fields,  attains 
its  minimum  value  in  correspondence  of  the  (unique)  solution  of  the  fractal  elastic  problem 
[9].  This  can  be  demonstrated  by  following  the  same  arguments  established  for  the  canonical 

quantities,  i.e.,  by  considering  an  arbitrary  kinematically  admissible  field  {fj},  {£*}, 
obtained  by  adding,  to  the  fields  {t)},  {£*),  which  are  solution  of  the  elastic  problem  (eqs 
(11-13)),  a  generic  increment  {Ari),  {Ae*}  and  evaluating  the  functional  W(fi).  If  the 
Principle  of  Virtual  Work  (eq.  (8))  is  applied  to  the  statically  admissible  stress-force  field 
(defined  by  eq.  (5))  working  by  the  incremental  kinematic  fields  ({Ar|),  {A£*)),  using  the 
Betti’s  Reciprocity  Theorem  one  easily  obtains: 

W(fi)-W(ri)=  J(t)*(A£*)d!:2*  (15) 

a*(3-rfo)) 

Recalling  that  the  fractal  elastic  potential  is  a  quadratic  positive  form,  the  above  relation 
implies  that  the  total  potential  energy  related  to  the  displacement  field  {r\},  solution  of  the 
elastic  problem,  is  the  minimum  with  respect  to  any  other  admissible  field  {rj  +  Aq}: 

W{r\)=  minimum  (16) 

The  above  variational  formulation  is  thus  equivalent  to  the  direct  formulation  of  the  elastic 
problem  (eqs  (11-13))  and  represents  the  starting  point  of  the  Finite  Element  formulation.  In 
the  classical  Ritz-Galerkin  approach,  the  stationarity  of  the  energy  functional  W(q)  is  sought 
within  a  subspace  of  finite  dimensions  subtended  by  a  series  of  linearly  independent  assigned 
functions.  The  problem  is  thus  discretized,  since  the  unknown  displacement  field  {q}  is 
expressed  as  the  sum  of  assigned  independent  functions  {qj,  /  =  1,  2, ... ,  igxn): 

(gxn) 

{11)  =  XPi{Ti<) 
i=l 

where  n  represents  the  number  of  nodes  where  the  displacement  has  to  be  determined,  each 
with  g  degrees  of  freedom.  Note,  incidentally,  that  the  physical  dimension  of  the  functions 
{q,}  is  that  of  length.  By  inserting  the  above  relation  in  the  definition  of  the  total  potential 
energy,  the  following  functional  is  obtained: 

H'(P)  =  ^{P)'^[i]{Pl-{P)'^[^’] 


VV(ii)=  JfdQ*- 

n*(3-rfjo) 


(18) 
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where  {p)  is  the  vector  of  the  (gxn)  unknown  coefficients  of  the  linear  combination  (17).  The 
(gxn)x(gxn)  elements  of  the  matrix  [L]  are  given  by  the  following  fractal  integrals: 

Ly=-  j{Tl,l'^[L*]{Tl;)di2*+  j{n/)'^[i^]{Tl7ldr*  (19) 

n*(3-</a)  r*(2-da) 

Note  that  the  matrix  [L]  is  symmetrical  due  to  Betti’s  Theorem.  The  (gxn)  elements  of  the 
vector  [F]  are  given  by  the  following  fractal  integrals: 

Fy=-  J|Ti,}'^(r)dn’'+  J|ii,r{/)dr*  (20) 

n*(3-rf(o)  r*(2-rf(j) 

Minimization  of  the  above  energy  functional  requires  the  canonical  first-order  derivatives  of 
eq.  (18),  with  respect  to  each  coefficient  p,-,  to  be  equal  to  zero.  The  result  is  the  classical 
system  of  (gxn)  linear  algebraic  equations  in  terms  of  (gxn)  unknown  coefficients  P,.  : 

[Lm  =  [F]  (21) 

We  can  choose  as  independent  functions  {rj,  )  in  the  linear  combination  (eq.  (17))  a  family  of 
functions  that,  henceforth,  we  will  call  fractal  splines.  These  are  defined  only  over  subsets 
(finite  elements)  of  the  whole  fractal  domain  Q*,  and  their  value  is  equal  to  one  in 
correspondence  of  the  pertinent  node  i  and  to  zero  in  all  the  other  nodes  within  their 
subdomain  of  definition  (see  fig.  4).  Since  their  linear  combination  gives  the  singular 
displacement  field,  the  physical  dimension  of  the  fractal  splines  must  be  that  of  a  length  and, 
at  the  same  time,  they  must  be  Cantor  staircase  kind  functions,  i.e.  continuos  functions 
everywhere  constant  except  on  a  subset  with  null  Lebesgue  measure.  For  our  purposes,  the 
most  important  aspect  related  to  the  fractal  splines  is  their  ability  to  model  the  singular 
displacement  field  and  to  provide,  by  local  fractional  derivation,  the  associated  strain  field. 
Since  the  fractal  splines  in  the  ID  case  for  finite  elements  with  two  nodes  (fig.  4)  can  be  built 
connecting  two  devil’s  staircase,  it  is  worthwhile  considering  more  in  detail  this  function, 
archetype  of  the  Cantor  staircase  kind  functions,  already  presented  in  section  2  and  plotted  in 


Figure  4.  Fractal  splines  in  the  ID  case  for  two  nodes  finite  elements. 


fig.  2.  The  devil’s  staircase  function  5(x)  is  a  self-affine,  monotone,  nondifferentiable 
functions.  The  singularities  of  this  function  can  be  characterized  by  the  Holder  exponent  a 
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lower  than  1 .  It  can  be  easily  demonstrated  that  the  Holder  exponent  of  the  function  5(x),  in 
all  the  points  belonging  to  the  Cantor  set,  is  exactly  equal  to  the  dimension  A  =  In2/ln3  of  the 
fractal  support  where  it  grows.  In  other  words,  the  devil’s  staircase  is  a  function  which  is 
almost  everywhere  constant,  except  on  a  subset  of  points  with  dimension  A,  where  it  is 
singular  of  order  a  =  A. 


The  classical  fractional  derivative  (the  lower  extreme  of  integration  being  the  origin)  of  the 
devil’s  staircase  was  studied  by  Schellnhuber  &  Seyler  [10].  For  these  calculations,  the 
devil’s  staircase  can  be  conveniently  approximated  with  a  polygonal  family  of  functions 
5„(x): 


i/i+i 


-2 


£=0 


(22) 


where  Hxq(x)  is  the  unit  step  function  with  discontinuity  in  Xq  and  x„(/)  are  the  x-coordinates 
of  the  extremes  of  the  segments  of  the  n-th  step  in  the  iterative  procedure  leading  to  the 
construction  of  the  Cantor  set.  It  can  be  proved  that  the  sequence  5„(x)  converges  uniformly 
to  S(x)  for  n  tending  to  infinity.  The  Riemann-Liouville  fractional  derivatives  of  the  n-ih 
approximation  5„(x)  can  be  calculated  to  give: 


d^ 

[dxf 


['SnW]  = 


2"*^^  -2 

I  (-1)' 


1=0 


r(2-oc) 


\x-x„  u 


'•Ml-a 


(23) 


Schellnhuber  &  Seyler  [10]  demonstrated  the  uniform  convergence  of  the  series  of  fractional 
derivatives  (23)  for  a  <  In2/lh3,  thus  obtaining  the  fractional  derivative  of  order  a  of  5(x). 
For  a  >  In2/ln3,  the  sequence  (23)  diverges.  Thereby,  the  devil’s  staircase,  although 
nondifferentiable  in  the  classical  sense,  admits  continuous  fractional  derivatives,  provided 
that  its  order  a  is  lower  than  A. 

For  our  model,  we  are  mainly  interested  in  the  local  fractional  derivative  of  the  devil  s 
staircase.  Based  on  the  classical  fractional  derivative  (23),  we  can  compute  the  local 
fractional  derivative  (LFD),  for  instance  in  the  origin  ([4],  [8]): 


D“5(0)=  lim 


n— >oo 


[Sn{4 


=1/3" 


— ; - r  lim 

r(2-a)n->«> 


\n 


(24) 


Therefore,  the  LFD  (27)  in  the  origin  is  zero  if  a  <  A,  does  not  exist  if  a  >  A,  and  attains  a 
finite  value  if  and  only  if  ot  =  A.  The  same  happens  in  all  the  singular  points  of  the  devil  s 
staircase  graph,  while,  where  the  graph  is  flat,  the  LFD  is  zero.  In  other  words,  we  have 
shown  that  the  devil’s  staircase  can  be  characterized  by  the  LFD  of  order  equal  to  the 
dimension  of  the  fractal  support  where  it  grows. 

What  have  been  done  for  the  function  S(x)  can  be  generalized  to  the  fractal  splines  (fig.  4) 
and  their  linear  combination  eq.  (17).  Therefore,  these  functions  can  be  seen  as  a  suitable 
family  of  functions  to  interpolate  the  singular  displacement  field  which  arises  in  bodies 
deformable  on  fractal  subsets.  Moreover,  choosing  as  order  of  fractional  derivation  the  fractal 
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dimension  of  the  subset  where  the  body  can  get  deformed,  the  LFD  of  the  linear  combination 
(17)  can  characterize  the  discontinues  strain  fields  of  a  fractally  deformable  medium. 
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1.  SUMMARY 

The  recently  developed  wavelet-based  multiscale  process  is  applied  to  characterize 
materials  with  microstructures  in  the  form  of  pores  and  inclusions  distributed  over  a  wide 
range  of  spatial  scales.  The  variance  of  the  strain  field  for  an  approximated  one¬ 
dimensional  deformation  problem  is  examined  in  detail.  It  is  shown  that  with  respect  to 
crack  initiation,  there  is  a  strong  interplay  between  the  distribution  of  pores  and  inclusions. 
Application  to  a  cast  aluminum  alloy,  where  pores  are,  in  general,  about  two  orders  of 
magnitude  larger  than  the  silicon  particles  (inclusions),  explain  recent  experimental  reports 
on  crack  initiation  where  the  interplay  of  pores,  inclusions,  and  boundaries  is  observed,  yet 
not  explained  on  a  fundamental  basis.  The  present  work  extends  recent  efforts  on  porous 
materials  [1]  and  includes  the  interaction  of  pores  at  certain  scales  with  inclusions  at  other 
scales  presented  extensively  in  [2]. 

2.  INTRODUCTION 

In  materials  processing  and  design,  it  is  critical  to  understand  the  effect  of  microstructures, 
which  appear  at  a  hierarchy  of  spatial  scales.  The  paper  recognizes  the  fact  that 
microstructures  of  (most)  engineering  materials  appear  at  a  wide  hierarchy  of  spatial  scales. 
For  several  materials,  important  micro  structures  are  in  the  form  of  inclusions  as  well  as 
pores  appearing  at  a  hierarchy  of  scales.  Of  particular  interest  to  this  contribution  are  cast 
aluminum  alloys,  which  have  great  potential  as  replacements  for  ferrous  castings  and 
fabrications  in  the  automobile  and  rail  industries  where  energy  efficiency  and  low  cost 
component  production  are  crucial;  also,  the  application  of  aluminum  castings  in  aerospace 
structures  can  result  in  significant  cost  reductions  in  aircraft  manufacturing. 

We  examine  two  particular  microstructures,  i.e.,  pores  and  inclusions,  known  to  be  related  to 
mechanical  properties  in  aluminum  castings  such  as  A356,  and  attempt  to  characterize  them 
using  a  wavelet-based  multiscale  approach.  We  concentrate  on  crack  initiation  under  imposed 
external  mechanical  load,  and  for  illustrating  the  wavelet-based  multiscale  process  we  study  a 
1-D  problem,  which,  of  course,  involves  certain  simplifying  assumptions.  The  1-D  results  set 
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the  foundation  for  2-D  as  well  as  3-D  studies,  which  are  presently  undergoing. 

3.  PROPERTIES  OF  A  MEDIUM  WITH  PORES  AND  INCLUSIONS 


Consider  a  material  containing  both  pores  and  inclusions  embedded  in  a  matrix.  Each 
phase,  i.e.,  matrix,  inclusions  and  pores,  ai  assumed  homogeneous.  Let  F  be  a  specific  local 
property,  e.g,,  Young’s  modulus,  yield  stress,  failure  stress,  etc.  Within  the  material, 
F  F{x)  is  a  function  of  the  position  vector  x  (x  is  a  scalar  in  1-D)  and  has  a  value  equal 


to  mj,p ,  denoting  the  value  of  F  for  spatial  positions  within  the  matrix,  inclusions,  pores, 
respectively.  For  random  spatial  distribution  of  the  pores  and  of  the  inclusions,  F  is  a 
random  function  of  space.  Relevant  works  [13,14]  for  porous  media  setup  an  elegant 
framework  for  describing  the  geometry.  For  convenience,  we  shall  refer  to  the  former  as 
medium-P  and  the  latter  as  medium-I.  Each  component  of  the  composite  medium  is  built  by 
placing  a  set  of  given  arbitrary  pores,  inclusions,  respectively,  at  random  in  space,  while 
keeping  the  porosity,  inclusion  density,  constant.  Let  denote  the  porosity  and  (p,  the 
volume  density  of  inclusions.  The  following  relations  hold,  where  subscript  P,  I  refer  to 
medium-P,  medium-I,  respectively.  Equations  (1-4)  can  be  directly  derived  from  works  on 
porous  media  [13,14]  some  of  which  can  also  be  found  in  [1,2].  For  the  expected  values,  we 
have 


{F^{x))  =  p<p,.+m{\-<p^) 
{Fi{x))  =  i(p,+m{\-(p,) 


while  the  variances  are  given  by 
Var[Fi,  (j:)]  =  (m-pf  <p^ 

Var\_Fi  (;c)]  =  {i-mf  <p,  (1  -<p, ) 

Each  of  the  components  is  considered  stationary  (and  isotropic,  even  though  this  is 
irrelevant  for  the  1-D  case),  thus  the  autocorrelation  p(r)  is  a  function  of  the  distance  r 
between  two  points  in  space.  Each  component  of  the  composite  medium  is  two-phase  with 
exponential  autocorrelation  [13,1,2],  thus  for  the  autocorrelations  ,  of  the  matrix 

phase  in  both  components,  P,  I,  we  have 


Pf,('')  =  exp(-r/«,) 


where  denote  the  autocorrelation  distances  of  the  matrix  material  for  the  medium-P  and 
medium-I,  respectively.  The  autocorrelation  distance  of  the  matrix  phase  for  each  component 
is  expressed  as 
,  _A<p^{\-<p,) 

C  fy  — 

Su 

(4) 

•5; 

where  denote  the  specific  area  of  pores  and  inclusions,  respectively,  i.e.,  it  is  the 

ensemble  average  of  the  density  of  matrix-pores  and  matrix-inclusions  interface  elements, 
respectively.  An  illustrative  example  for,  say,  medium-I,  can  be  created  by  placing  at  random 
disjoint  spherical  particles  of  radii  R  of  probability  density  distribution  /(/?) .  We  have,  from 


the  definition  of  s, ,  through  straightforward  geometrical  calculations,  for  i  >  m 
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_ _ 0 


(5) 


jR^f{R)dR 

0 

Equation  (5),  for  the  special  case  of  spheres  of  constant  radius  R,  thus  /(/?)  =  5  (R),  6{.) 
denoting  the  delta  function,  yields 

(6) 

and  thus,  from  (4a),  it  follows  that 


For  lognormal  distribution  of  the  inclusions  we  have 
3<p, 


(7) 


^'  =  {R) 


’,  =  3(l-'i’,)(/?) 


(8) 


for  the  specific  area  and  correlation  distance,  respectively.  In  the  case  i<m  (Pf  has  to  be 
replaced  by  I- (Pi  in  (5)  and  in  the  ensuing  relations. 

For  the  composite  medium,  i.e.,  medium-P  plus  medium-I,  we  have 
(F}  =  (f,)  +  (F,) 
for  the  expected  value  of  F  and 
Var  [F]  =  Var  [Fp  ]  +  Var[Fi] 

for  its  variance.  The  composite  medium’s  autocorrelation  reads 
p(r)  =  A^p,(r)+A,p,(r) 
and  its  correlation  distance  £  is  expressed  as 

where 

Var[F,] 


(9) 

(10) 
(11) 
(12) 


Var[F^]+Var[F,] 


Var[F,] 


(13) 


A  =- 

'  Var[Fp]  +  Var[F,] 

Given  the  above  relations,  we  next  investigate  the  statistical  properties  of  an  actual  material 
with  embedded  pores  and  inclusions,  i.e.,  a  cast  aluminum  alloy,  A356.2,  as  also  presented 
in  [2]. 


4.  APPLICATION  TO  AN  ALUMINUM  ALLOY 

Based  on  [2],  the  relations  shown  in  the  previous  paragraph  can  be  used  in  conjunction  with 
wavelet  analysis  [1,2]  in  order  to  study  the  role  of  microstructures  (pores  and  inclusions)  on 
fracture  initiation.  The  mechanical  properties  of  aluminum  castings  such  as  A356.2  have 
been  experimentally  related  to  microstructural  details  such  as  pores  and  inclusions,  cf.,  e.g., 
the  extensive  literature  reviewed  in  [15].  Important  microstructures  of  A356  at  length  scales 
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in  the  range  of  1  micrometer  to  a  few  millimeters  are  the  silicon  particles,  the  pores,  and 
oxides.  These  microstructures  have  been  found  to  correlate  far  better  with  mechanical 
properties  than  microstructures  appearing  at  smaller  length  scales  such  as  precipitates, 
intermetallic  particles,  etc.  We  concentrate  at  those  scales,  yet  the  process  can  be  extended 
to  smaller  (and  larger  if  appropriate)  scales.  As  mentioned  in  [15]  the  role  of  oxides  on 
crack  initiation  is  similar  to  that  of  pores  in  this  material,  thus  oxides  may  be  included  in 
the  description  of  porosity.  The  size  and  distribution  of  the  pores/oxides  and  of  the  silicon 
particles  (inclusions)  depend  strongly  on  the  processing;  the  cooling  rate  is  one  of  the  major 
processing  parameters  in  this  regard.  Thus,  the  pores  as  well  as  the  inclusions  in  the 
material  can  vary  in  size  and  spatial  distribution. 

Micrographs  of  a  A356.2  microstructure  at  various  magnifications  are  available,  and  some 
are  reported  in  [2].  Based  on  those,  spatial  correlations  (up  to  second  order)  can  be  studied 
through  the  variance  of  increments  of  function  F,  defined  as 

V,=({F{x,)-F{x,)f)  (14) 

where  subscripts  1,2  imply  two  different  positions  in  the  x  domain.  Using  (14)  instead  of  the 
correlation  function,  which  is  related  to  ,  is  advantageous  when  the  variance  of  the  process 
is  unknown.  For  stationary  F,  the  following  holds 

=  1-Pf('-)  (15) 

Figure  1  shows  the  variance  of  increments  [r)/Var[F]  as  a  function  of  distance  r  between 
two  points  in  space,  obtained  from  various  images  [2]. 

As  expected,  the  images  at  higher  magnifications  may  not  be  large  enough  for  convergence 
of  (15)  (assuming  ergodicity).  The  variance  of  increments  reaches  a  plateau  for  small 
magnifications,  implying  stationarity,  but  shows  an  erratic  behavior  for  large  ones.  This  may 
be  due  to:  (a)  the  images  at  large  magnifications  are  not  large  enough  for  convergence;  (b)  the 
structure  is  not  statistically  stationary.  The  latter  case  is  not  pursued  further  at  this  point,  yet 
if  the  structure  shows  a  self-affine  character  with  an  upper  and  a  lower  cutoff,  the 
convergence  at  low  magnifications  could  be  explained  [9].  We  leave  this  issue  for  future 
study  and  in  the  following  consider  that  the  structure  of  the  inclusions  is  statistically 
stationary. 


Var[F] 


Distatrc  r,  |am 

Figure  1.  Variance  of  increments  obtained  from  images  of  A356.2  at  several  agnifications. 

The  curves  in  Fig.  1  obtained  from  the  50x  and  lOOx  images  fit  an  exponential  curve  of  the 
type  l-Exp[-r/ £f]  well;  a  best  fit  process  has  yielded  ^,=8.5  pm.  From  the  images  at  large 
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magnifications  reported  in  [2],  it  is  noticeable  that  the  spatial  statistics  of  the  medium  are 
mostly  due  to  small  clusters  of  inclusions  rather  than  from  individual  ones.  In  a  sense,  the 
medium  can  be  considered  as  built  by  placing  clusters  of  inclusions  at  random.  The  same 
seems  to  hold  for  the  pores,  yet  at  the  scale  where  they  appear,  it  would  be  necessary  to 
obtain  very  large  images  in  order  to  see  the  distribution  of  pores.  This  is  practically 
inconvenient  and  rather  difficult  with  typical  equipment  used  for  obtaining  images.  Given  the 
geometrical  description  of  the  pores  and  the  inclusions  in  2  or  3-D  one  can  in  principle 
study  deformation  problems  and  the  effect  of  the  pores  as  well  as  the  inclusions.  For 
example,  simulations  through  FE  (finite  element)  techniques  can  yield  the  statistics  of  the 
strain  field,  which  is  important  for  crack  initiation  studies.  Yet,  even  with  modern 
computers  capable  of  handling  a  large  number  of  FE,  because  of  the  multiscale  nature  of 
the  problem  it  becomes  practically  impossible  to  simulate  a  reasonable  size  of  the  material. 
For  A356.2,  the  pores  are  of  size  often  up  to  500  pm  and  the  inclusions  3-6  pm  in  diameter. 
These  two  orders  of  magnitude  range  of  scales  make  difficult  the  simulation  of  problems 
containing  an  appropriate  number  of  inclusions  and  pores.  Here,  using  the  ability  of 
wavelets  to  represent  a  medium  at  several  scales  concurrently,  the  process  treats  features  at 
diverse  scales  naturally.  For  special  cases  such  as  isotropic  porous  media  it  has  been 
demonstrated  analytically  in  1,  2  and  3-D  in  [1].  In  [1],  knowledge  of  the  strain  field  near 
critical  pores  allowed  analytical  and  in  multiple  dimensions  investigation  of  the  problem  of 
failure  of  a  porous  brittle  material  (for  isotropic  media  only).  For  inclusions,  however,  a 
similar  treatment  is  very  difficult  to  achieve.  Thus,  we  make  some  simplifying  assumptions 
(discussed  in  detail  in  [2])  leading  to  a  1-D  approximation  of  a  deformation  problem,  and 
thus  analytically  study  crack  initiation  criteria.  The  1-D  treatment  of  the  problem  appears  in 

[2],  and  comparison  of  theoretical  results  to  actual  experiments  are  also  presented. 
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1.  SUMMARY 

Couplings  between  physical  phenomena  are  major  difficulties  when  modelling  environmental 
evolutions.  They  give  rise  to  delicate  numerical  problems  for  the  control  of  which  a  semi- 
analytical  simplified  solution  can  be  helpful.  This  paper  presents  such  a  semi-analytical 
solution  for  a  1-D  simplified  case  study  in  a  non-saturated  soil,  cast  within  a  general 
conceptual  approach  for  heterogeneous  media. 

2.  INTRODUCTION 

Environmental  previsions  are  of  great  interest  for  managing  natural  hazards  such  as 
consequences  of  underground  heat  storage  or  contaminations  of  soils  and/or  aquifers  by 
pollutants.  However  these  types  of  complex  problems  are  not  so  easy  to  model  due  to  the 
strong  couplings  existing  between  the  various  physical  phenomena.  Many  efforts  have  been 
made  to  understand  them  and  to  propose  theoretical  [1],  computational  [2]  and  experimental 
tools  able  to  tackle  the  difficulties  of  such  modelling.  They  are  linked  to  the  large  number  of 
variables,  the  complexity  of  the  coupled  constitutive  relations,  the  variety  of  thermodynamic 
evolutions  depending  on  numerous  boundary  conditions  and  physically  admissible  initial 
conditions  [3].  Up  to  now  these  difficulties  have  been  tackled  by  complex  numerical 
modelling  based  on  a  general  thermo-hydro-mechanical  and  physico-chemical  (THMPC) 
approach  of  heterogeneous  media  [4].  A  successful  implementation  was  achieved  using  a 
finite  difference  approach  [5],  However,  this  implementation  was  restricted  to  one-dimension 
(ID),  and  delicate  numerical  problems  arise  when  implementing  the  theory  in  a  3-D  finite 
element  context.  To  validate  such  an  implementation,  a  semi-analytical  simplified  solution 
can  be  useful. 

This  paper  proposes  such  a  semi-analytical  solution  for  a  1-D  simplified  case  study  in  a  non- 
saturated  soil. 
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3.  THEORETICAL  BACKGROUND 

Within  the  above  framework  it  is  possible  to  analyse  all  the  coupled  phenomena  existing 
between  mass,  momentum  and  energy  transfer  within  and  between  constituents  [6].  In  order 
to  control  the  large  number  of  relations  and  variables  an  automatic  programming  set-up  [7]  is 
used  at  the  different  stages  of  the  modelling:  defining  the  whole  set  of  variables,  setting  the 
constitutive  relations  and  the  possible  assumptions,  defining  the  initial  state  and  the  boundary 
conditions,  computing  the  different  variables  and  exploiting  the  results. 

4.  PROCEDURES 

The  simplified  1-D  case  study  chosen  here  is  an  L-meter  thick  non-saturated  clayey-silt 
column.  Four  constituents  are  present:  dry  air  (n  =a),  water  vapour  {n  =v),  liquid  water  (n 
=w)  and  clayey-silt  (n  =s).  Assumptions  are  taken  in  order  to  focus  the  study  and  the 
discussion  on  settlements  of  the  column  and  phase  changes  between  liquid  water  and  water 
vapour.  On  this  basis,  the  constitutive  relations  include  for  each  constituent:  the  mass  and 
momentum  balance  relations  plus  the  material  equilibrium  and  non-equilibrium  relations. 
These  relations  are  summarized  below  assuming  small  deformations  and  concentration 
variations  with  variables  that  are  functions  of  the  vertical  Eulerian  component  z  of  the 
reference  frame  chosen  equal  to  the  configuration  of  the  solid. 

Generalized  balance  equations  for  n  =  a,v,w,s 

Proceeding  from  [4]  [5]  the  generalized  mass  balance  equation  for  n  is  given  by 
3  0  0 

—  p7i+ ^(pnVz)  =  -  — (PnWro)+  Cn  (1) 

dt  dz  az 

with  the  following  notations:  pjt  apparent  mass  density  of  7i,  Vz  vertical  component  of  the 
velocity  of  the  solid,  w^z  vertical  component  of  the  relative  velocity  of  n  with  respect  to  the 
solid  and  Cn  mass  supply  to  n  due  to  other  constituents  per  volume  and  time  unit. 

For  constituent  n  the  generalized  momentum  balance  equation  equals: 

0  0  0 

^  [pK  (Wrtz  +  Vz)]  [p;r  (Wkz  +  Vz)  Vzl  =  -  —  [Pn  i^nz  +  Vz)  W;,z  +  Onzz] 

dt  dz  OZ 

“  Pn  g  +  (W;:z  +  Vz)  Cn+  P  nz  (2) 

with  Gjtzz  the  stress  tensor  of  constituent  7i,  g  the  gravity  acceleration,  p  nz  vertical  component 
of  the  momentum  supply  vector  to  7i  due  to  other  constituents. 

Material  equilibrium  relations  for  n  =  a,v,w,s 

The  chemical  potentials  jiin  of  water  vapour  and  liquid  water  are  given  by 

with  Pno  the  standard  chemical  potential  of  7C,  the  molar  mass  of  re,  R  the  universal  gas 
constant,  T  the  temperature,  n^  the  volume  ratio  of  n  and  S((T^^ )  a  function  of  , 
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The  fluids  are  assumed  to  be  ideal.  As  a  consequence  the  reversible  stress  of 
constituents  7i=a,v  are  respectively  given  by  the  idealized  gas  law: 


<Tr  =  T^p>=RT  (4) 

Under  isothermal  conditions,  an  incremental  linear  relation  (5)  is  assumed  to  express  the 
reversible  stress  cr of  liquid  water  under  the  form: 


[fcrr+cTr 

—  rev  ~ 

[l  '"v 

—  Fw  dpw 


(5) 


where  Fw  is  an  experimentally  determined  function  of  the  mass  density  pw* 

Assuming  linear  isotropic  elasticity  for  the  total  medium,  the  reversible  strains  of  the  solid 
are  deduced  from  the  reversible  strains  of  the  total  medium.  Hence  the  relation  between 
stresses  Gszz  and  reversible  strains  of  the  solid  Eszz  reads  as  follows 

Oszz  =  (X.  +  2  |i,)  Eszi  -  X  +  Pt  Wra  Vz]  (6) 


with  X  and  p  the  elastic  coefficients. 


Material  non-equilibrium  relations  for  n  =  a,v,w,s 

The  rates  of  condensation  and  evaporation  are  expressed  by 

c  V  “  Lit  “  [Pw'Pv]  and  C  w  —  "  (7) 


where  Lrr  is  an  experimentally  determined  coefficient. 


Neglecting  couplings  between  velocity  and  heat  flux  the  generalized  Darcy's  law  expresses 
gas  flow  through  a  porous  medium  by  means  of  a  permeability  coefficient  kg.  This  law  leads 
to  the  expression  (8)  for  the  relative  velocity  of  dry  air: 


Waz  = 


8 

'orr+CTr 

1  -  W,z 

n,  dz 

SPa+PM  . 

Pa 

(8) 


With  the  same  assumption  diffusion  of  water  vapour  through  a  gas  phase  of  a  porous  medium 
is  expressed  by  Fick's  law  with  kc  the  diffusion  coefficient  in  a  porous  medium.  This  relation 
has  the  form : 


Wvz  =  - 


n^  dz 


—  rev  ,  —rev 

(.Pa+PM 


-kc 


A  Pv 
9zLp«+Pv. 


(9) 


Again  under  the  same  assumption,  flow  of  liquid  water  through  a  porous  medium  is  given  by 
the  generalized  Darcy's  law  (10)  where  k*  is  the  permeability  of  liquid  water. 
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K  a 

W„z  = - -  - 

oz 


P.8 


-z 


(10) 


The  rate  of  momentum  exchanges  of  the  solid  is  deduced  from  the  constraint: 


I  ^ 


P  sz  —  / ,  y  nz 

7C=a,v,w 


(11) 


For  ideal  viscous  fluids  the  irreversible  stress  is  given  by  relation  (12)  equivalent  to  the 
classical  viscous  stress  tensor  of  a  Newtonian  fluid  where  is  its  dynamic  viscosity. 


.in- 


,  dz  j 


(12) 


5.  SEMI-ANALYTICAL  RESOLUTION 


For  each  constituent  a  bijective  relation  is  defined  between  variables  and  equations.  Then,  as 
in  a  numerical  process,  an  incremented  time  process  uses  this  bijection  as  well  as  appropriate 
initial  and  boundary  conditions  [5]  to  obtain  the  semi-analytical  solution  of  the  coupled  non¬ 
linear  system  written  in  section  4.  The  strategy  consists  in  solving,  constituent  after 
constituent,  each  equation  for  its  associated  variable  considering  that  values  of  all  other 
necessary  variables  have  been  at  the  previous  time  step.  This  strategy  is  applied  assuming  all 
variables  to  be  known  at  stage  "n"  for  all  constituents.  The  aim  is  to  make  a  loop  on  the 
constituents  to  determine  the  update  at  a  new,  yet  unknown  stage  "n+l".  This  is  performed 
assuming  constant  material  parameters  with  respect  to  time  during  the  time  step.  Notice  that 
for  simplicity  the  equations  (1)  to  (12)  are  handled  in  their  order  of  appearance  and  the  way 
to  update  a  given  variable  is  explained  only  briefly. 

Relation  (1)  and  apparent  mass  density  of  n 

Applying  a  Laplace  transform  to  relation  (1)  leads  to  a  first  order  differential  equation  of  the 
unknown  p7in+i(p,z):  the  Laplace  transform  of  pjin+i(z,t)  where  p  is  the  Laplace  variable.  The 
solution  of  this  equation  has  the  form 


P7un+l(p,z)= 


f-C  P.AP^yyy] 

X  ) 

G7tn{p,s)dS‘\-Qnn{z) 

(13) 


where  P7in(p,z),  Gjrn(p,z)  are  the  coefficients  of  the  first  order  differential  equation  and  Qirn(z) 
is  a  constant  with  respect  to  variable  p. 


The  unknown  inverse  of  the  Laplace  transform  (13)  incorporating  initial  and  boundary 
conditions  can  be  found  using  the  Bromwich  infinite  integral  and  applying  the  residuals 
theorem.  For  this  purpose  the  integrand  is  rewritten  as  a  fraction  of  two  polynomials  Ri(p) 
and  R2(p)  using  adequate  Taylor  series  expansions  with  the  degree  of  R2(p)  greater  than  that 
of  Ri(p).  Therefore  the  apparent  mass  density  of  constituent  n  is  simply  given  by: 


p7tn+l(z,t) 


m -1  r 


lim 


(m,  -1)!p->p^  dp 


m -i 


(P-Pr) 


R|(p) 

R2(P) 


(14) 
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with  r  number  of  poles  of  the  integrand  and  pr  pole  of  order  mr. 

Relation  (2)  and  rate  of  momentum  exchanges  for  a  fluid  or  displacement  for  a  solid 
For  a  fluid  (n  =a,v,w)  and  taking  into  account  the  initial  and  boundary  conditions  relation  (2) 
gives  directly  an  expression  for  the  update  of  the  vertical  component  of  its  rate  of  momentum 
exchanges: 


p  nz  n+l  =  *::r  n  +  Vz  n)]  +  —  [pTC  n+1  (Wjiz  n  +  Vz  n)^]  "  C^tczz  n 

dt  OZ 

+  Pjt  n+l  §  "  (Wjczn  +Vzn)c  n  n  (15) 

For  the  solid  (n  ~s)  the  treatment  of  relation  (2)  is  slightly  different.  Proceeding  from 
relations  (2)  written  for  n  =a,v,w,s  and  from  relation  (14),  neglecting  inertia,  substituting  for 
the  stresses  of  the  solid  from  relation  (6)  and  assuming  constant  elastic  parameters  leads  to  a 
second  order  partial  differential  equation  of  the  displacement  Uz(z,t)  of  the  solid. 

(X  +  2  p)  ^  Uszn+l  +  X  [  P^  n+t  g]  =  0  (16) 

02  a=a,v,w,s 

Integrating  with  respect  to  z  and  incorporation  of  boundary  conditions  of  the  form  Uz(0,t)=uo 
and  Uz  (L,t)=UL  gives  for  the  displacement: 


Uz  n+l 


r  \ 

- 

g  r  [ 

^  n:=a,v,w,s  j 

dl  + 

“l-Uo  I  s  fi- 

Jo  X 

ff=a,v.w,s  j 

dl 

+  2pJ«  1 

L  L(+2fi) 

Z  +  Uo  (17) 


Relation  (3)  and  chemical  potentials  of  7C=v,w 

The  increment  Ap^  n+i  of  the  chemical  potential  of  constituent  n  is  determined  by  the 
incremental  form  of  relation  (3)  and  leads  to:  p^  n+i  ==  Pjt  n  +  Ap^  n+i- 


Relation  (4)  and  reversible  stress  for  7C=a,v 

Substitution  of  expression  (14)  in  the  incremental  form  of  relation  (4)  gives  the  contribution 
to  the  reversible  stress  increment  of  constituent  7t.  Hence  the  associated  update  takes  the 
form:  n+i  =  n+  Act""  n+i. 


Relation  (5)  and  reversible  stress  for  7C=w 

The  reversible  stress  increment  Acr^n+i  is  computed  by  means  of  relation  (5)  leading  to: 
n+l  —  n+I* 


Relation  (6)  and  stresses  of  7c=s 

Assuming  infinitesimal  deformations,  taking  into  account  the  update  of  the  displacement  of 
the  solid  (17)  and  incorporating  expressions  (14)  for  all  constituents  in  relation  (6)  gives  the 
increment  ACszz  n+i-  Therefore  the  stress  update  of  7c=s  is  given  by  Oszz  n+i  =  <Jszz  n+  ACszz  n+i* 

Relation  (7)  and  rate  of  phase  changes  for  n-  v,  w 

Rates  of  condensation  or  evaporation  are  estimated  under  the  form  Cti  n+i  =  c «  n  +  Acn  n+i 
with  increments  obtained  by  relations  (7). 
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Relations  (8)  to  (10)  and  associated  relative  velocities 

The  relative  velocities  of  7t=a,v,w  are  determined  by  w^z  n+i=  „  +  Aw^z  n+i,  respectively, 
with  the  increments  deduced  from  relations  (8),  (9)  and  (10). 

Relation  (11)  and  rate  of  momentum  exchanges  for  n  =s 

Relation  (II)  gives  directly  the  vertical  component  of  the  rate  of  momentum  exchanges  of  the 
solid  as  soon  as  those  of  the  other  constituents  have  been  updated. 

Relation  (12)  and  irreversible  part  of  stresses  for  n  =a,v,w 

The  irreversible  part  of  the  stress  tensor  of  tt  is  updated  wither^"  n+i  =  cr^''^n  +  Ao’^'^'^n+i  with 
the  increment  „+!  deduced  from  relation  (12). 

6,  CONCLUSION 

A  1-D  semi-analytical  solution  has  been  obtained  for  a  simplified  THMPC  case  study  to  help 
controlling  and  validating  more  complex  numerical  THMPC  modelling. 
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1.  SUMMARY 

Although  strong  potential  of  synthetic  jets  as  flow  separation  control  actuators  has  been 
demonstrated  in  the  existing  literature,  there  is  a  large  gap  between  the  synthetic  jet  actuators 
(SJA)  used  in  laboratory  demonstrations  and  the  SJAs  needed  in  realistic  full-scale 
applications,  in  terms  of  compactness,  weight,  efficiency,  control  authority  and  power 
density.  In  most  cases,  the  SJAs  used  in  demonstrations  are  either  too  large  or  too  weak  for 
realistic  applications.  In  this  work,  we  present  the  development  of  compact,  high-power 
synthetic  jet  actuators  for  realistic  flow  separation  control  applications  and  demonstrate  the 
developed  SJA  technology  in  representative,  flow  separation  control  problems,  including 
control  of  steady  separation/stall.  The  developed  actuators  are  compact  enough  to  fit  in  the 
interior  of  a  14.75”  chord,  NACA0015  wing,  have  maximum  power  of  2.0  HP  and  can 
produce  (for  the  tested  conditions)  exit  velocities  as  high  as  70  m/sec.  Flow  visualization  and 
pressure  results  for  flow  separation  control  were  obtained  over  a  14.75”  chord,  NACA  0015 
wing  at  angles  of  attack  and  free  stream  velocities  as  high  as  25  degrees  and  45  m/s, 
respectively.  In  addition  to  flow  separation  control  data,  we  also  present  results 
corresponding  to  hot  wire  measurements  performed  at  the  exit  of  the  slot  for  the 
characterization  of  the  flowfield  generated  by  these  synthetic  jet  actuators. 

2.  INTRODUCTION 

The  separation  of  the  boundary  layer  is  associated  with  large  energy  losses,  and  in  most 
applications  adversely  affects  the  aerodynamic  loads  in  the  form  of  lift  loss  and  drag  increase. 
Therefore,  there  is  a  strong  incentive  to  delay  or  manipulate  the  occurrence  of  flow 
separation.  For  example,  if  the  separation  of  the  boundary  layer  formed  over  a  bluff  body  is 
delayed,  the  pressure  drag  is  greatly  reduced;  also  separation  delay  will  permit  the  operation 
of  an  airfoil/wing  at  higher  angles  of  attack.  Me  Cormick  (2000)  showed  that  delay  or 
elimination  of  separation  can  increase  the  pressure  recovery  in  a  diffuser.  Hence,  separation 
control  is  of  great  importance  to  most  of  the  systems  involving  fluid  flow,  such  as  air,  land  or 
underwater  vehicles,  turbomachines,  diffusers,  etc. 

Many  researchers  have  developed  and  tested  methods  of  separation  control  in  a  variety  of 
applications.  Gad-el-Hak  and  Bushnell  (1991)  provide  a  comprehensive  review  on  the 
research  in  the  area  of  separation  control  previous  to  the  year  1991.  Typically  the  separation 


372 


control  techniques  may  be  grouped  in  two  categories:  passive  and  active  techniques.  Some  of 
the  parameters  affecting  the  selection  of  a  separation  control  technique  include,  but  are  not 
limited  to:  weight  of  system,  power  consumption  (active  type),  power  density,  parasitic  drag 
of  device,  size,  reliability,  cost  and  efficiency. 

In  the  recent  years  the  development  of  the  so-called  “synthetic  jet”  or  “zero  mass  flux” 
devices  and  their  potential  for  flow  control  has  received  a  great  amount  of  attention  from  the 
fluid  dynamics  community.  This  type  of  systems  mostly  involves  small-scale,  typically  high- 
frequency  actuators,  whose  operation  is  based  on  the  concentrated  input  of  energy  at  high 
receptivity  regions  of  the  flowfield.  They  take  advantage  of  the  physical  flow  evolution 
processes  to  amplify  the  applied  disturbance,  which  stands  apart  from  the  traditional  brut 
force  macro-scale  control.  Moreover,  in  terms  of  practical  implementation,  they  offer 
significant  benefits  over  oscillatory  blowing  techniques  from  an  existing  air  supply.  The  latter 
technique  requires  supply  lines  that  deliver  the  air  from  the  supply  source  to  the  location  of 
flow  control.  Even  in  fixed  wing  configurations,  this  increases  the  complexity,  cost  and 
weight  of  the  overall  system.  In  rotary  wing  flow  control  applications,  for  example  rotating 
blade  stall  in  helicopters  (Greenblatt  et  al.,  1998),  the  situation  is  further  complicated  by  the 
need  to  transfer,  via  pneumatic  connections,  the  air  from  a  supply  source  that  resides  in  the 
fixed  fuselage  frame  to  the  rotating  frame  of  the  blade;  a  practical  impossibility.  In  contrast,  a 
synthetic  jet  actuator  (SJA)  can  be  a  stand-alone  unit  installed  at  the  location  where  the  flow 
control  is  needed,  requiring  very  little  communication  with  hardware  away  from  that  site.  In 
this  case,  the  communication  is  mostly  in  the  form  of  electrical  power  and  signals. 
Furthermore,  the  SJA  could  be  integrated  with  flow  sensors,  control  circuitry  and  control 
algorithms  that  can  all  reside  in  the  vicinity  of  the  flow  control  site,  further  reducing  the 
system’s  need  to  communicate  with  remote  hardware. 

Current  research  of  synthetic  jet  actuation  includes  investigation  of  the  performance  of  this 
technology  for  modifying  the  lift,  drag  and  flight  control  characteristics  of  unconventional 
airfoils  as  well  as  flow  separation  over  bluff  bodies  (Amitay  et  al.,  1998;  Smith  et  al.,  1998; 
Seifert  et  al.,1993;  Seifert  and  Pack,  1999).  This  technology  could  lead  to  elimination, 
reduction  or  manipulation  of  steady  and  unsteady  flow  separation  over  a  wing/blade,  via 
active  flow  control  and  in  a  “hingeless”  manner  (no  conventional  moving  control  surfaces).  A 
result  of  this  technology  can  be  the  active  modification  of  the  pressure  distribution  over  an 
aerodynamic  surface,  leading  to  “dynamic  virtual  shaping”.  Flow  separation  manipulation 
(not  just  separation  delay)  could  open  new  horizons  in  vehicle  control  and  presents  an 
exciting  alternative  over  conventional  control  surfaces,  since:  (a)  it  can  alter  the  aerodynamic 
loading  over  a  larger  wing/blade  area,  providing  higher  control  authority  and  (b)  could 
eliminate  leading-edge  or  trailing-edge  moving  surfaces. 

The  existing  literature  presents  very  promising  applications  of  the  synthetic  jet  technology  to 
flow  separation  (Greenblatt  and  Wygnaski,  1998,  Greenblatt  et  al.,  1998,  Seifert  and  Pack, 
1999).  In  most  efforts  in  the  existing  literature,  the  synthetic  jet  actuators  (SJA)  are  either 
powered  piezoelectrically  (Rathnasingham  and  Breuer,  1997;  Seifert  et  al.,  1998)  or  are 
powered  from  external  hardware.  For  example,  in  Greenblatt  and  Wygnaski  (1998),  as  well 
as  in  Seifert  and  Pack  (1999),  the  mechanism  used  to  generate  the  pressure  oscillations 
necessary  for  the  zero-mass-flux  flow  control  was  a  hard  ware- intensive  pneumatic 
mechanism,  with  most  of  the  hardware  residing  outside  the  test  section.  For  most  air  and 
water  vehicle  applications,  the  SJAs  will  need  to  be  compact  in  order  to  be  housed  inside  the 
control  surface  of  the  body  whose  aerodynamic/hydrodynamic  characteristics  they  are  trying 
to  modify.  On  the  other  hand,  piezoceramic-based  synthetic  jet  actuators,  which  can  be  small 
enough  to  be  housed  inside  the  control  surface,  exhibit  performance  deterioration  when 
operating  at  frequencies  away  from  the  actuator  resonance  frequencies,  have  limited 
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maximum  amplitudes  and  generally  quickly  deteriorate  at  off-design  conditions.  There  is  an 
explicit  need  for  the  development  of  compact,  high-power  synthetic  jet  actuators  that  can 
meet  the  size,  weight,  efficiency  and  power  density  requirements  of  full-scale  flow  control 
applications.  The  present  work  addresses  these  needs,  via  development  and  characterization 
of  compact,  high  power  synthetic  jet  actuators,  and  demonstration  of  the  developed  SJA 
technology  in  representative  flow  control  problems. 


3.  ACTUATOR  DESIGN  PRINCIPLES 


Direction 
of  Oscillatory 
Motion 


External  Flow  to  be 
Controlled 


Piston  Connected  to 
Oscillatory  Driver 

Enclosed  Cavity 


Orifice  Connecting  the 
Cavity  to  the  External 
Flow 


Figure  1.  Principle  of  Operation  of  a 
Synthetic  Jet  Actuator. 


This  work  addresses  the  need  for  compact,  zero- 
mass-flux  actuators  that  can  be  entirely  housed 
inside  a  wing/blade.  We  are  presenting  the 
development  and  characterization  of  such 
compact,  high-power  actuators.  These  actuators 
do  not  share  the  limitations  of  often  used 
piezoceramic-based  SJAs,  which  exhibit 
performance  deterioration  when  operating  at 
frequencies  away  from  the  actuator  resonance 
frequencies,  have  limited  maximum  amplitudes 
and  generally  quickly  deteriorate  at  off-design 
conditions. 

The  principle  of  operation  of  a  synthetic  jet 
actuator  is  illustrated  in  figure  1,  which  presents  a 
cross-sectional  view  of  a  sample  axisymmetric 
actuator.  The  actuator  consists  of  a  closed  cavity 


in  which  one  of  the  ends  is  covered  by  an  oscillating  piston,  A  rigid  wall  with  a  small  orifice 
covers  the  other  end.  This  orifice  is  the  only  communication  of  the  cavity  with  the  external 
flow  to  be  controlled  by  the  actuator.  The  oscillation  of  the  piston  produces  a  fluctuation  of  the 
pressure  field  in  the  cavity  and  at  the  orifice,  causing  it  to  periodically  act  as  a  source  or  a 
sink.  The  result  of  this  is  a  net  jet  emanating  from  the  orifice.  So,  although  there  is  no  net  mass 
addition,  a  jet  is  formed  (hence  the  term  “synthetic”). 


Simple  calculations  for  real-life  flight  applications  (Gilarranz  and  Rediniotis,  2001),  based  on 
optimal  reduced  frequency  values  and  minimum  required  jet-momentum  coefficient  values, 
indicate  that  the  expected  peak-to-peak  strokes  of  the  SJA  membrane/piston  would  be  on  the 
order  of  5mm  at  a  frequency  around  300Hz.  The  numbers  are  far  from  optimal  for 
piezoelectric  actuation.  The  required  amplitudes  are  significantly  larger  than  what 
piezoceramics  are  typically  capable  of,  and  the  required  frequencies  are  quite  lower  than 
those  at  which  piezoceramics  have  competitive  power  densities.  In  contrast,  these  numbers 
are  ideal  for  rotary  motor  actuation.  Compact  electric  motors  exist,  off-the-shelf,  with  optimal 
performance  at  around  18,000  rpm  (or  300  Hz),  measuring  25mm  in  diameter  and  37mm  in 
length,  weighing  2.5  ounces  (70  grams)  and  with  very  competitive  power  densities  (400 
Watts  per  70  grams,  or  5.7KW/kgr). 


The  proposed  principle  of  the  SJA  driving  mechanism  is  well-developed  and  has  been 
extensively  utilized  in  a  variety  of  engines.  Details  of  the  driving  mechanism  for  these 
actuators  may  be  found  in  the  work  of  Gilarranz  and  Rediniotis  (2001).  It  consists  of  a  DC 
motor  with  its  shaft  connected  eccentrically  to  a  piston,  which  is  in  turn  connected  to  the 
membrane/piston  of  the  SJA.  Due  to  the  eccentricity,  the  rotary  motion  of  the  motor  is 
translated  to  linear  motion  of  the  SJA  membrane/piston.  This  design  offers  significant 
benefits  over,  for  examples,  piezoceramic  driving  mechanisms: 
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•  it  can  achieve  membrane/piston  oscillation  amplitudes  at  least  an  order  of  magnitude 
higher 

•  it  eliminates  the  dependence  of  oscillation  amplitude  on  the  oscillation  frequency,  which 
plagues  piezoceramic  mechanisms 

•  with  available  state-of-the-art,  high  power-density  electric  motors  it  can  match  and 
exceed  the  power  densities  of  piezoceramic  mechanisms 

•  it  requires  significantly  smaller  driving  voltages 

In  the  developed  DC  motor  driven  SJAs,  electric  motors  drive  a  series  of  “off  the  shelf’  small 
gasoline  engines  which  are  used  as  reciprocating  compressors.  The  cylinder  head  of  each  of 
these  engines  is  perforated  and  attached  to  a  common  plenum,  which  is  closed  on  all  sides 
except  for  a  slot  machined  on  one  of  the  walls  (figure  2).  The  engines  are  synchronized, 
therefore  all  of  the  pistons  operate  at  the  same  frequency.  The  change  in  the  cavity  volume  of 
the  plenum  of  the  actuator  is  equal  to  the  displacement  of  the  pistons  multiplied  by  the  area  of 
the  pistons.  The  use  of  the  available  engine  technology  reduces  the  effort  to  manufacture 
pistons  with  no  leakage,  thus  simplifying  the  design  and  construction  of  the  SJA. 


Shuft 

(Driven  hy  Klecirk-  Mulors) 


Figure  2.  Schematic  of  DC  motor  driven 
SJA  array. 


4^DESIGN  FABRICATION  AND  TESTING  OF  A  2-HP  COMPACT  SJA  ARRAY 

The  knowledge  gained  from  previous  experience 
with  DC  motor  driven  SJA’s  (Rao  et  al.,  2000; 
Gilarranz  and  Rediniotis,  2001)  and  a  first- 
generation  SJA  array,  was  used  to  develop  a 
second  generation,  significantly  more  powerful 
array  that  could  fit  within  a  NACA  0015  wing. 
The  wing  had  a  chord  length  of  14.75  inches,  and 
a  maximum  thickness  of  2.25  inches.  The  wing 
was  made  out  of  Freeman  Industries  Repro  95 
aluminum  filled  epoxy.  It  was  molded  in  two 
halves  (top  and  bottom)  with  an  internal  chamber 
to  house  the  actuator.  The  exit  slot  was  placed  at 
a  distance  of  1.7”  from  the  leading  edge  on  the  upper  half  of  the  wing.  The  exit  slot  was 
machined  so  that  it  exits  tangentially  to  the  surface  of  the  wing,  it  has  a  variable  width  (from 
1mm  to  4mm)  and  a  length  (spanwise)  of  10  inches.  It  is  important  to  mention  that  this 
actuator  fits  inside  the  cavity  of  the  wing,  making  this  SJA  completely  self-contained.  To  the 
authors’  knowledge,  besides  the  piezoelectrically  driven  actuators  mentioned  previously,  this 
is  one  of  the  first  non-piezoelectrically  driven  self-contained  SJA.  The  second  generation 
array  is  composed  of  6  reciprocating  compressors  (engines)  which  are  driven  by  two  DC 
motors.  Each  engine  had  a  displacement  volume  of  0.809  cubic  inches,  with  a  peak-to-peak 
piston  stroke  of  0.866”.  Each  motor  measured  2.66”  in  length  and  1.47”  in  diameter,  had  a 
maximum  power  of  800  W  and  weighed  12  oz.  The  motors  were  arranged  in  parallel  to  the 
camshaft  in  order  to  keep  the  span  of  the  device  smaller  that  the  span  of  the  wing  internal 
cavity.  Compared  to  the  first  generation  array,  this  was  a  significantly  more  powerful,  high 
maximum  exit  velocity  array. 


Figure  3  shows  pictures  of  the  second  generation  SJA  array  illustrating  details  on  cylinder 
arrangement,  motor  mounting,  slot  geometry  and  cylinder  phasing.  It  should  be  noted  that  the 
cylinders  had  to  be  properly  phased  in  order  to  reduce  array  vibration.  By  referring  to  the 
rightmost  picture  of  figure  3  and  numbering  the  cylinders  from  1  to  6,  starting  from  the  left, 
the  phasing  was  as  follows:  cylinders  1  and  6  at  240  degrees,  cylinders  2  and  5  at  120  degrees 
and  cylinders  3  and  4  at  0  degrees.  It  was  found  that  the  reduction  in  vibration  severity  from 
the  unphased  to  the  phased  SJA  operation  was  dramatic.  This  phasing  in  turn  required  the 
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compartmentalization  of  the  plenum,  as  it  is  obvious  that  if  the  plenum  was  not  divided  into 
six  individual  compartments,  each  one  corresponding  to  each  of  the  six  cylinders,  the  engine 
phasing  would  result  in  zero  net  volume  change  during  an  operation  cycle  and  thus  no 


exit  slot  geometry. 

Maximum  Slot  Exit  Velocity  Va  Engine  Frequency  Maximum  Slot  Exit  Velocity  Va  Engine  Frequency 

(Slot  Width  0.000')  (Platon  M)  (Slot  Width  0.080")  (Platon  »S) 


Figure  4.  Maximum  exit  velocity  as  a  function  of  frequency  at  the  center  of  the  slot  for  each 

piston  location. 

The  array  was  first  tested  outside  the  wing  in  order  to  document,  via  hot  wire  anemometry, 
the  maximum  exit  velocity  as  a  function  of  frequency,  as  well  as  investigate  the  effects  of 
cylinder  phasing  and  plenum  compartmentalization  to  the  flow.  The  results  are  shown  in 
figure  4.  Velocity  magnitudes  as  high  as  70  m/sec  were  achieved  for  frequencies  up  to  130 
Hz.  The  deviations  between  the  theoretical  and  measured  curves  are  due  to  the  interaction 
between  adjacent  out-of-phase  pistons.  As  it  may  be  seen  in  the  figures  for  any  given 
operating  frequency,  for  piston  5  (and  2;  not  shown),  the  exit  velocity  is  the  lowest.  This  is 
due  to  the  fact  that  for  these  pistons  (2  and  5),  both  of  the  neighboring  pistons  are  out-of¬ 
phase.  On  the  other  hand,  for  piston  6  (and  1),  the  exit  velocity  is  the  highest  due  to  the  fact 
that  they  (1  and  6)  only  have  one  neighboring  out-of-phase  piston.  Finally,  for  the  case  of 
pistons  4(and  3),  they  have  one  out-of-phase  piston  on  one  side  and  one  in-phase  piston  on 
the  other  side,  for  this  case  the  exit  velocity  reaches  an  intermediate  value. 
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Figure  5  shows  the  distribution  of  the  maximum  exit  slot  velocity  as  a  function  of  spanwise 

position  for  all  of  the  pistons.  This  plot  was 
generated  by  traversing  a  hot  wire  along  the  jet  exit 
slot.  Note  that  this  figure  presents  the  same  trend 
discussed  for  figure  4,  i.e,  the  maximum  velocity  is 
obtained  for  pistons  number  1  and  6  and  the 
minimum  velocity  for  pistons  2  and  5.  Figure  5  also 
shows  that  there  is  a  very  strong  interaction 
between  the  pistons  which  are  out-of-phase.  The 
authors  believe  that  this  interaction  will  be  greatly 
reduced  by  extending  the  walls  that  separate  the 
individual  plenum  chambers  into  the  exit  slot  in 
order  to  have  separate  slots  for  each  piston. 

In  addition  to  the  effect  of  the  piston  phasing  over 
the  spanwise  velocity  distribution  of  the  actuator, 
the  performance  of  the  actuator  may  be  affected  by 
other  phenomena  such  as:  compressibility  effects  at 
high  frequencies  of  actuation  and  pressure  losses  in 
the  cavity/slot  due  to  geometric  factors.  More  tests 
are  currently  being  conducted  to  identify  the 
dominant  phenomena  that  affect  the  performance  of 
the  actuator  in  order  to  manipulate  them,  if 
possible,  to  obtain  the  best  possible  actuator 
performance. 

In  order  to  aid  us  in  the  modeling  and 
characterization  of  the  performance  of  the  synthetic 
Jet  actuator,  we  are  currently  performing  tests  in 
which  we  measure  the  slot  exit  velocity,  the 
pressure  inside  the  chamber  and  the  position  of  the  pistons  simultaneously.  This  data  will  be 
of  great  use  in  the  determination  of  the  presence  of  compressibility  effects  in  the  actuator,  as 
well  as  provide  invaluable  data  to  be  used  in  the  dynamic  modeling  of  the  actuator.  Figure  6 
shows  a  sample  plot  with  the  data  from  one  of  these  experiments.  These  results  have  been 
phased  averaged  and  the  figure  is  only  showing  one  period  of  actuation.  Note  that  the 
pressure  inside  the  chamber  is  practically  in  phase  with  the  measured  exit  velocity  of  the 
actuator,  with  the  velocity  lagging  slightly.  This  is  expected  as  it  is  the  pressure  that  drives 
the  flow  in  the  actuator.  The  signal  from  a  proximity  probe  is  used  to  determine  the  position 
of  the  pistons  in  order  to  provide  us  with  phase  information.  The  measurements  shown  in  the 
figure  were  performed  at  the  center  of  the  slot  corresponding  to  piston  1  operating  at  a 
frequency  of  120Hz.  It  is  important  to  mention  that  the  ensemble-averaged  data  agrees  very 
well  with  the  raw  data  shown  in  the  figures.  This  is  an  indication  that  there  is  virtually  no 
variation  in  the  behavior  of  the  actuator  from  one  period  of  operation  to  the  next.  Finally, 
note  that  for  the  case  of  the  velocity  measurements  performed  with  the  hot  wire  the  data 
presented  in  figure  6  shows  a  positive  value  for  the  slot  exit  velocity  during  the  suction  part 
of  the  period  in  which  the  velocity  reverses  its  direction,  this  is  due  to  the  fact  that  the 
hotwire  sensor  rectifies  the  velocity  signal.  Hence,  during  the  suction  part  of  the  period,  when 
the  pressure  in  the  chamber  is  negative,  the  sign  of  the  velocity  shown  in  the  figure  should  be 
inverted  to  account  for  the  reversed  direction  of  the  flow. 
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Figure  5.  Maximum  exit  velocity  as 
a  function  of  spanwise  location 
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Figure  6,  Sample  pressure  and  slot 
exit  velocity  measurements. 
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Figure  7.  Flow  visualization 
over  the  wing,  without  (top) 
and  with  (bottom)  SJA 
actuation. 


Upon  completion  of  the  preliminary  testing  of  the 
actuator,  the  array  was  installed  inside  the  test  wing.  The 
wing  was  equipped  with  32  pressure  ports  distributed  on 
its  upper  and  lower  surfaces.  The  pressure  ports  were 
connected,  via  Tygon  tubing,  to  a  32-channel  ESP 
pressure  scanner  with  a  nominal  pressure  range  of  +/-10 
inches  of  water.  The  pressure  scanner  was  also  installed 
inside  the  wing.  The  wing-SJA-ESP  assembly  was  then 
tested  in  the  3’x4’  Aerospace  Engineering  Wind  Tunnel. 
Flow  visualization  and  pressure  measurement  tests  were 
performed  over  a  range  of  test  conditions.  Figure  7 
presents  the  visualized  flow  over  the  wing,  at  an  angle  of 
attack  of  25  degrees  with  a  freestream  velocity  of  30  m/s, 
without  (top)  and  with  (bottom)  SJA  actuation.  Without 
SJA  actuation,  the  flow  separates  very  close  to  the  leading 
edge  and  the  wing  is  in  the  post-stall  region.  With  SJA 
actuation,  the  flow  remains  attached  over  the  entire  the 
wing  chord.  These  results  were  also  confirmed  by  the 
pressure  data,  as  shown  in  figure  8. 
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Figure  8.  Pressure  distribution  over  the 
wing  (with  and  without  actuation), 
a  =  25°,  freestream  velocity  =  30  m/s. 


5.  CONCLUSIONS 

In  this  paper,  we  presented  our  work  on  the 
development  of  compact,  high-power 
synthetic  jet  actuators  for  realistic  flow 
separation  control  applications  and  showed 
that  the  developed  SJA  technology  is 
capable  of  controlling  steady 
separation/stall.  The  new  actuators  have 
piston  oscillation  amplitudes  at  least  two 
orders  of  magnitude  higher  than  those 
achieved  by  piezoelectric  actuators  and 
eliminate  the  dependence  of  oscillation 
amplitude  on  the  oscillation  frequency, 
which  plagues  piezoceramic  mechanisms. 
The  developed  actuators  are  compact 
enough  to  fit  in  the  interior  of  a  14.75” 


chord,  NACA  0015  wing,  have  maximum  power  of  2.0  HP  and  could  produce  exit  velocities 
as  high  as  70  m/sec,  for  the  conditions  tested  (up  to  frequencies  of  120  Hz).  With  the  use  of  a 
higher-power  power  supply,  we  expect  to  be  able  to  operate  at  frequencies  as  high  as  250Hz, 
with  a  resulting  slot  exit  velocity  as  high  as  120m/sec.  Hot-wire  measurements  at  the  exit  of 
the  SJA  plenum  showed  the  existence  of  a  strong  interaction  between  the  jets  produced  by  the 
pistons  due  to  the  fact  that  they  are  out  of  phase.  Previous  research  showed  that  the 
compressibility  effects  are  also  important  for  this  type  of  actuators.  These  effects  are  higher 
as  the  actuator  frequency  increases,  the  exit  slot  width  decreases  and  the  combined  plenum- 
cylinder  internal  volume  increases.  Tests  will  be  performed  in  order  to  detect  and  minimize 
these  effects.  Flow  separation  control  was  demonstrated  over  a  14.75”  chord,  NACA  0015 
wing  at  angles  of  attack  and  free  stream  velocities  as  high  as  25°  and  45  m/s,  respectively. 
Flow  visualization  was  performed  and  showed  that  for  the  case  of  the  wing  at  an  angle  of 
attack  of  25°,  the  flow  over  the  wing  was  separated  when  no  actuation  was  applied.  On  the 
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other  hand,  when  the  actuator  was  operated,  it  was  capable  of  completely  reattaching  the 
flow.  Pressure  data  was  also  recorded  during  these  tests  and  confirmed  the  separation  control 
capabilities  of  our  actuator.  Also  of  interest  was  the  fact  that  for  high  angles  of  attack  the 
vortex  shedding  off  the  wing  (for  the  case  of  no  actuation),  caused  the  wing  support  structure 
to  vibrate,  on  the  other  hand,  this  vibration  was  eliminated  when  the  actuator  was  operated 
due  to  flow  reattachment. 

More  work  is  being  conducted  to  optimize  the  actuator  operation  and  more  importantly 
model  its  operation  and  its  effects  on  the  flow.  Further  investigations  on  the  effects  of  the 
compartmentalization  of  the  plenum  over  the  flowfield  generated  by  these  actuators  are  also 
being  conducted. 
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1.  SUMMARY 

We  study  a  one-dimensional  chain  of  discrete  nonlinear  maps  with  a  weak  coupling.  We 
consider  solutions  of  the  integrable  anticontinuous  limit,  where  one  or  more  “central” 
oscillators  move  in  resonant  non-isolated  periodic  orbits  while  the  other  oscillators  are  at  rest. 
We  prove  the  continuation  of  these  motions  for  weak  non-zero  coupling  and  determine  their 
initial  conditions  and  stability.  We  apply  the  above  results  and  perform  numerical 
investigation  in  the  case  where  the  uncoupled  motion  of  each  oscillator  is  described  by  the 
integrable  Suris  map. 

2.  CONTINUATION  OF  PERIODIC  ORBITS  AND  STABILITY 

We  consider  a  two-dimensional  map  of  the  following  form 
x'  =  x  +  4n^y'  mod  2k 
/=y  +  V'(;c) 

where  V\x)  is  a  suitable  function,  such  that  the  map  (1)  is  integrable,  i.e.  it  possesses  an 
integral  of  motion  O  such  that  0(x',  y')  =  0(a:,  y)  =  c  .  We  assume  that  (1)  has  a  stable  fixed 
point,  which  can  be  assumed,  without  loss  of  generality,  to  be  in  (x,  y)  =  (0,0) . 


Equations  (1)  define  a  canonical  transformation,  which  can  be  constructed  by  a  generating 
function  of  the  second  type, 

So(y',x)  =  y'x  +  2n^y'^  -V(x) 


by  the  relations 


We  consider  an  infinite  chain  of  oscillators,  such  that  the  motion  of  each  one  of  them  is 
described  by  the  map  (1)  with  a  weak  nearest-neighbor  coupling  that  is  controlled  by  a 
sufficiently  small  parameter  e  . 


x,=x,+47I  y, 


'iksl.  (2) 

y'k  =  Vk  )  +  £  /(^t+i  ) 

We  assume  that  the  perturbed  map  is  also  symplectic  and  can  be  produced,  from  the 
generating  function  of  the  second  type 


S{y',x)  =  S^{x,y')+eS^(x,y')='^y[x^+2K'^y[^ -V{xt')+E'^Ft 


Jfc=-0 
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by  the  equations  =  — -  ,  =  - — 

dy,  dx, 

dF  dF 

with  F^=  F{x^,Xf^_^)  such  that  =  -t“  +  T— ^ . 

d  Xf.  o  Xf^ 

In  the  anticontinuous  limit  £  =  0,  we  consider  the  central  oscillator  (k=0)  to  be  on  a  q- 
periodic  point  of  a  <7/^  resonant  circle  of  (1),  while  the  other  oscillators  lie  on  the  stable  fixed 
point  (0,0).  We  assume  that  this  periodic  motion  of  the  integrable  case  is  continued  to  a  q- 
periodic  motion  of  the  system  for  sufficiently  small  but  nonzero  e. 


Since  the  periodic  motion  of  the  central  oscillator  for  £  =  0  is  non-isolated,  the  existence  of 
unit  eigenvalues  of  the  tangent  map  L  of  (1)  precludes  the  application  of  the  usual 
continuation  methods.  In  order  to  overcome  this  difficulty,  we  shall  apply  a  method  originally 
proposed  by  Poincare  ([4]  §42)  for  Hamiltonian  flows,  which  has  recently  been  applied  to 
symplectic  maps  by  Wodnar  et  al.  [6]. 


We  perform  the  action-angle  canonical  transformation  (jr,  y) ->  (vv,  7)  to  the  central 

oscillator  in  the  integrable  case  £  =  0 .  This  transformation  is  defined  as 

1  f  r 

7= — i y(x,c)dx  and  w  =  - —  where  W(.x,c(7))=  y(jr,c)i/^. 

271*'  d7  •' 


Then  (2)  become 

xl  +4;r^:y; 

~ ksz,  k ^0 

Wq  =  Wq  +  '2,71(X(^J  q) 

7o  =  7o  +  e  /(;ci ,  xq  (  wq  Jq),x_^). 

where  a(7)  is  the  rotation  number  and  we  assume  that  it  holds  da/dJ  ^0 .  The  periodicity 
conditions  for  ^-periodic  motion  are 

yf-yl‘'^  =  gk,«\yr-^£)  =  o  ,k^o 

=  2;r^a(7Q"^)  -  2;r  p  +  0(£)  =  0 

rt=0 


+  O(£)  =  0. 


By  taking  the  limit  £  — >0  we  obtain  the  conditions  a(J^^)  =  —  , 


hold  for  the  continuation. 


— ^^  =  0,  which  must 
dwy 


The  first  of  the  above  equations  is  the  condition  that  the  rotation  number  of  the  invariant 
circle  const,  must  be  rational  for  periodic  motion.  The  second  equation  defines  the 
points  W()  on  the  resonant  circle,  which  may  be  continued  as  ty-periodic  points  for  . 

By  using  the  results  of  the  Krein  theory  we  find  that  the  continued  motion  is  stable  if  the 
condition  ^  ±1  is  satisfied,  where  A  are  the  eigenvalues  of  the  oscillators  which  lie 
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initially  on  the  fixed  point  and  they  coincide  for  e  =  0  and  q  is  the  period  of  the  motion.  The 
localization  of  the  periodic  motion  is  proven  by  using  Theorem  2  of  [1]. 


3.  APPLICATION  TO  THE  COUPLED  SUMS  MAP 

We  consider  that,  for  e  =  0 ,  the  motion  of  each  oscillator  is  described  by  a  simple  case  of  the 
integrable  symplectic  Suris  map  [5]  which  is  of  the  form  (1)  with 


xt//  1 

V  (x,d)=—  = - : 


arctan 


dsinx 
l  +  5cosx 


dx  n‘ 

where  0  <  5  <  1  is  a  constant,  which  we  select  to  be  5  =  1/3 .  This  map  is  interesting  because 
it  is  the  only  known  symplectic,  integrable  map  with  a  homoclinic  loop,  with  integral 

<l>(x:,  y)  -  cos(2;r^  y)  +  S  cos(x  -  27r^y) . 

We  put  the  nearest-neighbor  coupling  to  be  of  the  form 

/(x^+i , JCjfc , )  =  sin(Xjt+i  - )  +  sin(A:^_i  -Xf,). 

By  performing  a  stability  analysis  we  discover  that  we  cannot  have  stable  solutions  of  period- 
^if 

kn 


cos 


ifl-g 

1+5 


ike  z. 


In  our  case,  where  d  =  1/3  we  cannot  have  stable  solutions  with  q  =  3k ,  k&z. 


For  the  numerical  investigation  we  use  a  finite  chain  of  2A^  +  1  oscillators  with  fixed 
endpoints,  i.e. 

~^N  »  y'N  ~yN  >  ^-N  =  ^-N  ’  y-N  =  y-N  • 

In  order  to  calculate  the  initial  conditions  for  a  ^-periodic  breather  solution,  we  need  to  know 
the  point  of  the  resonant  torus  of  the  Suris  map  which  will  be  continued  under  small 
perturbation.  We  fix  a  ^-periodic  torus  and  we  calculate  the  corresponding  value 
c  =  yo)  integral  on  it.  The  generating  function  of  the  perturbation  terms  is 

N 

Y^cos{Xi+i-x^). 

/=-(7V+l) 

In  order  to  apply  the  continuation  method,  we  evaluate  {x^^ ,  ) ,  by  using  the 

map  to  the  form  (2)  with  the  specific  coupling.  The  continued  periodic  points  are  0(e)  close 
to  the  points  (x^^ ,  y^^ )  where 


This  derivative  is 


3^0 


3M,<°>“3xf  3m^w''3><‘«3wW' 


(3) 


We  do  not  know  the  explicit  expression  of  the  derivatives  of  with  respect  to 

since  the  transformation  to  action-angle  variables  is  not  computable  in  this  case.  We  know 
however  the  expression  y  =  y(x,c)  (4)  for  the  specified  torus.  Let  W  be  the  generating 
function  of  the  transformation  to  action-angle  variables.  Then  it  holds  that 
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dw 

w  = -  and  y 

07 

From  the  above  relations  we  obtain 


dw 

dx  ■ 


dw 

dx 


dJ 


0y  dc  dx 

-jL - ^ - 

dc  dJ  0VV 


and 


0y(.y,c)  ^dydx  ^  dy  ^dy 
0w  dxdw  0w  0^ 


dyix,c) 

V  y 


dc 


0c 


Under  the  assumption  that  on  the  resonant  circle  the  integral  O  does  not  attain  a  stationary 
value,  (3)  becomes 

dxQ  dyo  dxQ 

so  we  obtain  the  initial  conditions  solving  the  system  of  equations  (4)  and  (5). 


Since  the  point  (^Q^\yo^^)  is  0(e)  near  the  periodic  orbit,  we  use  a  bisection  method  to 
approximate  the  initial  conditions  of  the  <7-periodic  orbit  of  the  system  for  e  0 . 


With  this  method  we  evaluated  several  breather  solutions  for  the  system.  In  fig. la  period-8 
breather  is  shown.  The  system  consists  of  31  ( =  15)  oscillators.  In  order  to  visualize  it,  we 
take  samples  of  0(x^,y^)  which  is  used  as  a  measure  of  the  amplitude  of  the  oscillations. 
The  system  is  evolved  for  1  million  iterations  of  the  map  and  the  breather  remains  intact. 


Figl :  The  period-8  breather  and  the  eigenvalues  of  L  for  e  =0.002 


If  we  increase  the  coupling  parameter  e  ,  the  eigenvalues  of  L  are  moving  and  for  a  particular 
value  of  e  the  eigenvalues  of  the  central  oscillator  collide  with  the  eigenvalues  of  another 
oscillator.  This  collision  causes  the  eigenvalues  to  leave  the  unit  circle  and  to  generate 
complex  instability.  This  fact  forces  the  breather  to,  eventually,  collapse  (fig.2). 


We  want  to  obtain  an  estimation  of  the  number  of  iterations  which  are  needed  for  the  breather 
to  collapse.  As  a  measure  for  this  we  use  the  number  of  iterations  n  needed  in  order  for  the 
central  oscillator  to  change  the  value  of  O  by  an  amount  AO  >  1 .5%  and  plot  n  vs  e.  Let  d 
be  the  distance  from  the  unit  circle  of  the  eigenvalue  with  the  greatest  modulus.  We  also  plot 
bjd  versus  e,  where  ^  is  a  constant  scale  factor.  Since  is  a  measure  of  the  instability,  these 
two  plots  should  look  alike.  As  can  be  seen  in  fig.3,  for  ^  =  80  the  two  diagrams  almost 
coincide. 
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Fig.  2:  The  destruction  of  the  period-8  breather  caused  by  the  complex  instability 
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Fig.  3:  Stability  diagram  of  the  period-8  breather  vs.  e.  The  continuous  line  corresponds  to 
bj  d  and  the  crosses  to  n  . 
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1.  SUMMARY 

The  influence  of  the  mass  parameter  on  the  dynamic  behavior  of  a  small  body  which  subjects 
to  the  combined  gravitational  attraction  of  N  bodies  in  an  annular  arrangement,  is  mainly 
investigated  in  this  paper.  Special  attention  is  paid  on  the  variation  of  the  simple  periodic 
orbits  and  their  distribution  in  the  phase  space.  The  results  obtained  so  far  show  that  this 
parameter  is  a  significant  and  fundamental  factor  which  plays  a  decisive  role  on  the  dynamics 
of  such  systems. 


2.  INTRODUCTION 

The  N-body  problem  is  still  under  investigation  and  the  study  of  various  proposed  models  is 
in  the  front-line  of  the  scientific  research.  In  this  contribution  we  present  some  of  the  results 
obtained  by  investigating  a  symmetric  (N+l)-body  system,  called  the  “ring  problem”  after  its 
geometric  configuration  (Kalvouridis,  1999).  The  small  body  S  of  negligible  mass  compared 
to  the  total  mass  of  the  system,  moves  under  the  combined  gravitational  attraction  of  N 
primaries,  of  which  the  v=N-l  have  equal  masses  and  are  located  at  the  vertices  of  a  regular 
polygon,  while  the  Nth  primary  has  a  different  mass  and  is  located  at  the  center  of  mass  of  the 
system  (fig.l).  Two  parameters  characterize  the  above  system,  the  number  of  the  peripheral 
primaries  v=N-l  and  the  ratio  p  of  the  central  mass  to  a  peripheral  one.  The  above  general 
configuration  reduces  to  many  known  problems  of  Celestial  Dynamics  as  for  example  the 
Copenhagen  case  of  the  restricted  three-body  problem,  the  restricted  five-body  problem  of 
Ollongren  (1988),  the  restricted  four-body  problem  proposed  by  Maranhao  and  Llibre  (1995), 
the  Caledonian  problem  (Roy  and  Steves,  1998,1999)  and  so  on. 
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Figure  1.  The  general  configuration  of  the  ring  problem. 

We  assume  that  the  peripheral  primaries  are  rotating  with  constant  angular  velocity.  Then  the 
motion  of  the  small  body  S  is  described  in  a  synodic  reference  coordinate  system  Poxyz  by 
means  of  the  following  differential  equations 

....  dU 

x~2y  = - 

dx 

y-h2x  =  ~—  , 


whereas 


U{x,y,z)  =  Ux^+y^  +  Z^)+{\l^t^ 
2  ALr„  tro 


is  the  potential  function,  ro  and  q,  i  =l,..,v  are  the  distances  of  the  particle  from  each 
individual  primary  and  A  =  M  ( A  +  pM  ^ )  ,  where  A  and  M  are  given  by  the  expressions 

w  sin^ 0cos(^  + 1 

^  i :  . ■  >  M  =  [2(1  - cosw)f , 

sin  (v +  1-0^ 


6  and  y  are  the  angles  formed  between  the  primaries. 

The  problem  is  autonomous  and  the  equations  of  motion  admit  a  Jacobian  type  integral  of 
motion, 

C  =  2U-{x^+f+z^) 
where  C  is  a  constant. 
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3.  THE  CHARACTERISTIC  CURVES  OF  THE  PERIODIC  ORBITS  AND  THEIR 
VARIATION  WITH  THE  MASS  PARAMETER 

Periodic  motions  and  the  information  we  get  from  their  study  help  us  to  understand  better 
how  the  particular  dynamic  system  behaves.  Symmetric  orbits,  being  a  subset  of  the  periodic 
orbits,  have  all  their  general  qualitative  characteristics  and  are  easier  to  be  found. 

For  each  value  of  the  parameter  v  we  have  a  distinct  configuration.  As  v  increases,  the 
number  of  the  families  of  periodic  orbits  of  any  kind  (simple  or  multiple)  increases  too. 

In  our  case,  we  have  considered  a  model  consisting  of  v=16  co-orbital  peripheral  primaries 
and  we  have  limited  our  research  to  the  symmetric  simple  periodic  orbits  and  their  initial 
conditions  lying  in  a  rectangular  area  of  the  C-  xq  space  which  is  determined  by  the  values  - 
2.5  <  X()  <  0  and  -2.2<  C  <  2.5.  Although  this  area  covers  only  part  of  the  half  plane  of  the 
phase  space,  the  results  obtained  so  far  give  us  valuable  information  on  the  influence  of  the 
mass  parameter  on  the  particle  motion  when  this  parameter  varies  from  p=0.5  to  p=100.  Due 
to  the  very  extended  range  of  the  p  values,  any  method  based  on  the  perturbation  theory  is  not 
applicable.  For  this  reason,  we  have  studied  numerically  and  separately  for  each  value  of  P 
the  equations  of  motion.  Figures  2  and  3  show  the  distribution  of  the  characteristic  curves  of 
nine  families  of  simple  periodic  orbits  found  in  the  aforementioned  area  for  the  cases  p=0.5 
and  p=50.  Each  family  is  assigned  two  letters.  The  first  letter  indicates  the  multiplicity  of  the 
orbits  (S  stands  for  simple  periodic  orbits),  while  the  second  denotes  the  name  of  the 
particular  family. 


S16-05 


Figure  2.  Distribution  of  the  characteristics  in  the  C-Xq  space  for  the  case  p=0.5. 
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Figure  3.  Distribution  of  the  characteristics  in  the  C-Xq  space  for  the  case  p=50. 

Comparing  figures  2  and  3,  one  can  easily  notice,  that  the  curves  of  the  families  are  shifted  to 
the  left  and  at  the  same  time  they  approach  each  another,  as  the  mass  parameter  increases.  For 
very  large  values  of  p  (P>1000)  the  families  are  so  crowded  in  a  very  narrow  region  near  the 
limiting  circle  of  the  peripheral  primaries  that  it  is  extremely  difficult  to  distinguish  them.  We 
also  observe  that  for  large  p  these  curves  start  to  bend,  especially  those  which  “face”  the 
central  primary.  The  curves  usually  end  following  the  Birkhoffs  termination  principle 
(Szebehely,  1967). 

The  particle  is  moving  around  and  between  the  primaries,  it  winds  and  twists  and  it  forms 
peculiar  shapes.  It  encircles  two  or  more  peripheral  and  maybe  the  central  primary.  The  orbits 
are  simple  or  double  symmetric.  In  figures  4  and  5  we  have  plotted  some  members  of  two 
concrete  families,  namely  SL  and  ST  for  various  values  of  p.  We  observe  that  the  orbits  grow 
and  they  are  gradually  approaching  the  peripheral  primaries  as  the  mass  parameter  increases. 
For  very  large  values  of  p  these  orbits  become  more  or  less  circular  tending  to  the  periphery  of 
the  circle  where  the  primaries  are  arranged.  From  this  point  onwards,  serious  problems  arouse 
from  the  fact  that  the  particle  comes  very  near  to  the  primaries.  Then  the  numerical  integration 
fails  and  a  regularization  process  must  be  applied.  It  also  may  be  noted  that  for  a  given  C,  the 
period  of  the  orbits  of  a  family  increases  with  p.  On  the  contrary  the  velocity  at  the  half  period 
decreases  when  p  increases. 

The  stability  of  the  orbits  has  been  determined  in  the  sense  of  Liapunov.  We  denote  by  U  the 
unstable  orbits  and  by  S  the  stable  ones.  We  have  noticed  that  there  is  not  a  change  on  the 
stability  status  for  the  considered  interval  of  the  p  values.  Tables  I  and  II  contain  some 
measures  of  the  orbits  exposed  in  the  figures. 
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Figure  4.  Evolution  of  the  simple  periodic  orbits  of  the  family  SL  for  various  values  of  the 
mass  parameter  P  and  for  C=  -1.0.  The  dots  show  the  positions  of  the  primaries. 


TABLE  I.  Family  SL  (C=-1.0). 


p 

■^0 

i'o 

T/2 

S 

0.5 

-1.66959891 

5.96324123 

1.14049500 

-5.68717020 

1.03428813 

U 

2.0 

-1.74729982 

5.85010338 

1.29069626 

-5.68402666 

1.08344362 

u 

10. 

-1.97511911 

5.45456988 

1.68219277 

.5.40441478 

1.25727849 

u 

20. 

-2.10834741 

5.22110100 

1.89954502 

-5.18267738 

1.37379810 

u 

50. 

-2.27502530 

4.96275089 

2.16349487 

-4.92497666 

1.52725479 

u 

Family  16ST 


Figure  5.  Evolution  of  the  simple  periodic  orbits  of  the  family  ST  for  various  values  of  the 
mass  parameter  p  and  for  C=  0.1.  The  dots  show  the  positions  of  the  primaries. 
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TABLE  11.  Family  ST  (C=0.1). 


p 

•*'() 

>0 

Tjl 

B. 

0.5 

-0.43779297 

5.64340962 

1.61936971 

-5.83333769 

0.88126701 

u 

2. 

-0.71258398 

5.77476132 

1.70503663 

-5.72973039 

0.93714088 

u 

10. 

-1.32046680 

5.41853808 

1.95133098 

-5.34309962 

1.14335588 

u 

20. 

-1.66639844 

5.11912683 

2.09444587 

-5.10896339 

1.29412835 

u 

50. 

-2.07611279 

4.80648786 

2.27230469 

-4.84909250 

1.49934665 

u 

4.  CONCLUSIONS  AND  REMARKS 

As  it  is  expected,  the  mass  parameter  plays  an  important  role  not  only  on  the  distribution  of 
the  characteristic  curves  in  the  phase  space,  but  also  on  the  evolution  and  the  particular 
features  of  the  orbits  themselves.  In  any  case,  as  the  mass  parameter  increases,  all  the  simple 
periodic  orbits  tend  to  become  circular  approaching  the  circle  of  the  primaries.  We  hope  that 
a  further  study  of  this  effect  in  more  complicated  models,  that  is  with  more  peripheral 
primaries,  will  provide  additional  information  on  the  dynamics  of  such  systems. 
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1.  SUMMARY 

Mechanics  and  materials  are  essential  elements  in  all  of  the  transcendent  technologies  in  the 
twenty  first  century  and  in  the  new  economy.  The  transcendent  technologies  include 
nanotechnology,  microelectronics,  information  technology  and  biotechnology.  Research 
opportunities  and  challenges  of  the  theoretical  and  applied  mechanics  as  well  as  engineering 
materials  in  the  exciting  information  age  are  presented  and  discussed. 

2.  INTRODUCTION 

The  National  Science  Foundation  (NSF)  has  supported  basic  research  in  engineering  and  the 
sciences  in  the  United  States  for  a  half  century  and  it  is  expected  to  continue  this  mandate 
through  the  next  century.  As  a  consequence  the  United  States  is  likely  to  continue  to 
dominate  vital  markets  because  diligent  funding  of  basic  research  does  confer  a  preferential 
economic  advantage  [1].  Concurrently  over  this  past  half  century,  technologies  have  been  the 
major  drivers  of  the  U.  S.  economy,  and  as  well,  NSF  has  been  a  major  supporter  of  these 
technological  developments.  According  to  the  former  NSF  Director  for  Engineering,  Eugene 
Wong,  there  are  three  transcendental  technologies  [2]: 

•  Microelectronics  -  Moore’s  Law:  doubling  the  capabilities  every  two  years  for  the  last  30 
years;  unlimited  scalability;  nanotechnology  is  essential  to  continue  the  miniaturization 
process. 

•  Information  Technology  [IT]  -  NSF  and  DARPA  started  the  Internet  revolution  about 
three  decades  ago;  confluence  of  computing  and  communications. 

•  Biotechnology  -  molecular  secrets  of  life  with  advanced  computational  tools  as  well  as 
advances  in  biological  engineering,  biology,  chemistry,  physics,  engineering  including 
mechanics  and  materials. 
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By  promoting  research  and  development  at  critical  points  where  these  technological  areas 
intersect,  NSF  can  foster  major  developments  in  engineering.  The  solid  mechanics  and 
materials  engineering  (M&M)  communities  will  be  well  served  if  some  specific  linkages  or 
alignments  are  made  toward  these  technologies.  Some  thoughtful  examples  for  the  M&M 
communities  are: 


•  Bio-mechanics/materials  •  Simulations/modeling 

•  Thin-film  mcchanics/materials  •  Micro-electro-mechanical  systems  (MEMS) 

•  Wave  Propagation  •  Smart  materials/structures 

•  Nano-mcchanics/matcrials _ ♦  Designer  materials _ 


Considerable  NSF  resources  and  funding  will  be  available  to  support  basic  research  related  to 
these  technologies.  These  opportunities  will  be  available  for  the  individual  investigator, 
teams,  small  groups  and  larger  interdisciplinary  groups  of  investigators.  Nevertheless,  most  of 
the  funding  at  NSF  will  continue  to  support  unsolicited  individual  investigator  proposals  on 
innovative  “blue  sky”  ideas. 

3.  IT  AND  NANOTECHNOLOGY 

In  addition  to  NSF,  there  is  also  a  sense  that  U.  S.  Federal  agency  research  support  is 
increasingly  being  driven  by  broad  systemic  initiatives.  One  of  these  initiative  is  Information 
Technology  (IT),  listed  above  as  one  of  the  transcendental  technologies.  The  former 
President’s  Information  Technology  Advisory  Committee  (PITAC)  advised  that  an 
“immediate  and  vigorous  information  technology  research  and  development  (R&D)  effort  in 
Information  Technology  be  initiated.  IT  is  essential  for  the  United  States  to  have  economic 
growth  and  prosperity  in  the  2F‘  Century.”  PITAC  (www.ccic.gov)  concluded  that  current  U. 
S.  Federal  support  for  research  in  IT  is  inadequate  and  these  current  efforts  also  take  “a  short¬ 
term  focus  for  immediate  returns.”  PITAC  recommends  IT  R&D  with  long  term  priorities 
focusing  on  “software  development  that  is  far  more  usable,  reliable,  and  powerful,  scalable 
information  infrastructures  that  satisfy  the  demands  of  large  numbers  of  users,  high-end 
computing  systems  with  both  rapid  calculation  and  rapid  data  movement,  and  IT  education 
and  training  for  the  citizenry.”  Achieving  these  ends  requires  diversified  modes  of  research 
support  to  foster  projects  of  broader  scope,  longer  duration  and  emphasis  on  projects 
involving  multiple  investigators  over  several  years.  Of  most  importance  is  using  these  new 
information  technologies  to  advance  critical  application  domains  for  the  benefit  our  nation 
and  the  world. 

Initiated  by  the  senior  author  [KPC],  with  the  organization  and  help  of  researchers  from 
Brown  [K.  S.  Kim,  et  al],  Stanford,  Princeton  and  other  universities,  a  NSF  Workshop  on 
Nano-  and  Micro-Mechanics  of  Solids  for  Emerging  Science  and  Technology  was  held  at 
Stanford  in  October  1999.  The  following  is  extracted  from  the  Workshop  Executive 
Summary.  Recent  developments  in  science  have  advanced  capabilities  to  fabricate  and  control 
material  systems  on  the  scale  of  nanometers,  bringing  problems  of  material  behavior  on  the 
nanometer  scale  into  the  domain  of  engineering.  Immediate  applications  of  nanostructures 
and  nano-devices  include  quantum  electronic  devices,  bio-surgical  instruments,  micro¬ 
electrical  sensors,  functionally  graded  materials,  and  many  others  with  great  promise  for 
commercialization.  The  branch  of  mechanics  research  in  this  emerging  field  can  be  termed 
nano-  and  micro-mechanics  of  materials.  A  particularly  challenging  aspect  of  fostering 
research  in  the  nano-  and  micro-mechanics  of  materials  is  its  highly  cross-disciplinary 
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character.  Important  studies  of  relevance  to  the  area  have  been  initiated  in  many  different 
branches  of  science  and  engineering.  A  subset  of  these,  which  is  both  scientifically  rich  and 
technologically  significant,  has  mechanics  of  solids  as  a  distinct  and  unifying  theme.  The 
presentations  at  the  workshop,  and  the  open  discussion  precipitated  by  them,  revealed  the 
emergence  of  a  range  of  interesting  lines  of  investigation  built  around  mechanics  concepts 
which  have  potential  relevance  to  microelectronics,  information  technology,  bio-technology 
and  other  branches  of  nanotechnology.  It  was  also  revealed,  however,  that  the  study  of 
complex  behavior  of  materials  on  the  nanometer  scale  is  in  its  infancy.  More  basic  research, 
which  is  well  coordinated  and  which  capitalizes  on  progress  being  made  in  other  disciplines, 
is  needed  if  this  potential  for  impact  is  to  be  realized.  In  addition  to  the  expected  benefit  to 
the  target  areas,  such  research  invariably  advances  other  technologies,  conventional  or 
emerging,  through  a  spill-over  effect;  this  serendipitous  benefit  can  also  be  anticipated  from 
focused  mechanics  research  in  nano  technology. 

Recognizing  that  this  area  of  nanotechnology  is  in  its  infancy,  substantial  basic  research  must 
be  done  to  establish  an  engineering  science  base;  this  link  between  the  discoveries  of  basic 
science  and  the  design  of  commercial  devices  must  be  completed  to  realize  the  potential  of 
this  area.  Such  a  commitment  to  nano-and  micro-mechanics  will  lead  to  a  strong  foundation 
of  understanding  and  confidence  underlying  this  technology  based  on  capabilities  in 
modeling  and  experiment  embodying  a  high  degree  of  rigor.  The  potential  of  various  concepts 
in  nanotechnology  will  be  enhanced,  in  particular,  by  exploring  the  nano-  and  micro¬ 
mechanics  of  coupled  phenomena  and  of  multi-scale  phenomena.  Examples  of  coupled 
phenomena  discussed  in  this  workshop  include  modification  of  quantum  states  of  materials 
caused  by  mechanical  strains,  ferroelectric  transformations  induced  by  electric  field  and 
mechanical  stresses,  chemical  reaction  processes  biased  by  mechanical  stresses,  and  change 
of  bio-molecular  conformality  of  proteins  caused  by  environmental  mechanical  strain  rates. 
Multi-scale  phenomena  arise  in  situations  where  properties  of  materials  to  be  exploited  in 
applications  at  a  certain  size  scale  are  controlled  by  physical  processes  occurring  on  a  size 
scale  which  are  orders  of  magnitude  smaller.  Important  problems  of  this  kind  arise,  for 
example,  in  thermo-mechanical  behavior  of  thin-film  nano-structures,  evolution  of  surface  as 
well  as  bulk  nano-structures  caused  by  various  material  defects,  nano-indentation,  nano- 
tribological  response  of  solids,  and  failure  processes  of  MEMS  structures.  Details  of  this 
workshop  report  can  be  found  in:  [  http://en732c.engin.brown.edu/nsfreport.html]. 

Coordinated  by  M.  Roco,  NSF  recently  announced  a  program  [NSF  00-119;  see: 
www.nsf.gov]  on  collaborative  research  in  the  area  of  nanoscale  science  and  engineering.  The 
goal  of  this  program  is  to  catalyze  synergistic  science  and  engineering  research  in  emerging 
areas  of  nanoscale  science  and  technology,  including:  biosystems  at  nanoscale;  nanoscale 
structures,  novel  phenomena,  and  quantum  control;  device  and  system  architecture;  design 
tools  and  nanosystems  specific  software;  nanoscale  processes  in  the  environment;  multi-scale, 
multi-phenomena  modeling  and  simulation  at  the  nanoscale;  and  studies  on  societal 
implications  of  nanoscale  science  and  engineering.  This  program  or  initiative  provides 
support  for:  Nanoscale  Interdisciplinary  Research  Teams  (NIRT),  Nanoscale  Science  and 
Engineering  Centers  (NSEC),  and  Nanoscale  Exploratory  Research  (NER).  Key  research 
areas  have  been  identified  in  advanced  materials,  nanobiotechnology  (e.g.  nano¬ 
photosynthesis),  nanoelectronics,  advanced  healthcare,  environmental  improvement,  efficient 
energy  conversion  and  storage,  space  exploration,  economical  transportation,  and 
bionanosensors.  The  National  Nanotechnology  Initiative  (NNI  -  published  on  February  7, 
2000  and  is  available  on  www.nano.gov)  will  ensure  that  investments  in  this  area  are  made  in 
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a  coordinated  and  timely  manner  (including  participating  federal  agencies  -  NSF,  DOD, 
DOE,  EPA  and  others),  and  will  accelerate  the  pace  of  revolutionary  discoveries  now 
occurring  .  In  addition,  individual  investigator  research  in  nanoscale  science  and  engineering 
will  continue  to  be  supported  in  the  relevant  Programs  and  Divisions  outside  of  this  initiative. 

4.  DISCUSSION 

Consistent  with  this  theme,  the  National  Science  Foundation  Directorate  for  Engineering  in 
collaboration  with  other  NSF  Directorates  and  Federal  agencies  recently  announced  several 
IT-related  initiatives.  The  NSF  Directorate  for  Computer  and  Information  Science  and 
Engineering  (CISE)  and  the  Directorate  for  Engineering  in  cooperation  with  Division  of 
International  Programs  jointly  announced  the  Wireless  Information  Technology  and  Networks 
initiative  (Program  Announcement  NSF  99-68)  in  early  1999.  “The  great  demand  for  Internet 
services,  wireless  cable  television  distribution,  and  information  technology,  makes  the 
development  of  broadband  wireless  mobile  communication  systems  a  national  imperative  in 
the  2P‘  Century.”  Researchers  face  many  technical  challenges,  but  “data  rates  of  tens  of 
megabits  per  second  (enabling  broadband  Internet  access,  for  example)  are  apparently 
realizable  in  the  near  future.” 

The  Engineering  Directorate  research  initiative  on  Engineering  Microsystems:  “XYZ  on  a 
Chip”  (Program  Announcement  NSF  99-31)  focuses  on  non-electronic  applications  of 
microelectronic  technologies  and  exploration  of  non-electrical  processes  at  the  micro-scale. 
Here  XYZ  refers  to  any  non-electrical  phenomena  such  as  “biology,  genomics,  chemistry, 
optics,  mechanics,  materials,  sensors,  actuators,  and  software.”  Examples  of  solid  mechanics 
and  materials  engineering  XYZ  related  phenomena  could  include  MEMS,  nanomechanics, 
microactuation,  etc. 

The  initiative  Engineering  Sciences  for  Modeling  and  Simulation-Based  Life-Cycle 
Engineering  (Program  Announcement  NSF  99-56)  is  a  three-year  collaborative  research 
program  by  NSF  and  the  Sandia  National  Laboratories  (Sandia)  focusing  on  advancing  the 
fundamental  knowledge  needed  to  support  advanced  computer  simulations.  This  collaborative 
initiative  capitalizes  on  the  missions  of  both  organizations.  NSF’s  mission  is  to  advance  the 
fundamental  science  and  engineering  base  of  the  United  States.  Sandia  has  the  responsibility 
to  provide  solutions  to  a  wide  range  of  engineering  problems  pertinent  to  national  security 
and  other  national  issues.  It  is  moving  toward  engineering  processes  in  which  decisions  are 
based  heavily  on  computational  simulations  [see  e.g.  Ref.  3];  thus,  capitalizing  on  the 
available  high  performance  computing  platforms.  This  initiative  has  sought  modeling  and 
simulation  advances  in  key  engineering  focus  areas  such  as  thermal  sciences,  mechanics  and 
design.  About  24  awards  were  made  totaling  $7m. 

The  NSF-wide  research  initiative,  Biocomplexity:  Research  on  the  Functional 
Interrelationships  between  Microorganisms  and  Biological,  Chemical,  Geological,  Physical 
and  Social  Systems  [NSF  00-22],  is  a  long-term  effort  to  support  “integrated  research  on  the 
functional  interrelationships  between  microorganisms  and  the  biological,  chemical, 
geological,  physical,  and/or  social  systems  that  jointly  comprise  complex  systems.” 
Understanding  biological  complexity  requires  sophisticated  approaches  of  integrating 
scientists  from  a  range  of  disciplines.  These  include:  “biology,  physics,  chemistry,  geology, 
hydrology,  social  sciences,  statistics,  mathematics,  computer  science  and  engineering 
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(including  mechanics  and  materials),”  These  collaborations  cannot  be  constrained  by 
institutional,  departmental  or  disciplinary  boundaries. 

The  NSF  Civil  and  Mechanical  Systems  (CMS)  Division  developed  an  initiative  on  Model- 
based  Simulation  (MBS),  see  (NSF  00-26),  Model-based  simulation  is  a  process  that 
integrates  physical  test  equipment  with  system  simulation  software  in  a  virtual  test 
environment  aimed  at  dramatically  reducing  product  development  time  and  cost.  This 
initiative  will  impact  many  civil/mechanical  areas:  “structural,  geotechnicial,  materials, 
mechanics,  surface  science,  and  natural  hazards  (e.g.,  earthquake,  wind,  tsunami,  flooding 
and  land-slides).”  MBS  would  involve  “combining  numerical  methods  such  as  finite  element 
and  finite  difference  methods,  together  with  statistical  methods  and  reliability,  heuristics, 
stochastic  processes,  etc.,  all  combined  using  super-computer  systems  to  enable  simulations, 
visualizations,  and  virtual  testing.”  Expected  results  could  be  fewer  physical  testing,  or  at 
best,  better  strategically  planned  physical  testing  in  the  conduct  of  R&D.  Examples  of  the  use 
of  MBS  in  research,  design  and  development  exist  in  the  atmospheric  sciences,  biological 
sciences,  and  the  aerospace,  automotive  and  defense  industries.  The  manufacturing  of  the 
prototype  Boeing  111  aircraft,  for  example,  was  based  on  computer-aided  design  and 
simulation. 

In  the  future  one  should  expect  the  continued  introduction  of  bold  innovative  research 
initiatives  related  to  important  national  agenda  such  as  the  environment,  civil  and  mechanical 
infrastructure,  the  service  industry  and  the  business  enterprises. 

5.  CHALLENGES 

The  challenge  to  the  mechanics  and  materials  research  communities  is:  How  can  we 
contribute  to  these  broad-base  and  diverse  research  agenda?  Although  the  mainstay  of 
research  funding  will  support  the  traditional  programs  for  the  foreseeable  future,  considerable 
research  funding  will  be  directed  toward  addressing  these  research  initiatives  of  national 
focuses.  At  the  request  of  the  senior  author  [KPC]  a  NSF  research  workshop  has  been 
organized  by  F.  Moon  of  Cornell  University  to  look  into  the  research  needs  and  challenges 
facing  the  mechanics  communities. 

Mechanics  and  materials  engineering  are  really  two  sides  of  a  coin,  closely  integrated  and 
related.  For  the  last  decade  this  cooperative  effort  of  the  M&M  Program  has  resulted  in  better 
understanding  and  designed  of  materials  and  structures  across  all  physical  scales,  even  though 
the  seamless  and  realistic  modeling  of  different  scales  from  nano-level  to  system  integration- 
level  (Fig.  1)  is  not  yet  attainable.  In  the  past,  engineers  and  material  scientists  have  been 
involved  extensively  with  the  characterization  of  given  materials. 


Mito^levd  /  micro-level  meso-level  macro-level  systems-level 


Fig.  1.  Physical  scales  in  materials  and  structural  systems  [6] 
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With  the  availability  of  advanced  computing,  and  new  developments  in  material  sciences, 
researchers  can  now  characterize  processes,  design  and  manufacture  materials  with  desirable 
performance  and  properties.  One  of  the  challenges  is  to  model  short-term  micro-scale 
material  behavior,  through  meso-scale  and  macro-scale  behavior  into  long  term  structural 
systems  performance.  Accelerated  tests  to  simulate  various  environmental  forces  and  impacts 
are  needed  [NSF  98-42].  Supercomputers  and/or  workstations  used  in  parallel  are  useful  tools 
to  solve  this  scaling  problem  by  taking  into  account  the  large  number  of  variables  and 
unknowns  to  project  micro-behavior  into  infrastructure  systems  performance,  and  to  model  or 
extrapolate  short  term  test  results  into  long  term  life-cycle  behavior  [4,  5]. 
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1.  SUMMARY 

In  the  present  paper  the  way  of  determination  of  elastic  parameters  of  the  body  weakened  by 
elliptical  voids  is  presented.  Starting  from  arbitrary  placed  single  elliptical  void  in  plane 
sheet,  decrease  of  Young's  modulus  and  Poisson's  ratio  is  obtained.  After  that,  using 
statistical  distribution  of  voids,  the  decrease  of  overall  elastic  constants  is  found.  In  this 
procedure  there  are  two  ways,  Taylor  and  Self-consistent  model.  In  the  first  method 
interaction  of  defects  is  ignored,  while  in  the  second,  so-called  weak  interaction  is 
incorporated.  Both  methods  are  applied  for  small  concentration  of  defects.  In  the  case  of  large 
concentration  of  voids  Aifantis'  gradient  approach  can  be  applied.  In  the  paper  it  is  shown 
that  cracks  and  circles  are  special  cases  of  the  model  derived  in  this  study.  Such  obtained 
model  is  applied  for  determination  of  stiffness  of  steel  members  of  the  truss  of  bridge 
destroyed  during  lust  war  by  shrapnel  of  bombshells.  Such  calculated  stiffness  is  input  for 
static  and  dynamic  analysis  of  bridges  using  FEM.  This  approach  is  applied  for  analysis  of 
The  Pivnica  Bridge,  across  The  Ibar  River,  on  the  railway  track  Belgrade-Thessaloniki, 
destroyed  during  lust  war.  It  is  shown  that  with  increasing  a  damage  of  members  of  the 
bridge  the  time  period  of  free  vibrations  is  increasing  to,  while  natural  frequency  is 
decreasing.  For  such  destroyed  and  repaired  structures  special  attention  should  be  paid  to  the 
problem  of  fatigue. 


2.  PLANE  SHEET  WEAKEND  BY  ELIPTICAL  VOID 

Consider  the  problem  of  the  elliptic  cylinder  (as  —>  «>)  (Fig.l.)  embedded  in  the  elastic 
isotropic  material  with  the  same  elastic  parameters  E  (Young's  modulus)  and  v  (Poisson's 
ratio).  Eshelby  in  his  1957  [1]  paper  referred  to  "eigenstrains"  as  stress-free  transformation 
strains.  He  proved  that  the  uniform  "eigenstrain"  ej  within  the  elliptical  inclusion,  cause  the 

uniform  "eigenstresses"  crj  in  the  same  region  (see  also  Mura,  [4]): 


\-v 


-2  + 


al  +2aM 


,«2 


(a,  +aj 


a\  + 


398 


399 


Once  the  are  known,  the  increase  of  the  strain  energy  of  the  body  due  to  presence 
elliptical  void  is  obtained  as: 


(2.4) 


of 


Substituting  (2.3)  into  (2.4)  yields  to: 


Aw=i^[(l  +  2a)K)^-2a;,cT,+^(a,)^+^^(cri,)^  ]  (2.5) 
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Differentiating  expressions  (2.5)  twice  with  respect  to  stresses  yields  to  the  compliances: 

(2.6) 

dafiOj 


where  Voigt  notation,  o'/  =(7/;,  &2  -On  and  &6  =o'j2  is  used.  Also  in  the  expression  (2.6) 
(k)  refers  to  a  single  eliptical  void  and  (*)  stands  for  the  increase  of  the  governing  value  of  the 
compliance  due  to  presence  of  the  void.  Once  the  compliances  ,  in  the  local  coordinate 


system  are  determined,  using  the  transformation  rule,  Horii  and  Nemat-Nasser  [2]  the 
compliances  in  the  global  coordinate  system  can  be  determined. 


Mean  field  theory  (uniform  distribution  of  voids) 

In  the  case  of  many  voids  the  total  compliance  would  be,  Horii  and  Nemat-Nasser  [2], 
Sumarac  and  Krajcinovic  [5]: 

S,.=S,+S;.  (2.7) 

In  the  above  expression  ( )*  refers  to  the  increase  of  the  value  due  to  presence  of  voids,  and 
Sij  is  the  compliance  matrix  of  the  undamaged  (virgin)  material. 

In  the  case  of  of  Taylor  model  system  of  equation  (2.7)  leads  to: 
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In  the  case  of  Self-consistent  model  equations  (2.7)  are: 
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Solution  of  them  is: 

- =  l-cu(a^ +a+l), 
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(2.11) 

,  ,2  coa 

—  =  1  -  (0{a  +  a  1)  + — . 

(2.12) 
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The  total  overall  compliance  for  matrix  in  the  case  of  Self-consistent  approximation  for 
uniform  distribution  of  elliptical  voids  is: 


(2.8) 
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3.  DAMAGE  AND  REPAIR  OF  BRIDGE  PIVNICA 


(2.13) 


In  the  present  paper  the  damage  of  the  bridge  Pivnica  across  The  Ibar  River  on  the  railway 
Belgrade-Thessaloniki  is  presented.  The  bridge  was  destroyed  during  the  bombardment  of 
our  country.  Rebuilding  of  the  bridge  was  performed  using  one  temporary  support  at  the 
place  of  most  severe  damage.  The  two  new  spans  were  built  in  factory,  but  other  damage  was 
repaired  on  site.  The  static  and  dynamic  characteristics  of  rebuild  structure  are  analyzed  in 
the  present  paper  according  to  damage  mechanics  and  theory  of  structures.  It  is  shown  that 
for  more  amount  of  damage  structure  of  the  bridge  becomes  more  compliant  or  in  another 
words  period  of  free  vibration  is  slightly  increased.  In  the  paper  the  problem  of  fatigue  of 
material,  especially  of  parts  which  undergone  the  low  cycle  fatigue  is  shortly  outlined. 

Bridge  Pivnica  was  hit  during  bombardment  two  times.  First  bombshell  hited  the  middle  part 
of  bridge,  but  it  didn’t  fell  down.  Second  projectile  hit  diagonal  above  support,  and  then 
bridge  felt  into  river  (Fig. 2).  Due  to  impact,  the  bottom  members  suffered  plastic 
deformation.  Besides  that  there  was  a  lot  of  damages  due  to  bomb  shrapnel.  Holes  in  the 
members  can  be  approximated  as  ellipses.  In  the  first  section  it  is  explained  in  details  how  the 
decrease  of  Young's  modulus  can  be  expressed  in  terms  of  damage,  see  eq.(2.8)  and  (2.1 1). 

It  should  be  noted  that  for  reconstruction  of  bridge  it  is  spent  75t  of  steel.  Total  weight  of  the 
bridge  is  440t  (Fig. 4).  In  Fig.3.  statical  scheme  is  shown  for  finite  element  method. 


Figure  2:  Destroyed  bridge  Pivnica 
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Dynamical  characteristics  of  reconstructed  bridge 

All  static  and  dynamic  characteristics  are  analyzed  using  FEM  procedure.  First  step  was  to 
find  free  vibrations  for  first  three  modes.  They  are:  Ti=0.731s,  T2=0.2491s,  T3=0, 1212s.  For 
the  damaged  bridge  it  is  calculated  co=0.1,  co=0.2  and  (o=0.3  for  the  two  spans  of  bottom 
members  and  four  spans  of  top  members.  For  instance  in  case  of  (0=0.3  T2((o=30%)=0.2551. 
This  result  was  expected.  If  structure  is  more  damaged,  period  of  vibration  is  larger. 


Figure  3:  Reconstructed  bridge  Pivnica-statical  scheme 


Figure  4:  Reconstructed  bridge  Pivnica 


Problem  of  Fatigue 

It  is  well  known  that  railway  bridges  are  designed  against  high  cycle  fatigue.  However  during 
the  bombardment  some  elements  are  destroyed.  Neighboring  parts  suffered  low  cycle  fatigue. 
It  was  impossible  to  change  all  elements.  It  is  important  to  check  behavior  of  elements,  which 
suffered  low  cycle  fatigue,  and  they  are  still  in  construction.  Especially  this  is  important 
during  the  winter  when  temperatures  are  well  below  zero. 
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